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ABSTRACT

Scattering of the electromagnetic waves by a randomly inhomogeneous electrically gyrotropic slab are studied using
the perturbation method. Second order statistical moments of the ordinary and extraordinary waves scattered by the
magnetized plasma slab are obtained using the boundary conditions for an arbitrary correlation function of electron
density fluctuations. Normalized correlation functions at quasi-longitudinal propagation along the external magnetic
field are calculated for the carrier frequency 0.1 MHz and 40 MHz. Isolines of the normalized variance of Faraday an-
gle are constructed for the anisotropic Gaussian correlation function at various anisotropy factors of irregularities.

Obtained results are in a good agreement with the experimental data.
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1. Introduction

At the present time the features of light propagation in
random media have been very well studied [1]. Atmos-
pheric turbulence has a significant influence on radio
wave propagation in the atmosphere causing fluctuations
of the key parameters of the wave. Analysis of the statis-
tical moments of small-amplitude electromagnetic waves
scattered by turbulent anisotropic plasma slab is very
important in many practical applications associated with
both natural and laboratory plasmas. Angular power
spectrum, scintillation effects and the angle-of-arrival of
scattered electromagnetic waves by turbulent anisotropic
magnetized ionospheric plasma slab for both power-law
and anisotropic Gaussian correlation functions of elec-
tron density fluctuations were investigated analytically
and numerically in [2-4]. Statistical characteristics of the
amplitude and phase of scattered radiation by turbulent
magnetized plasma slab with electron density and mag-
netic field fluctuations via the perturbation method were
analyzed in [5]; phase portraits of the amplitude and
phase correlation functions have been also constructed.
Electric field components of the scattered electromag-
netic waves by magnetized plasma slab and second order
statistical moments for arbitrary correlation function of
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electron density fluctuations are obtained. The results are
valid for near and far zones with respect to plasma slab
boundaries. Depolarization of the ordinary and extraor-
dinary waves scattered by turbulent magnetized plasma
slab and normalized variance of the Faraday angle <0;>
are investigated in this paper analytically by the pertur-
bation method and numerically using the anisotropic
Gaussian fluctuation spectrum.

2. Formulation of the Problem

Let us consider electromagnetic waves scattering by
plasma slab having finite thickness L. If the frequency of
an incident wave satisfies the condition

o >>Q, =eH;/Mc, the ions can be considered immov-
able and only motion of electrons can be taken into ac-
count; Q. is the ion gyrofrequency, e is the electron
charge, H, is the strength of the external magnetic field,
M is the mass of an ion and c is the speed of light in
vacuum. If @>>v,, v, is the effective electron col-
lision frequency with the ions and molecules, conduction
current can be neglected and the total current in the me-
dium equals to the displacement current j=-eNw ,
where w is the velocity of electrons, N is the electron
density in magnetized plasma. If the fields have time-
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harmonic dependence ~ exp(—ia)t) , wave equation for
electric field strength E can be written as [5]:

4
VVx B2 E = —i 20 vy (1)
C

Taken into account that iow=eE/m+e [W . HO]/mc ,
(1) can be written as:
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where: k&, = w/c, L?-Qz/a) /a)
= (4 nNe* / m) being the electron plasma frequency,

Q, =eH,/mc 1is the electron gyrofrequency. For ho-
mogeneous gyrotropic medium without fluctuating plas-
ma parameters (2) takes the tensor form:
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Second rank permittivity tensor is expressed as:
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where ¢, is the asymmetric tensor of the third rank. If
the wave is propagating along the z axis and
E, ~exp(ikr) from (3) we obtain the set of homoge-
neous algebraic equations:

\' . €

(kggxx _kzz)EO)c +k(§ gxy EOy +k(§ EOz = O’
—e ko By + (ko &, — K2 )Ey +ho £, By, =0, (5)
_gxz EOx _gyz EOy + gzz EOz = 0’

second rank tensor are:

£ = 1-v/(1-u),
g, =1—V(1—usin2 9)/(1—u),
e, = 1—\/(1—14cos2 49)/(1—u),

£y ==&, =1V ucos@/(l—u),

components of &,

e =—¢g_ =—iv usinH/(l—u),

pv4 zx

£, =&, =uvsint900s6’/(1—u),

@ is the angle between wave vector k and the external
magnetic field H,. If x=k, /k, is non-dimensional
parameter, we obtain the following dispersion relation:
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Two types of waves exist in homogeneous magnetized
plasma under consideration. If € =0" (longitudinal pro-
pagation of wave along the imposed magnetic field),
taking into account ¢_=¢, =¢,=¢,=0, & =¢,

and &, (6) reduces to:

‘c)’

x* —2¢ x +( -&° ) 0 and has the roots:

ky =ky\Je, +&, and ky =kyJe,

geneous plasma propagates if kf, > kg , i.e. the condition

is fulfilled: 1 u (1+\/7 ) >v. From these equa-

&, . Wave in ho-

tions it follows that for the root & we have
E,, / E,, =—i (corresponds to a right-handed circularly
polarized wave) and for the second root k,; we have
E,, / E,, =i (corresponds to a left-handed circularly
polarized wave). Since k; > k,; the rotation is clockwise.
Faraday rotation angle is equal to 6, =(k, —k)z/2 (z
is the distance traveling by wave in the homogeneous
plasma). We have estimated the angle using the follow-
ing plasma parameters: Q, =8.8-10°, ,, =10, which
correspond to the mean values of the parameters in F
region of the Earth’s ionosphere. The wavelength was
chosen to be 100 m and the plasma parameters are equal
to u=022,v=0.28. Angle of Faraday rotation is
0, =—0.01z m™", which means that vector rotates anti-
clockwise. This conclusion is valid if the angle between
the wave propagation and the external magnetic field is
sharp.

3. Statistical Characteristics of
Electromagnetic Waves scattered by
Turbulent Magnetized Plasma Slab

Let us calculate the second-order statistical moments of
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scattered radiation by turbulent magnetized plasma slab
with electron density and magnetic field fluctuations.
Each of the terms in (2) can be presented as the sum of
the mean value and small fluctuating terms, which are
random functions of the spatial coordinates: E = <E> +e,
H,=(H,)+h, N=(N)+n. The angular brackets in-
dicate the statistical average. If the fluctuations are small,
we can use perturbation method and fluctuating electric
field satisfies the following differential equation [5]:

a 2
Ox,0x,

- A, kogy] e =J ®)

'{<E>—iﬁ[<E>T}—”(<E>T)T}
is a current density, @}, =4ne’(N)/ma’,
u:(e<H0>/mca))2, /a) n —n/ >

p:h/ |<H0>|, T :< 0 /| 0 |, &; are components of
the second-rank tensor of collisionless magnetized plas-
ma. At quasi-longitudinal propagation the determinant
reduces to the biquadrate equation:

e _{(gn +gyy)__ [(gxx +e.)y? +(gyy +gzz)7/j:|}.

zz
2, _x2 1 i
x En€,y —Ey . £, €, TE,

zz

=8 ) ()

1 1
+—(5M +g},},) 7 +g—(£u yi+e, 7, )} =0
€))
where the components of the dielectric perrplttlwty are:
£,=6,=1- V(l u) —V\/71 u)
gZZ:I—V x=ck:/w . Ne-
glecting a small parameter 7 (9) can be rewritten as:
ekt g SR

&, — &, £ — &,

_-0. (10)

In the absence of an external magnetic field, from (10)
we obtain the well-known dispersion equation: @ =
wﬁ +c’k2 . If u>1 we have:

mg [1+(1 L2k2) }

where: Il =4c¢° Q] gxx/a):e , En :1+(a)i€/QZ) . Ex-
pressions for the wave group velocity and dispersion are:

(11)

w =
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Using the perturbation method, the solutions of the
stochastic differential Equation (8) satisfying the bound-
ary conditions have the following form:

2k,
e, (K,L)Z—é 50

1%zz

Y X (27l +pays+ips 7 y,)

L
Idz' n(k,z") sin[ (L —z")k, x, |
0
2k ’
=X (g v a4 r. )

2 “zz

sz’ m (,2")sin[ (L—z")k, x, |
0 (13)

e,(k.L)= —52—/3 Yo ey, ri(pr2emrl) ]

1%z

~_L[dz’ m(k,z") sin[ (L—z2')k, x, |

“Y,v g7y, +i(a+arva.r])]

_é'g

2%z
-.L[dz' n (K,z')sin[ (L —z')k0 xz]
0

(14)
where k= {kx , ky} the transversal wave number,
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G =28, 6., §,=2630,¢6., 26, —¢..,
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). C=(en ¥ e, 5«0’)/4522\/H’
ve=kolky, v, =k, /ky,
X =4 -8 07 +7ﬁ);
The mean field components
<Ej>: ‘<Ej>‘exp(iqoj z) are slowly varying func-

X, =83 =8u(ri +7§)~
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tion of z due to the attenuation of the mean field caused
by transition of the mean field energy to the fluctuating
one. We assume that the thickness of plasma slab is
much smaller than the attenuation length and <E j> is
constant [5]. Square of the refractive index correspond-
ing to the two normal waves propagating in the homoge-
neous magnetized plasma is determined with the
well-known formula [6]:
2 qu

N; A

2v(1-v) ’

1—
2(1=v)=usin’ 0%/ u’ sin* 0+ 4u(1-v)’ cos’ 0

@ —

sign and index j=1 correspond to the ex-
tra-ordinary wave, “+” sign and index j =2 correspond
to the ordinary wave. If the scattered electromagnetic
waves have quasi-longitudinal propagation (8 =0") we

haveq,; =k, [1 -v/ ((1 F \/; ) J . Second-order statis-ti-

ccal moment of scattered electric field along the x axis
and cross correlation function of scattered radiation in
the xoy plane has the following form:
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where W, (kx,ky, pz) is the arbitrary two-dimensional
wave number power spectrum of the electron density
irregularities, ¢=x, —x,, y=Xx, +x,. This expression is
valid for the near (R<<1) and far (R>>1) zones,
R :L/ k, lH2 is the wavy parameter. Angular brackets
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indicate the statistical average.

Spatial spectrum of the scattered field, which is of
great practical importance, is the Fourier transformed
correlation function of the scattered field. This statistical
characteristic of the scattered radiation is equivalent to
the ray intensity (brightness), which enters in the radia-
tion transport equation. Phase fluctuations are determined
by imaginary part of scattered electric field allowing to
calculate structure function
D,(X.Y,L)=2[W,(0,0,L)-,(X.,Y,L)] and hence
the angle-of-arrival of scattered rad1at10n in the principle
and perpendicular planes [1,4]:

<92> - }}%OM’ <32> - limw

52 X2

In various measuring equipments (for example, in the
systems measuring velocity of aircrafts) registering para-
meter is the frequency. In this case, frequency fluctua-
tions caused by electromagnetic waves scattering on tur-
bulence irregularities put the natural restrictions on the
accuracy of measurements. Using the frozen-in turbu-
lence hypothesis taking into account the velocity ¥, of
irregularities motion, the variance of the frequency fluc-
tuation can be written in the following form:

(o), =3 &W,(pep,.L)/0pE,

The index indicates a plane in which the broadening of
the spectrum occurs. Introducing the frequency
v, = /21 and the carrier frequency v, =®,/2n, the

(16)

Px=pPy=0

normalized intensity of frequency fluctuations will have
the following form:

5 1/2
0, _ () Vj (17)

Vo 2n | k

If o is the angle between the direction of drift veloci-
ty of irregularities and an observation line, correlation
function of frequency can be written as:

A, (X,0,1)=

o'W (X,0,L oW (X,0,L
12 {% cos2a+%5inza

(18)
Correlation function of frequency fluctuations is aniso-
tropic due to the presence of the wind direction even at
isotropic correlation function of phase fluctuations. From
this expression it is possible to calculate and measure the
horizontal drift velocity of plasma motion if other para-
meters are known.
Second order statistical moments allow to calculate the
Stokes parameters [7]:
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=W, ,(X.Y,L)+W, ,(X.Y,L),
Q=W,,(X,Y,L)~W

wb

(X,Y,L)

U=2Re W, ,(X,Y,L) V=2Im W,

xy D

(X.,Y,L)

In general, the set of these parameters describe elliptic-
cally polarized wave. Degree of depolarization is the
ratio of the unpolarized energy to the polarized energy:

1/2
I-(Q*+U* +77%)
1

E= (19)
Note that depolarization effect and fluctuations of the
angle-of-arrival are of the same order.

The Faraday Angle

It is well known that the radio waves propagating in the
F region of the ionosphere at the frequencies satisfying
the condition u >1 can be registered on the Earth due
to transformation of the ordinary wave into extraordinary
one where relative concentration v ~1. The direction of
the wave propagation should be close to the direction of
the external magnetic field. According to the observa-
tions, direct estimation of a solid angle, under which ra-
dio waves arrive to the Earth, is of the order of 107 ra-
dian at the frequency of 0.5 MHz [8]. Linearly polarized
wave in the Earth’s ionosphere generates the ordinary
and extraordinary waves with slightly different phase
velocities. The orthogonal linearly polarized waves de-
termine the degree of Faraday rotation. Two-dimen-
sional spectral electric fields for the ordinary and extra-
ordinary electromagnetic waves scattered by plasma slab
with random electron density pulsations propagating
along the external magnetic field have the following
form:

C(ZO’E) (kx’ky’l‘) =" YO Yl ExO exp(iN(OyE)kO o lkLy)

Idz' m (ko k,.2') (= ik, +ky)sin[(L—z') k(O’E)xz}
(20)

where N9 :1—V/(1+\/Z),N(E)2 :1—V~(1—\/;)_1.

We assume that E)(CO) = E)(CE) =L, Eﬁo) and EﬁE) are
the amplitudes of the linearly polarized ordinary and ex-
traordinary waves, E-, is the intensity of an incident
wave; k, is connected with the finite width of this wa-
ve. Plane wave corresponds to the source remote at infi-
nity, which is a good approximation at calculation of the
statistical characteristics of fluctuating radio signals radi-
ated from the geostationary satellites. Correlation func-
tion of scattered ordinary and extraordinary waves pro-

pagating along the external magnetic field for an arbi-
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trary correlation function of electron density fluctuations
could be written as:

(e (et pooyrpyL) el (x) =
Yo YL
282

zz

Eyexp(ik_L+ik,p,) ]O dk, dk, (k? +; )

exp(ik,p, +ik,p,) | dp. Wy (koK p.) :

sin(x, k_pz)+ sin(2x, k+1)
X, kL 2x,k+L

1
{5[1—cos(2x2k+L)]

sin(x, k—L)

- sin(2x, k—L) sin(x2k+pz)}

(e2y)

where k, =k, (N'? £ N')) /2 . In isotropic case(x=1)
at p.=p, =0, in the absence of an external magnetic
field, the variance of the phase coincides with the
well-known expression o7 =./n op V' kLI /4 [8].
Root-mean-square deviation of the Faraday angle 6, is
determined by the expression:

(71 ) )2t

Here <g01(0)2> and <¢)1(E)2> are the phase variances

of the ordinary and extraordinary waves which can be
obtained from the Equation (21).

4. Numerical Results and Discussions

Experiments registering the phase difference of coherent
signals radiating by the Earth satellite show that besides
the regular phase difference in time, there are also irre-
gular phase variations caused by the electron density ir-
regularities. Information about the shape and dimensions
of the ionospheric irregularities is obtained from the spa-
tial-temporal measurements of scattered field on three
spaced antennas. The measurements have shown a sig-
nificant extension of the ionospheric irregularities along
the geomagnetic field. Fluctuations may be caused by the
irregularities of electron density of sizes /=0.5-1.5 km
and by the relative dispersion of the electron density

oy =((N2)/N2)" <107 2107

Small-scale irregularities with Gaussian spectrum are
responsible for polarization fluctuations at frequencies of
20 - 50 MHz. In case of forward scattering <n12 >k0L
<<l<<k,l,, when the single scattering condition is

fulfilled (n)k; I, L <<1, the medium is characterized

by the Gaussian irregularity spectrum. Therefore, in the
analytical calculations we use anisotropic Gaussian cor-
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relation function of electron density fluctuation [10]:

on ZIIZ mo, .
WD(kx»k},,Pz):EZ—D)GXP —?Pz +ink, p,

AR
.eX —_—— —
P ary 4y’

- (23)

where: m* = 72 /T2, T2 =sin’ y, + x> cos’ y,,

n= (;(2 —1)siny,cosy, /Ts , o, —variance of the
electron density fluctuations. The average shape of elec-
tron density irregularities has the form of elongate ellip-
soid of rotation. The ellipsoid is characterized with two
parameters: the anisotropy factor y =/ / [, (ratio of
longitudinal and transverse linear scales of plasma ir-
regularities with respect to the external magnetic field)
and the inclination angle y, of prolate irregular-rities
with respect to the magnetic field. Anisotropy of the
shape of irregularities is connected with difference of the
diffusion coefficients in the field align and field perpen-
dicular directions.

Statistical characteristics of scattered radiation are
calculated at k,L >>1 using stationary phase method.
Thickness of turbulent plasma slab is of the order of 200
km. Frequency of a linearly-polarized incident electro-
magnetic wave is 0.1 MHz (ko =0.28-107" m’l). The
mean ionospheric height is taken to be 300 km with pla-
sma parameters u =0.22 andv=0.28.1f o, =10"°,
V,=100m-s™" from (17) we obtain

(v ) =2.107

which is in agreement with [8]. On the other hand, ac-
cording to the frozen-in hypothesis, which disregards
fluctuations of the drift velocity direction and evolution
time (own lifetime) of inhomogeneities, at transversal
motion of inhomogeneities, the width of the spectrum

AQ=(r,)/J AL, isoftheorder of ~3-107 Hz (where

12

1

0.8

0.6

0.4

0.2

<e©0,v.)e®(0,0,L)>, norm

<VL> is the transversal component of the drift velocity,
Ly—path length, 1 —wavelength).

Spatial variations of the signal intensity accompanied
by the angle-of-arrival fluctuations are measured by three
receiving spaced antennas at the distances from a few
hundred meters up to 1 - 2 km locating on the tops of a
rectangular triangle. Numerical calculations show that
the angles-of-arrivals approximately are the same in the
principle and perpendicular planes; they decrease with
increasing thickness of a turbulent plasma slab and the
anisotropy factor. Particularly for the ionospheric F layer
on the altitude 300 km, at the carrier frequency 0, 1 MHz
(ko =0.28:107 m'l), parameters of the ionospheric
plasma slab: v=0.28, u=0.22, [ =2km, if L =100

km we obtain <6’f}> ~48" at y=5;

<6’f‘y>zl.2" at y=20;if L=5 km, we have

(02,)=74" at y=1,and [(6},)~13" at

x =5 . At the frequency 6 MHz (ko =12.56-107 m_l) ,
plasma slab parameters v=0.69, u=0.06, lH =300 m;

at L=8km, we obtain <6’X2’y>z4.4’, at L=10km

we have <6’X2,y> ~0.26', which is agreement with the

experimental data [8]. Calculating the Stokes parameters
depolarization coefficient = at y =5 is equal to 0.2
at 0.1 MHz, and 0.7 at 40 MHz.

Figures 1 and 2 depict the dependence of the normali-
zed second order statistical moments of scattered ordi-
nary and extraordinary waves versus a distance between
receiving antennas at the frequency of an incident wave
0.1 MHz and 40 MHz, respectively. Parameters of the
ionospheric turbulent plasma slab are Q, =8.8-10° rad/s,
w, =10"rad/s ; v=028, u=022 (for 0.1 MHz)
and u=0.0012, v=0.0133 (for40 MHz),

| | |

| | |
08F--——+———4——— 4 H

| | | |

| | |

| | |

-1 - -1
|
|
|
N ——
|
|
|
I

06----t--—-Lt-——1-—- - b

04f - —-b---doo-do - i
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0.2 e
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Of¥ s Aed A
| 1y |
I | I
-0.2 - — - |
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_04 1 1 1 1 1 1 1
-40 -30 -20 -10 0 10 20 30 X 40

Figure 1. Normalized correlation function of scattered ordinary and extraordinary waves in the xoz and yoz planes, respec-
tively, if the frequency of an incident wave is 0.1 MHz; at k,L =120, L =100 km, 1,=1 km.
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Figure 2. Normalized correlation function of scattered ordinary and extraordinary waves in the xoz and yoz planes, respec-
tively, if the frequency of an incident wave is 40 MHz; at, koL = 1.68 - 10°%, L = 200 km, 1,=4 km.
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Figure 3. Normalized on o, values of the root-mean-squ-
are deviation of the Faraday angle 60, versus distances
between perpendicularly oriented antennas at lII =1 km;
if =1, y,=0°(@); x=5, 7,=5 (b).

(k, /ky)=0.8. Thickness of the slab is equal 100 km (at

Copyright © 2011 SciRes.

0.1 MHz) and 200 km (at 40 MHz), irregularities have
field line direction y,=0; X =p, /] and Y=p, /]
are normalized distances between the observation points.

Analysis show that correlation between ordinary and ex-
traordinary waves decreases in proportion to the anisotropic
factor y . Fluctuations of the Faraday angle 6. in the
ionosphere are caused by scattering of an incident line-
arly-polarized wave on random inhomogeneities of elec-
tron density fluctuations. Pronounced fluctuations &,
of polarization twist were registered at receiving signals
from radio beacons of low-altitude satellites at the fre-
quencies of 20 - 50 MHz. At the frequencies exceeding
electron gyrofrequency the main effect related with the
magnetic field is the Faraday rotation of linearly polar-
ized wave. The rotation is caused by a continuous varia-
tion of the phase difference of two circularly polarized
waves having opposite rotation directions [6-8].

Two receiving antennas are located in orthogonal
planes. Faraday angle increases in proportion of the fre-
quency of an incident wave in the interval of 50° - 400°,
while for metric electromagnetic waves it was equal to
7° . Isolines of the normalized root-mean-square devia-
tion of the Faraday angle nonlinearly depend on the angle
of inclination of prolate irregularities and increase in
proportion to the anisotropy factor. Isolines of the vari-
ance of the Faraday angle < (9; > normalized on the
variance of electron density fluctuations o3 are shown
in Figure 3.

5. Conclusions

Second order statistical moments of the electric field
scattered by a magnetized inhomogeneous plasma slab
perpendicular to the external magnetic field are derived
using the perturbation method. The obtained results are
valid for near and far zones with respect to plasma slab
boundaries. Analytical and numerical studies are carried
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out for the anisotropic Gaussian correlation function of
electron density fluctuations taking into account the ani-
sotropy factor and the angle of inclination of prolate ir-
regularities with respect to the external magnetic field.
Analytical expression of the mutual correlation function
of the scattered ordinary and extraordinary waves having
quasi-longitudinal propagation along the external mag-
netic field is derived for arbitrary second-order moments
of electron density fluctuations. It is shown that the cor-
relation between these waves fast decreases with in pro-
portion of the anisotropy factor. The normalized variance
of the Faraday angle nonlinearly depends on the angle of
inclination of prolate irregularities. The isolines are con-
structed when the receiving antennas are located in the
perpendicular planes.
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