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Point Charges and Conducting Planes for ~ In this work, we modeled and simulated the electric potential generated by
Yukawa’s Potential and Coulomb’s Poten-  point charges in the region of grounded conductor planes for Yukawa poten-
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1. Introduction

In every electromagnetic theory course, from elementary to advanced ones, elec-

trostatic problems are analyzed. Such problems require finding the functions
describing potential and electric field in the region close to the charge distribu-
tions, bound to the boundary conditions imposed by the problem’s geometry.

This kind of problems are usually modelled using Poisson’s equation
VA = p. (1)

Most exercises involving practical applications require students to know how
to solve differential equations in partial derivatives. However, while taking ele-
mentary electricity and magnetism courses, students lack this knowledge or any
alternative one such as numerical analysis. A simple procedure, capable of over-
coming the aforementioned obstacle, is provided by the Method of Images (MI),

which is normally used in problems featuring spatial symmetry. Nevertheless, its
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use for the most difficult cases can turn out to be so complicated that it loses
practicality. Under this method [1] [2] [3] [4], the first step is to determine the

electrical potential from V = , in the case of Coulomb’s potential used in

4ne, |r

electromagnetic courses. Then, the electric field can be obtained in the usual way
E=-VV.

According to the MI, a configuration featuring a charge close to an infinite
conductive plane, correctly grounded can be replaced by the charge configura-
tion, its image and an equipotential surface substituting the conductive plane.

When charges are present, in order to comply with both Poisson’s equation
and boundary conditions, the method requires:

1) The charges and their images to be located in the conductive plane region;

2) The charges and their images to be arranged in such a way that, within the
conductive plane, the potential be zero or constant.

The procedure is a very valuable aid since it does not require advanced math
knowledge nor complex algorithms; all it requires is a knowledge of the expres-
sion for some basic electric potentials as well as the one for the superposition
principle.

In an interesting work, Griffiths and Uvanovic [5] studied the charge distribu-
tion on a conductor for two potentials: Yukawa potential (e”" / r) and the Law
of Potential (1/r").

Unlike Coulomb potential, where the entire charge is distributed on the sur-
face, they found that under Yukawa’s a portion of the charge goes to the surface
while the rest is evenly distributed in its volume. As for the Law of Potential,
they did not reach a general result. Later on, Sallabi ef al [6] used MI to study
charge distribution in conductors using Yukawa potential. For the Yukawa po-

tential, Equation (1) is generalized to [5]
VA + 1V = p. 2)

The aim of this work is to apply MI to a typical problems dealing with point
charges and grounded conductive planes in order to find the total potential and
electric field, using as interaction among charged particles Yukawa and Cou-
lomb potentials. When obtained through this method, potentials can be estab-
lished in terms of elemental functions. Its analytical expressions and graphs can
be shown using Maple. The expressions of the electric field can be long and
therefore we do not include them in this work. Nevertheless, the reader can use
Maple’s instructions in Appendix A and Appendix B to calculate the expres-
sions for the potential and the electric field as well as the graphs shown.

The current work is composed as follows: In Section 2, we discuss the case of a
point charge located in the region over a grounded plane conductor; In Section
3, we present the case of two grounded conducting planes, perpendicular to each
other and a point charge placed in a quadrant between the planes; In Section 4,

our final comments are presented.
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2. Point Charge and a Conducting Plane

In this section, we determine the potential produced by a positive charge Q, lo-
cated at a distance d on a very large and grounded conducting plane, as shown in
Figure 1.

To find the potential in the region Y >0 and to guarantee that the potential
in the plane is zero, it is necessary to replace the conducting plane by an image
charge —Q, located in (0,-d,0), as shown in Figure 2. A point P(X,y,z) is
defined, on which we aim to calculate the potential.

From the problem’s geometry, it is established that

|r+|:,/x2+(y—d)2+zz. (3)

Hence, the potential produced on 2, due to Q, is given by

Q .
47t\»30\/x2+(y—d)2+z2

V,(xy,2)= (4)

Similarly, we are able to find, for the image charge,
|rf|=1/x2+(y+d)2+zz, (5)
A

Q@ (0,d,0)

t——)x
e z
Figure 1. Grounded plane and point charge.
p(x, y, 2)
Q
p(0, d, 0)
rQ+
rQ- V=0
-Q
p(0, -d, 0)
Figure 2. Q charge and its image.
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which means the potential it produces on Pis given by
—Q
2 2 2
4ngo\/x +(y+d) +z

V_(xy,2)= (6)

Following the superposition principle, it is possible to express the resulting
potential on point Pas the sum of V, and V_; that is to say,

_Q ! - 1 )
4ms, \/x2+(y—d)2+zz \/x2+(y+d)2+zz
The expression for potential obtained using Maple are given [7] [8] by
1 1
V(xyz)= (8)

Q - ’
\/x2+y2—2yd +d%+ 2 \/x2+y2+2yd +d%+ 2

which matches (7) when =1N-m?/Coul® .

T,

For the following graphics, we set the values for the distance between the
plane and the charge as d=1m and the charge was given a value of
Q =1Coul . Then we used the Maple to generate the plots [7] [8] (See Appendix
A).

Figure 3(a), shows the Coulomb’s potential produced by the charge; it can be
seen that it meets the boundary condition, V (y=0)=0. Figure 3(b) shows
additionally the field lines that perpendicularly intersect the equipotential

curves.

In the case of Yukawa, the expression for potential obtained with Maple is

18
16
14
12
1

o

O N b~ OO ©

Figure 3. (a) Coulomb potential, and (b) Potential and electric field.
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( ) —,u\ X2+ y d —‘u«,X2+ y+d 2+22
V(x,Y,z : )
\/x+ (y-d) L \/x+ y+d)+z

Figure 4 shows Yukawa potential for x =5; some field lines are also shown.
It is observed that the potential decreased and, therefore, the boundary condi-

tion in the conducting plane is not satisfied.

3. Point Charge between Two Perpendicular Conducting
Planes

In this section we calculate the potential and electric field produced by a point
charge Q, placed at the point whose coordinates are (a,b) between two

grounded perpendicular conducting planes as shown in Figure 5.

18 -
16
14 -
12 -
10 -
g
6
A
2]
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Figure 4. (a) Yukawa’s potential for 4 =5, and (b) Potential and electric field.

Figure 5. Q charge between two perpendicular planes.
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Similarly to the single plane case, in order to ensure that the potential is zero
at the horizontal plane, it is necessary to place a image charge —Q under the
plane, at (a,—b). However, since this does not guarantee that the potential
above the vertical plane is zero, we add a image charge —Q to the left of such
plane, at (—a,b); this makes the potential at the horizontal plane different from
zero. Finally, to comply with the boundary condition of zero potential in both
planes, we place a Q charge in (—a,—b). The point charge Q and its image
charges are shown in Figure 6.

By the superposition principle, we find the resulting potential on point Pas

v_9 1 ~ 1

" ans, \/(x—a)2+(y—b)2 \/(x+a)2+(y—b)2

(10)

1 1
+ —

Jocray +(y+b) yJ(x-a) +(y+b)’

With =1N-m?/Coul® the expression for potential that we got using

4neg,
Maple is given [7] [8] by
Q _ Q
\/x2—2xa+a2+y2—2yb+b2 \/x2+2xa+a2+y2—2yb+b2
Q Q

+ - .
\/x2+2xa+a2+y2+2yb+b2 \/x2—2xa+a2+y2+2yb+b2

V(xy)=
(11)

To graphically illustrate the total Coulomb potential, the equipotential curves
and the electric field were plotted using Maple in the region where X>0 y
y >0, we considered the values for the position of the charge (1,1,0) as well as
its magnitude Q =1Coul and we used Maple [7] [8] (See Appendix B).

y
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V=0
I'2 o
-Q 1 o +Q_ -
0:‘:-’. _____________________________ Q //
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! ' / V=0 » X
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Figure 6. Q charge and its image charges.
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Figure 7(a) shows the resulting potential; we can see finite values except for
the potential at the point (1,1,0), which is where the charge is placed. It is ob-
served that the potential satisfies the boundary condition with each of the planes.
Figure 7(b) shows the electric field in addition to the potential.

In the case of Yukawa, the potential is given by

—u (x—a)2+( y—b)2+(z—c)2 —u (x+a)2+( y—b)2+(z—c)2

€ €

Joay +(y-by+(z—cy |(x+ay +(y-b) +(z-c)

—uyJ(x+a)’+(y+b)+(z—c)?

V(xy,2)=Q

(12)

—pJ(x-a)?+(y+b)+(z—c)?

e e

\/(x+a)2+(y+b)2+(z—c)2 _\/(x—a)er(y+b)z+(z—c)2

Figure 8 shows Yukawa potential for 4 =5; some field lines are also shown.

+

In this case, it is also observed how the potential decreased and no longer sa-

tisfies the boundary conditions.

4. Concluding Remarks

Two simple and well-known arrays of charges and conducting planes have been
analyzed through the MI [7] [8]. The number of necessary image charges, NV, to
satisfy boundary conditions depends on the separation angle & between the

semiinfinite planes and can be calculated with the following relation [2]
N [ﬂlj (13)
%)

o

0
€ Z . In the case presented in Figure 1, J=180" and N =1 image

where

Figure 7. (a) Coulomb’s potential, and (b) Potential and electric field.
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(@)

Figure 8. (a) Yukawa’s Potential for ;= 5, and (b) Potential and electric field.

charge is necessary; when & =90" as in Figure 5, N =3 image charges are
necessary.

For this work, we used the MI and Yukawa’s potential as a generalization of
the electrical potential produced by a point charge in the vicinity of grounded
conducting planes; as a particular case, we obtained its Coulomb’s potential.
Yukawa potential decreases exponentially depending on the value of y and,
therefore, and so does the resulting electric field, which was expected. This ex-
plains why, in solid conductors, the charge does not fully flow to the surface [5]
[6] and why, in the Coulomb limit ( # — 0), we get the well-known result where
the entire charge reaches the surface.

We are interested in our students experiencing not only the simulation of po-
tentials and electric fields, but also their modeling. We think that both elements,
modeling and simulation [9] [10], can motivate them to reach numerical results,
as well as to suggest simple analytical and computational procedures. Such com-
bination should contribute to their getting an integral learning experience. Al-
though both quantities, potential and electric field, could be expressed in terms
of elementary functions, the support of a computational tool was very stimulat-
ing, particularly for engineering students, who fully appreciate, in addition to
numerical values, the graphs that foster the learning of concepts. Finally, we, as
professors in charge of elementary courses, are able to address more interesting
and difficult problems than those usually solved during electricity and magnet-
ism courses without the hindrance of demanding advanced mathematics or pro-

gramming knowledge from the students.
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Appendices

We can use Yukawa potential (e "*" /r) or Coulomb potential (1/r)
Appendix A (Point charge and a conducting plane)

>restart:

>with (plots):

>with (plottols):

> with(linalg):

> with(StringTools):

To compute the potential and electric field

>potcx .= proc (pointc, dx, q, typex)

localk,via, e, m;

e :=2.71828182846:

m:=2:

k=1,

if (vectdim (pointc) = 2) then

via =(k*q) *((e™ Ao\ 2Hpoinicl2-d0"2) o vt pointc[ 1172 + (pointc[2]-dx) ~2) — (¢
m*(sqrt(pointc[1]"2 + (point[2] + dxm))/sqrt(pointc[ 1 ]/\2 + (pointc[2] + dx)’\2))),

else

via = (k*q/*((e—m*(sqrt@ointc[l]’\2 + (pointc[2] — d)"2 + pointc[3]A2))/sqrt(pOZ-ntc[1]/\2 + (pointc[Z]—
d)A2+(p0thC[3]/\2)) _ (e—m*(sqrt(pointc[l]AZ + (pointc[2] + d)*2 + pointc[3]A2))/sqrt(p0intc[1]/\2 +
(pointc[2]+d)"2 + pointc[3]"2)));

end if

if (evalf(LowerCase(typex)= “campo”), -grad(vta [x,y,z]), vta;

endproc:

>potcx([x,y,z], d, O, “potencial”);
>potcx ([x,y,z], d, Q, campo);

"To plot the potential and the electric field

>0 = 1:
>d =1

>grafa = plot3d (potcx([x,y], d, O, potencial) — potcx([x,y], -d, O, potencial), x = -Pi...Pi,
axes = boxed, numpoints = 1500, style = patchnogrid, color = cos(x*y), lightmodel = light,
transparency = 0.75), contourplot3d (potcx([x,y], d, O, potencial) - potcx([x,y], -d, O,
potencial), x= -P1..P1, y = -P1..Pi, axes=boxed,numpoints=1500, contours = 50, color =
[0.25,0.35,0.95]):

>grafb .= (mys) —»implicitplot3d (y,x = -Pi..Pi, y = -Pi..Pi, z = -Pi..6*Pi, axes=boxed,
thickness=3, style=mys, color=red):
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> camp = gradplot3d (- potcx([x,y,z], -d, O, “potencial”), x = -Pi..Pi,y = -Pi..Pi,z=-
Pi..Pi, arrows=SLIM, color= COLOR ((RGB, 0.15, 0.45, 0.95)), grid =[12,12,12], style =
patchnogrid, axes=boxed):

> chargey = plots [display](sphere ([0,d,0], 0.15), style=patchnogrid,
color=COLOR(RGB, 0.97,0.35,0.25)):

>display ({grafa,grafb (hidden), chargey}, view = [-Pi..Pi, 0..Pi, 0..6*Pi], orientation =
[22,67], labels = [x,y,V]);

>display ({chargey, graf, grafb (hidden), camp}, view = [-Pi..Pi, 0..Pi, 0..6*P1i], orientatio
= [22,67], labels = [x,y, V]);

Appendix B (Point charge between two conducting planes)

>restart

>with (plots):
>with (linalg):
>with (plottools).:

To compute the potential and electric field

>poteimgs := proc (cpoint, points, q, typex)

Localcharget, k;

k=1,

if (vectdim (cpoint) > 2 andvectdim (points) > 2) then

charget = (k*q)/sqrt(((points [1] — cpoint [1])*2) + ((points [2] — cpoint [2])*2) + ((points
[3] — cpoint [3])*2) - (k*q)/sqrt(((points [1] + cpoint [1])"2) + ((points [2] — cpoint [2])"2)
+ ((points [3] — cpoint [3])*2) + (k*q)/sqrt(((points [1] + cpoint [1])*2) + ((points [2] +
cpoint [2])*2) + ((points [3] — cpoint [3])"2) - (k*q)/sqrt(((points [1] — cpoint [1])*2) +
((points [2] + cpoint [2])2) + ((points [3] — cpoint [3])"2));

else

charget .= (k*q)/sqrt(((points [1] — cpoint [1])*2) + ((points [2] — cpoint [2])"2) -
(k*q)/sqrt(((points [1] + cpoint [1])*2) + ((points [2] — cpoint [2])"2) + (k*q)/sqrt(((points
[1] + cpoint [1])*2) + ((points [2] + cpoint [2])*2) - (k*g)/sqrt(((points [1] — cpoint [1])*2)
+ ((points [2] + cpoint [2])*2)); end if

charget = if (typex=campo, -grad (charget, |x,y,z]), charget):

end proc:

"To plot the potential and the electric field

>0 =1;
>a = sqrt (2);
> b = sqrt (2);

>Vt := poteimgs ([a,b], [x,y], O, potencial);,
>Ct = poteimgs([a,b,c],[x,y,z],0,campo);
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>q = 1:
>ph:=1:
>c :=0:

>volta := plot3d (poteimgs([a,b],[x,y],Q,potencial), x = -Pi..Pi, style = patchnogrid, color =
cos(x*y), lightmodel = [light], light = [30,40,0.5,0.8,0.9], transparency = 0.65, numpoints
= 1500), contourplot3d (poteimgs([a,b],[x,y],Q,potencial), x = -Pi..P1, y = -Pi..Pi, color =
COLOR (RGB,0.15,0.25,0.95), axes = boxed, transparency = 0.65, numpoints =1500,
contours = 50):

>charge = plots display|(sphere[a,b,c],0.15), style = patchnogrid, color = COLOR (RGB,
0.95, 0.1, 0.3)):

>grafb := (mys)—» implicitplot3d (y,x = -Pi..Pi, y = -Pi..Pi, z = -Pi..6*Pi, axes = boxed,
thickness = 3, style = mys, color = red):

>grafc = (mys)—» implicitplot3d (x,x = -Pi..Pi, y = -Pi..Pi, z = -Pi..6*Pi, axes = boxed,
thickness = 3, style = mys, color = red):

>camp := gradplot3d (-poteimgs([a,b,c],[x,y,z],0,potencial), x = -Pi..Pi, y = -Pi..Pi, z = -
Pi..Pi, arrows = THICK, color = COLOR (RGB, 0.15, 0.45, 0.95)), grid = [12,12,12], style
=patchnogrid, axes =boxed):

>display ({charge, volta, grafb (patchnogrid), grafc (patchnogrid)}, view = [0..P1, 0..P1i,
0..4*P1i], orientation = [18,52], labels = [x,y,V]);

>display ({charge, volta, grafb (patchnogrid), grafc (patchnogrid), camp}, view = [0..P1,
0..P1, 0..4*P1), orientation = [18,52], labels = [x,y,””’]);
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