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Abstract

The Weak Galerkin (WG) finite element method for the unsteady Stokes equ-
ations in the primary velocity-pressure formulation is introduced in this pa-
per. Optimal-order error estimates are established for the corresponding nu-
merical approximation in an /' norm for the velocity, and Z* norm for both
the velocity and the pressure by use of the Stokes projection.
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1. Introduction

The finite element method for the unsteady Stokes equations developed over the
last several decades is based on the weak formulation by constructing a pair of
finite element spaces satisfying the inf-sup condition of Babuska [1] and Brezzi
[2]. Readers are referred to [3] [4] [5] [6] [7] for specific examples and details in
the different finite element methods for the Stokes equations. The idea of weak
Galerkin method was first introduced by the Professor Junping Wang in June
2011. Weak Galerkin refers to a general finite element technique for partial dif-
ferential equations in which differential operators are approximated by weak
forms as distributions for generalized functions. Thus, two of the key features in
weak Galerkin methods are 1) the approximating functions are discontinuous,
and 2) the usual derivatives are taken as distributions or approximations of dis-
tributions. The method was successfully applied to the second order elliptic equ-
ations [8] [9], the Stokes equations [10], Parabolic equations [11], and Maxwell
equations [12]. A posteriori error is effectively estimated, and proved the con-

vergence of the WG finite element method in this paper.
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2. Preliminaries

In this paper, we study the initial-boundary value problems of the Stokes.
u—-Au+Vvp="f(xt), te(0,T)

V-u=0, (X,t)eQx(O,T) o
u=0, (x,t)eoQx(0,T)
u(x,0)=w(x) xeQ,t=0

where U =(uy,u, )T is fluid velocity, p is pressure, f =(f,f, )T is volumetric
power density.

The solution of the Stokes equations forms an important aspect of both theo-
retical and computational fluid dynamics. A limited number of solutions of these
non-linear partial differential equations mostly involving spatially
one-dimensional problems are given in the literature. Solutions of practical in-
terest have been obtained for cases where, with suitable approximations, the eq-
uations are reduced to linear partial differential equations.

Let Q be a bounded domain in . We introduce function spaces
1 2 .
X :[HO(Q)] , V={ueX,divu=0}, M :{q € LZ(Q);jquxdy:O} , then
the unsteady Stokes problem would take the following form: seek

(u,p)e X xM satisfying

( ) ( u,v ) (p,V'V)Z(f,V),VVeX
(q.V-u)=0, VgeWw (2)

u(x,0)=v(x)
We use "'”s,D and |'|s,D to be denote the norm and Semi-norm in the So-

bolev space H®(D) forany s> 0, respectively. The inner productin H*(D)
is denoted by (-,-), . For example, for each s>0, the Semi-norm |~|sD is

given by

o= Zleof dDJ

and || is said to be the norm of L,.
For wis [0,T] to H®(D), the definition is given by

Wl = [ )

"W"|_°° 0T;H(D)) OS<L£ "W ”s,D

for 1<q <o, we have

The space H®(D) and the norm defined in the H°®(D) defined as

H (div, Q) ={q:qe[*(Q)],V-qe’(Q)}
. =l +v-alf )
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3. Weak Galerkin Finite Element Approximation Scheme

Let K be any polygonal or polyhedral domain with boundary oK. A weak vec-

tor-valued function on the region K refers-to, a vegtor-valued function
v={Vvy,v,} such that v, e[LZ(K)]d and Vv, G{Hz(aK) . The first compo-
nent V, can be understood as the value of vin-X, and the second component
v, represents von the boundary of K. Note that v, may not necessarily be re-
lated to the trace of v, on 6K should a trace be well-defined. Denote by

v(K) the space of weak functions on K
L d
v(K)={v={v0,vb}:voe[Lz(K)T,vbe{HZ(aK)} } (3)

Definition 1. For any vev(K), the weak gradient of vis defined as a linear
functional V v in the dual space of |:H (div, K )]d , whose action on each
qe [H (div, K):|d is given by

(va’q)K :_(VO’V'q)K +<vb’q'n>aK 4)
where n is the outward normal direction to oK, (v, V- q)K = IKVO (V-q)dK is
the action of v, en V-q, and <Vb'q'n>aK :J.aKqu~ndS is the action of ¢-n
on V, GTH 2 (aK)l

The Sobolev space [H ! ( K )]d can be embedded into the space v(K) by an
inclusion map iv: [ H* (K )]d —v(K) defined as follows

. d
v(9)={# Hac ) # <[ H ()]

With the help of the inclusion map iv, the Sobolev space [H Y K)]d can be
viewed as a subspace of v(K) by identifying each ¢e [H '(K )]d with
iv(g).

Let B (K) be the set of polynomials on K with degree no more than r.

Definition 2. The discrete weak gradient operator, denoted by V,, ., is de-
fined as the unique polynomial (VWLKV) € [Pr (K)JdXd satisfying the following

equation,
(Verva’q)K =—(V0,V~q)K +<vb’q'n>aK ! (5)
forall qe[P,(K)]™.
In what follows, we give the definition of weak divergence, first of all, we re-

d
quire weak function v={v,,v,} such that v, e [LZ (K)] an v, -nel?(oK)
Denote by V (K) the space of weak vector-valued functions on K;

v (K):{v:{vo,vb} Vo e[2(K)] g ne Lz(aK)} (6)

Definition 3. For any veV (K), the weak divergence of v is defined as a li-
near functional V, -v in the dual space of H'(K) whose action on each
@eH'(K) isgiven by

(Vw 'V'(/))K = _(VO’Vw)K +<Vb ' n’¢>6K 7)

where 7 is the outward normal direction to oK, (V,,V¢), is the action of v,
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1
on Vg,and (v,-n,@)  istheactionof v,-n on @peH?(oK).

The Sobolev space [H ! ( K )T can be embedded into the space V (K) by an

inclusion map iv: [H ! (K )T —V (K) defined as follows

v (9)= {4l Ao} 9 <[ H*(K)]

Definition 4. A discrete weak divergence operator, denoted by V., is de-
fined as the unique polynomial (VWLK -V) eP (K) that satisfies the following
equation.

(Vw,r,K 'V,(P>K :_(VO’V(p)K +<Vb 'n’¢>aK ' ()

forall peP, (K).

4. Weak Galerkin Finite Element Scheme

Let 7, be a partition of the domain Q with mesh size A that consists of arbi-
trary polygons/polyhedra. In this paper, we assume that the partition 7, is WG
shape regular-defined by a set of conditions as detailed in references. Denote by
&, the set of all edges/flat faces in 7, , and let & =¢,0Q be the set of all inte-
rior edges/faces. For any integer k >1, we define a weak Galerkin finite element

space for the velocity variable as follows,
Vo= (v =1%o} o}, €[R(T)] %[ Rs(e)]* e < oT

We would like to emphasize that there is only a single value v, defined on
each edge e e g, . For the pressure variable, we have the following finite element

space
W, ={q:q€ Lé(Q),(ﬂT € Pk‘l(T)}

Denote by V,) the subspace of V, consisting of discrete weak functions with

vanishing boundary value;

VY ={v={v,,%,} €V,,v, =00n o}

The discrete weak gradient V,,,, and the discrete weak divergence (Vw,k_l)
on the finite element space V, can be computed by using (5) and (8) on each

element 7, respectively. More precisely, they are given by

K= = Viwk-, T)’
(V. lv)|T Vaar (V). wv eV,

Vika V). = Vgt V| )’VVEVh
( )|T ( T

For simplicity of notation, from now on we shall drop the subscript k-1 in
the notation V, , and (VWYH) for the discrete weak gradient and the dis-
crete weak divergence. The usual L* inner product can be written locally on
each element as follows

(V070 = 3 (Y09, 0),

TeTy,
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(Vw'v'q): z (Vw 'V’q)T

TeTy
Denote by Q, the I’ projection operator from [LZ (T )]d onto [Pk (T )]d
For each edge/face eeg,, denote by Q, the I* projection from [Lz (e)]d

onto [Pkfl(e)ld . We shall combine Q, with Q, by writing Q, ={Q,Q,}.

We are now in a position to describe a weak Galerkin finite element scheme
for the Stokes Equations (1). To this end, we first introduce three bilinear forms

as follows

s(v,w)= > ht* <QbV0 Vi QW — Wb>

TeTy
a(v,w)=(V,Vv,V,w)+s(v,w)
b(v,a)=(V,-v.q)
WG Algorithm. Seek (U, ={U, U, }, P, )€V, xW, satisfying
(Upov)+a(uy,v)—=b(v, p,) =(f.v), vweV,
b(u,,a)=0, VqeW, 9)
uy (X,0) =y, (x)
In the following, the proof process of Lemma 1-6 refers to reference [10] [11]

[12].
Lemma 1. For any veV,’, the following equation hold true,

VI = 19+ et IQuve ~w iy
TeTy TeTy

Lemma 2. Forany v,weV,’ we have

[a(v. w) < ]
awv)=[M[-

In addition to the projection Q, ={Q,,Q,} defined in the previous section,
dxd

let Q, and Q, be two local Z* projections onto B (T) and [ kl(T)} ,
respectively.
Lemma 3. The projection operators Q,, R,, and S, satisfy the following

commutative properties
V. (QV)=R,(VV), Ve [H ! (Q)]
V. (QV) =8, (V-v), W e H (divQ)

Lemma 4. There exists a positive constant findependent of 4 such that

d

Sup 2 Al
||| |||

vev?

forall peW,.
Lemma 5. Poincare inequality of Weak gradient operator: If veV,, then ex-

ists a constant ¢ satisfying
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M < eV’ <efvif

First of all, we study the existence and uniqueness of the solution for (9). The

space defined as follows

T, ={v, eV, (i)i(a.V,-v)=0,vqeW,}.

Then we need to seek u, (x,t):(0,T)—>T, satisfying

{(uh‘t,v)ﬂcl(uh,v):(f,v),VGTh

Uy (%,0) =0 (%)

Let u, (x,t) be the solution of (10) and which is unique, the linear bounded

(10)

functional |=1(u,) on V, defined as follows.
(Lvy=(uyv)+a(u,,v)—(f.v) (11)
Then problem (9) is equivalent to seek B, eW, satisfying
(R, V,-v)=(lLv),vveV, (12)

Using LBB condition and Lax-Milgram Lemma, we know that the solution
P, eW, of (12) is unique.

Combing (11) and (12), it is concluded that if initial approximation
u, (x,0) =y, (x) €T, the solution (u,,P,)eV,xM, of (9) is unique.

In what follows, we introduce Stokes projection, which is the important ap-
proximation of projection.

Lemma 6. First of all, we introduce Stokes projection of (u,p)e X xW,
which is (Qﬁu, S p) eV, xW, need satisfying

{a(uh—Qﬁu,v)—b(v, Py —SiP)=—¢,, (V).VeV, )

b(uh—Q,ﬁu,q):O,quh

Iflet f*=—Au+Ap,easytoknow that (Qu,S!p)eV, xW, satisfying
{a(Qﬁu,v)—b(v,Sﬁp)=(f*,vo), vev, "
b(Qﬁu,q):O, geWw,

Then (Qﬁu, S; p) eV, xW, is the finite element approximation of
(u,p)e X xW , so we have

Jus = Q-+ hfJu = Q3| < (Jul. [ pl,)
| po = sip|<ch* (Jull.. I el ) (15)

Ju, Q3] + hm(uh -Q1), HS Ch* (Jully + el + s +lpel)

5. Error Equations

In what follows, we list Lemma 7 to prove the error estimation of approximate
solution for Semi-discrete scheme.
We know that (u,p)e XxM and (u,,p,)eX,xM, be solution of (1)
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and Galerkin finite element solution of (9), respectively. The I* projection of u
in the finite element space V, is given by Qu={Quu,Q.u} . Similarly, the
pressure p is projected into W, as S,p. Denote by e, and ¢, the corres-

ponding error given by
{eh =1{€0,8} ={QoU—Up, QU Uy |
& =S,P— Py
Lemma 7. Let (W, p)e [H1 (Q)]d xL?(Q) be sufficiently smooth and satisfy

the following equation

(16)

W, —AW+Vp=n (17)

in the domain Q. Let Qw={Q,w,Qw} and S p be the I’ projection of
(w,p) into the finite element space V, xW, . Then, the following equation
holds true

(Quw, Vo) + (Vw (Quw), VWV) ~(Vu V.Syp)
= (1Y) + £, (V) =6, (v),

for all veV,. Where ¢, and @, are two linear functionals on V,’ defined
by

(18)

(V)= <v0 ~V,, VW-n—R, (Vw)~n>aT

TeTy

0, v)=2X <V0 _Vb'(p_shp)n>aT

Ter,
Proof. Together Lemma 3, Equation (5) and integration by parts. we obtain
(Va(Qw), va)T
= (R (V) Vav),
= (v, VR, (V,,)), + (%, V-R,(V,,)-n)_ (19)
=(VVo. Ry (V). =(% =%, VR, (V,,)-n)
=(Vw,Vv). —<v0 -V, V-R, (V) n)aT
Next, Combing Lemma 3 and Equation (8), the fact that ZTeTh <va pn)ﬂ =0,

then using integration by parts, we obtain

(VW : V’ Shp)
=-> <V0,V(Shp)>T +y <vb,(Shp)n>GT
TeTy TeTy
=2 (V0. 8up) - X <Vo “’tw(sh/")”>aT
TeT, TeT,
=2 {Vvp) - <Vo _Vb'(sh/))”>ﬂ
TeT, TeTy,
:_Z <V0’Vp>T + Z <V01pn>@1' - Z <V0 _Vb’(shp)n>5-|-
TeTy TeTy TeTy
=_Z <V0’Vp>T + Z <V0 _Vb’pn>aT - Z <V0 _Vb'(shp)n>m
TeTy TeTy TeTy
=—(vo,Vp)+ ZT <v0 V. (p - Shp)n>aT
TeTy
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We can imply that
(VO’vp) = _(VW v, Shp)+ z <V0 _vb’(p_ Shp)n>m’ (20)

TeT,
Next, we test (17) by using Vv, in v={v,,V,} €V, to obtain, we can obtain

(W, Vo ) = (AW, Vo ) +(V o, vy ) = (7, V) (21)
It follows from the usual integration by parts that

(AW, vp) = 3 (YW, Vg ). — D (Vg =V, VW)

TeTy TeT,
Where we have used the fact that ZTeTh <vb,VW-n>aT =0. using Equations
(19) and (20), we have

—(AW, %) =(V,, (QW), V,V) = 3 (Vo =V, VW-n—R, (Vw)-n)

0
TeTy

(22)
Substituting (20), (22) and (Q,w,,V,)=(W,,V,) into (21) yields
(QhWt'v0)+(vw (Qhw),VWv) ~(Vyv.8,0) =(mY)+ £, (V) =6, (V)
which completes the proof of the lemma.
In what follows, we give the derivation of the error equation of (9).

Lemma 8. Let e, and &, be the error of the weak Galerkin finite element

solution arising from (9), as defined by (16). Then, we have
(enV)+a(e,.v)-b(v.&)=90,,(v)
b(e,.q)=0,

for all veV/ and qeW,, where ¢, (v)=¢,(v)-6,(v)+s(Qu,v) is a li-

near functional defined on V..

(23)

Proof. Since (u,p) satisfies the Equation (17) with 7= f, then from Lem-

ma 6 we have
(QuUe Vo) + (Vi (Quu), V¥ ) =(V,, v, S, p) = (V) + £, (V) -6, (V)
Adding s(Q,u,v) to both side of the above equation give
(Quuy, Vo) +a(Quu,v)=b(v,S,p)=(f,vo)+£,(v)-0,(v)+s(Qu,v) (24)
The difference of (24) and (9) yields the following equation,
(€n:Vo)+a(e, V) =b(v,5,) =1, (v) -0, (v)+5s(Q,u,v)

for all veV,’, where e, ={e;e,} ={Quu—u, Qu~—u,}. This completes the de-
rivation of (23).
As to (24), we test Equation (1) by qeW, and use (9) to obtain

OZ(V-U,q)I(VW-Qhu,q):b(Qhu,q) (25)
The difference of (25) and (9) yields the following equation
b(e,.q)=0

forall qeW,.
Which completes the proof of the lemma.
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In the following, the proof process of Lemma 9 refers to reference [10].
d
Lemma 9. If (W,p,r)e [H ”1(9)] xH"(Q)xV, and 1<r<k, with the
precondition of regular-shape 71, , we have the following estimation.

[s(Quwv)| < o’ w..,Iv]
v
il

[fu (V)] <Ch|w],,

0, (v)| <cn’[w..,

6. Error Estimates

The following theorem is the main result of this paper.
d
Theorem 1. Let (u,p)e [Hé (Q)NH ket (Q)} X[Lé (Q)NH k (Q)] and
(uy, P,) €V, xW, be the solution of (1) and (9), respectively. the following error

estimates is true.

JQu—u, < en* (ful, 1Pl + [y (el +lpl +lul., < Ipdl, )ae)
[Quu—unf<ch (Jull, + ol +lulq+rd)
[Svp=pull< € (fuly + [Pl + s + Pl

t
N R M LY TR TR

Proof. Let
€, =QuU—U, =QuU-Qu+Qu-u,=60+7
e, (-0)=0(-0)=7(~0)=0
By the error of Equation (23), we have
(@,v)+a(¢9,v)—b(v,Shp—Sﬁp) 06
= (V)= (m.v)~a(n.v)+b(v.S;p— p, )
Substituting (13) into (26), we obtain
(6,v)+a(60,v)-b(v,S,p-Stp)=—(m.v) (27)
Let v=0=Q,u—Qu,combing the Equation (25) and (14), we have
b(6,S,p-S;p)=0
That is
(6,,6)+a(0,0)=—(1,,0)
By Lemma 2 and Cauchy inequality, we have
28 JoF +lelf <Inllel <l +1er @)

By Gronwall Lemma, we have

1d R
S 161 +{lell” < (' (. +1pl, + ol +Ipdl, ) (29)
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By Cauchy inequality, we have
llof]< et (., + el +[uel,.. +1pil,) (30)
Then take the integration about ¢ of both side of Equation (28)
loC.0f +2[ Jlelf de <o 0)f +c([lndac) + Fsuplo o)
Since [|0(0)[=0, then
el <suple )] <C lmld=
<Ch“* [ (ol +1pl, + Il + IR0, )

Combing the Equations (15), (29), (30) and triangle inequality, we have

R t
o —u < cn (., +1pl, + (Il +1Rl, ol + [l )de) 22

(31)

Q= 1<’ (ful +lpll + ol el ) (33)

Next, we proof the error estimate of pressure approximation ||S, p—p,|, by
using error Equation (23), we have

b(v,S,p-p,)= (ehyt,v) +a(e,v)-a,,(v)
By using Lemma 2, Lemma 5 and Lemma 9, we obtain
(v, Sy = Py ) < en [ IV]+ e ][ + S0 (Jull. + 1Pl 1]
< C e I+ leallIvI] + 0" (lull.. + el VI
By Lemma 4, we have

[ = Pl < C e +[lenl] + c** (ull. +[pll) (34)

Next we seek error estimate ||eh,t||, then take the derivation about ¢ of both
sides of Equation (27)

(V) +2(6,v)=b(v.S,p, = Sip, ) == (7.v)

Let v =4, take the derivation about ¢ of both side of Equations (14) and (25),

we obtain
b(6,,S,p,~Syp;)=0
That is
(6..6)+2(6,.6,)=—(m..6,)

By Lemma 2 and Cauchy inequality, we have

1d
8101 +llalf <lallal

That is
2
Jo..0 <l -0 +¢ ([ lmale ) +Zsuple (o) 69

Since ||¢9t (-, 0)” =0, thatis
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e <suple (-0 < o0 (. Il + s +IRd + el + el )7 o)

Combing the Equations (15) and triangle inequality, we have

e < cn* (Ju

en TP+l + Il

t (37)
+ Jo Ul + 1Pl + s Tl + s + el )df)

Substituting (33) and (36) into (34), we have

8P = pafl < CH*" (Ju

en TPl R, el

t
ol 1ol + s Do+l + Il )7

This completes the proof. Thus, the error estimates of Theorem 1 hold. Op-

timal-order error estimates are established for the corresponding numerical ap-

proximation in an A' norm for the velocity, and Z* norm for both the velocity

and the pressure by use of the Stokes projection.
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