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Abstract

In this paper, we prove some results concerning the existence of solutions for
some nonlinear functional-integral equations which contain various integral
and functional equations that are considered in nonlinear analysis. Our con-
siderations will be discussed in Banach algebra using a fixed point theorem
instead of using the technique of measure of noncompactness. An important
special case of that functional equation is Chandrasekhar’s integral equation
which appears in radiative transfer, neutron transport and the kinetic theory
of gases [1].
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1. Introduction

Functional integral and differential equations of different types play an im- portant
and a fascinating role in nonlinear analysis and finding various ap- plications in
describing of several real world problems[2] [3] [4] [5] [6] [7] [8] [9].

Nonlinear functional integral equations have been discussed in the literature
extensively, for a long time. See for example, Subramanyam and Sundersanam
[10], Ntouyas and Tsamatos [11], Dhage and O’Regan [12] and the references
therein.

Dhage [12] and [13] initiated the study of nonlinear integral equations in a
Banach algebra via fixed point techniques instead of using the technique of
measure of noncompactness.

Dhage [14] studied the existence of the nonlinear functional integral equation
(in short FIE)
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() =k (tx(a(0)+] £ (L x(r(©)]-(a0)+ [ 9 (s.x(n(s))) s

by using fixed point theorems concerning the nonlinear alternative of Leray-
Schauder type which are proved in [14].

Bana$ and Sadarangani [15] discussed the existence of solutions for a general
NLFIE

X(0)= 1t fyv(tsix(s))ds x( (1)) o (67 u(ts.x(s))ds, x(£ (1))

using the technique of measure of noncompactness in Banach algebra. Also, an
existence results for Chandrasekhar’s integral equation was deduced.

A fixed point theorem involving three operators in a Banach algebra by
blending the Banach fixed point theorem with that Schauder’s fixed point
principle was proved by B. C. Dhage in [16]. The existence of solutions of the
equation

X = AxBx + Cx

are proved in (see [14] [17]-[22], and the references therein). These studies were
mainly based on the convexity and the closure of the bounded domain, the
Schauder fixed point theorem [13] [14].

In this paper, instead of using the technique of measure of noncompactness in
Banach algebra, we shall use Dhage fixed point theorem [20] to prove an existence

theorem for a nonlinear functional integral equation
x(t)= f(t,x(t))+g(t,x(t))-y/(t,ﬁiu(s,x(s))dsj, teJ=[0,b]. (1
+

An important special case of the functional Equation (1) is Chandrasekhar’s

integral equation

‘[Ot 5 x(s)ds

which appears in in radiative transfer, neutron transport and the kinetic theory
of gases [1] [2] [23].

Our paper is organized as: In Section 2, we introduce some preliminaries and
use them to obtain our main results in Section 3. In Section 4, we provide some
examples and special cases that verify our results. In the last section, further

existence results has been proved.

2. Preliminaries

In this section, we collect some definitions and theorems which will be needed in
our further considerations.

Let J=[0,b] and X =C(J,R) denotes the space of all continuous real-
valued functions on Jequipped with the norm ||X|| = Sup Clearly, C(J,R) isa
complete normed algebra with respect to this supremum norm.

A normed algebra is an algebra endowed with a norm satisfying the following

property, for all X,y e X we have
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- vl <11

A complete normed algebra is called a Banach algebra.

Let L'=L'[J] be the class of Lebesgue integrable functions on J with the
standard norm.

Definition 1. [20] A mapping T :X — X s called totally bounded if T (S)
is a totally bounded subset of X for any bounded subset S of X. Again a map
T:X = X is completely continuous if it is continuous and totally bounded on
X. It is clearly that every compact operator is totally bounded, but the converse
may not be true, however the two notions are equivalent on bounded subsets of
a Banach space X.

Definition 2. [20] A mapping A: X — X is called D -Lipschitzian if there

exists a continuous and nondecreasing function ¢, R, >R, satistying
[ Ax=Ay] < ¢ (1= ¥1)

forall X,yeX where ¢,(0)=0.

Sometimes, we call for the function ¢ to be a D-function of the mapping A
on X. In the special case when ¢, (r)=yr, >0, Ais called a Lipschitz constant
7 . Obsviously, every Lipschitzian mapping is D-Lipschitzian. In particular if
y <1, A is called a contraction with a contraction constant y. Further, if
ga(r)<r,r>0 then Ais called nonlinear contraction on X [20].

Theorem 1. [20] Let S be a closed convex and bounded subset of a Banach
algebra X andlet A,C:S — X be three operators such that.

1) A and C are Lipschitzian with constants « and [ respectively,

2) B is completely continuous, and,

3) X=AxBy+Cx=xeS, forall yeS.

Then the operator equation AXBX+CX =X has a solution whenever
aM + B <1, where M =|B(S)|.

3. Main Results

The main object of this section is to apply Theorem 1 to discuss the existence of
solutions to the functional quadratic integral Equation (4).

Definition 3. By a solution of the quadratic functional integral Equation (1)
We mean a function xeC(J,R) that satisfies Equation (1), where C(J,R)
stands for the space of continuous real-valued functions on J.

Consider the following assumptions:

1) u:JxR—>R satisfies Carathéodory condition (Ze measurable in ¢ for all
XxeR and continuous in x for almost all teJ ). There exist a positive constant
kand a function mel' such that:

|u(t,x)| <m(t), V(t,x)e IxR
and J‘Obi|m(s)| ds <k.

2) f,g:JxR—>R are continuous and bounded with K, = sup |f (t, X)|
(t.x)eIxR
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K, = sup |g(t,X)| respectively.

(t.x)eIxR

3) There exist two positive constants L, and L, satisfying
[f(tx)—f(ty)<L|x-y|
and
l9(tx)-g(ty)[<L[x-y|

forall teJ and x,yeR.
4) y:JxR—->R iscontinuousforall teJ and XeR.Moreover,

sup|y (t,0)| =K,

Vteld
5) There exists a constant L, satisfying
w6 X) =y (ty)] < Ly x|

forall teJ and xeR.
Theorem 2. Let the assumptions 1)-5) be satisfied. Furthermore, if
L, (K3 +1, -||m||L1 ) + L, <1, then the quadratic functional integral equation
(1) has at least one solution in the space (C(J ,R).

Proof:
Consider the mapping 4, Band Con C(J,R), defined by:

(Ax)(t)=g(t.x(t))
(Bx)(t)= z//(t,.[;#u (s, x(s))dsj
(©00)- 1 (1x(1)

Then functional integral Equation (1) can be written in the form:
Tx(t) =Cx(t)+ Ax(t)-Bx(t). (2)

Hence the existence of solutions of the FIE (1) is equivalent to finding a fixed
point to the operator Equation (7) in C(J,R). We shall prove that 4, Band C
satisfy all the conditions of Theorem 1.

Let us define a subset Sof C(J,R) by

S:={xeC(J,R),|x|<r}.
Obviously, Sis nonempty, bounded, convex and closed subset of C(J,R).

. 1 t
Forevery XeS, since 0<s=>t<t+s=>->——, then 1>—— wehave
t+s t+s

|(TX) ()] =[Cx(t) + Ax(t) Bx ()| < K, + K, (Ky+ Ly - [m]| ) = .

Then, TXeS andhence TScS.
First. we start by showing that Cis Lipschitzian on S To see that, let X,y e S.

So
[Cx(t)=Cy (1) =| f (t.x(1))~ f (t.y (1)) < Lu|x(t) - y(1)]

forall teJ. Takingsupremum over ¢
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[Cx=Cy|l< L[x-v]

for all X,yeS. This shows that C is a Lipschitzian mapping on S with the
Lipschitz constant L.

By a similar way we can deduce that

[Ax=Ay|< L [x-y]

for all X,y eS. This shows that A is a Lipschitzizan mapping on § with the
Lipschitz constant L,.

Secondly, we show that Bis continuous and compact operator on S. First we
show that B is continuous on S. To do this, let us fix arbitrary €>0 and let

{x,} bea sequence of point in Sconverging to point Xe&S. Then we get

[(Bx,) (1)~ (BX) (1)

Hf—u

dsj ://( J';%u (s, x(s))dsj

I°t+s u(s,x(s))|ds
<L, Omﬂu ))|+|u(s,x(s))|]ds
<2ng (s)ds <2Ly|ml; <e.

Thus
|(Bx, )(t)-(Bx

Furthermore, let us assume that teJ. Then, by assumption 4) and Lebesgue

(t)|—>0 as N — o,

dominated convergence theorem, we obtain the estimate:
. t
lim (Bx, )(t) = limy | t,[ —u(s, d
lim (Bx, )(t) nggw( forsulsx(s) S]
t
=yt | —u(s, ds |=(Bx)(t
[t susx(s)es |- (B0

for all teJ. Thus, Bx, - Bx as n— o uniformly on /and hence B is a

continuous operator on Sinto S. Now by 1) and 2)

t t
y/(t,jomu(s,xn(s))ds)—y/(t 0
Lu(s,x (s))ds
t+s "

t
<L, ;mu(s,x(s))dﬁ K,
<Ky + Ly -fm]s

|Bx, (t)| <

+|l//(t,0)|

<L|f; +K,

for all teJ. Then " Bx, (t)" <K+ -||m||L1 for all neN. This shows that
{Bx,} isa uniformly bounded sequencein B(S).
Now, we proceed to show that it is also equi-continuous. Let t,t, €J (with-

out loss of generality assume that t; <t, ), then we have
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|Bx, (t,) - B, (t,)|
- y/(tz,J‘éz tther u(s, x, (s))dsj—y/[tl,ﬁ%u(s,xn (s))dsj
b_h x,(s))ds |- Y5 (s x (s))ds
+y/[t2,jomu(s, N ))dj W[tz,jow (5%, ( ))dJ
J:lt_zu(S,Xn(S))dS-i- :Zt b u(s,xn(s))ds—ﬁ#u(s,xn(s))ds

t,+s Lt +S

ol e o) |- ()|

<L,

+L-

7] t2 t tZ f
<L mu(s,xn(s))dﬁ e u(s, x, (s))ds— [ %u(s,xn(s))ds

el o) |- [ ()|
(tb-t)f;

t +s
el gt n o) |- o ()|

b 1 bt
<Lyt -t Omm(s)ds+L3~J' t—m(s)ds

Uty +s
folgitonra o es)
<KLy -[t, -t + L -j: m(s)ds
ol o 00 ol )

Then, we obtain

+L-

u(s,x,(s))ds+ :tt_isu (s,%,(s))ds
2

<L,

+L-

+L-

+L, -

|an (t,)—Bx, (t1)| —0 ast, >t.

As a consequence, [BX, (t,)—Bx, (t, )| —0 as t, >t,. This shows that {Bx}

is an equicontinuous sequence in . Now an application of Arzela-Ascoli theorem
yields that {Bx,} has a uniformly convergent subsequence on the the compact
subset /. without loss of generality, call the subsequence it self. We can easily
show that {Bx,} is Cauchyin S,

Hence B(S) is relatively compact and consequently B is a continuous and

compact operator on S.

Since all conditions of Theorem 1 are satisfied, then the operator T =C + AB

has a fixed point in S. B

4. Examples and Remarks

In this section, we present some examples and particular cases in nonlinear

analysis.

As a particular case of Theorem 2, an existence theorem of solutions to the
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following quadratic integral equation of Chandrasekhar type
t
t)=f(tx(t t,x(t)) [ ——u(s,x(s))ds, ted 3
K(0)= 1 (6X(0) 8 (L x(O) i u(s.x()) s, te ®

is obtained.

Example 4.1:

As a particular case of Theorem 2 (when f(t,x)=1 g(t,x)=X,y (t,x)=x
and u(t,x)=A4-x(t)-¢(t), 4 is positive constant) we can obtain theorem on
the existence of solutions belonging to the space C(J,R) for the quadratic
integral equation

3 ttl¢(3)
x(t)_1+x(t)J‘0Fx(s)ds, teld. (4)

The usually existence of solutions of (4) is proved under the additional as-
sumption that that the so-called characteristic function ¢ is an even poly-
nomial in s[1].

If $:J >R is a function in L and 4/1"¢"Lw <1, then the quadratic in-
tegral equation (4) has at least one solutionin C(J,R).

In case of A=1. Then ||¢||LD S% and r<4. Therefore, the quadratic in-

tegral equation

x(t)=1+ x(t)J‘t 9(s) x(s)ds, ted,

Ot+s

has at least one solution in {X(t) |xeC(J,R):|x|< 4}.

In our work, we prove the existence of solutions of Equation (4) under much
weaker assumptions (¢ need not to be continuous).

Example 4.2:

Equation (1) includes the well known functional equation [24]

x(t)=f (t,x(t)).

Example 4.3: For g(t,x)=1 Then Equation (1) has reduced to the form
t t
X(t)=w|t,| —u(s,x(s))ds |, teld.
O=vt i ulsxo)es). te

Example 4.4: For f(t,x)=a(t),g(t,x)=x and w(t,x)=x Then
Equation (1) has the form

x(t) = a(t)+x(t)ﬁ%u(s,x(s))ds, teld.

Example 4.5: Consider the quadratic integral equation

1+| |Jt+sl+| | o, )

X :

where f (t, X) =19 (t, X(t)) = 1-|t-)|()((t()t)| ,l//(t, X(t)) =X and
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We can easily verify that f, g,y and u satisfy all the assumptions of
Theorem 2.

5. Further Existence Results

Consider now the quadratic integral equation
x(t)= Zn: g (t, x(t))ﬁi u (s.x(s))ds, teJ =[0,b]. (6)
i=1

Also, the existence of solutions for the Equation (6) can be proved by a direct
application of the following fixed point theorem [25].

Theorem 3. Let n be a positive integer, and C be a nonempty, closed,
convex and bounded subset of a Banach algebra X. Assume that the operators
A:X—>X and B :C— X,i=12,---,n, satisty

1) Foreach ie {1, 2,0, n} , A is D- Lipschitzian with a D-function ¢ ;

2) Foreach ie{1,2,---,n}, B; iscontinuousand B, (C) is precompact;

3)Foreach yeC, x=) AX-B;y impliesthat xeC.
=1

i
n

Then, the operator equation X = Z AX-B,X has a solution provided that
i1

n

D Mg (r)<r, Vr>o,

i=1

where M, :sup"BiX”, i=12,---,n
xeC

Equation (6) is investigated under the assumptions:
1) u:JxR—>R,i=12,--,n satisfy Carathéodory condition (Ze. measurable
in tfor all XeR and continuous in xfor almost all te J ) such that:

o (LX) <sm(t)el’, i=12-n V(t,x)eIxR

and kizsupj‘;%mi(s)ds forall i=1,2,---,n suchthat k; #0Vi.
+

ted
2) g;:dxR—>R,i=12,---,n are continuous and bounded
with h = sup |g;(t,x)],i=12,n.

(t,X)eJx]R

3) There exist constants L;,i=1,2,---,n satisfying
|gi(tnx)_gi(t,Y)|SLi|X_y|: i:112|"',n
forall teJ and X,yeR.

Theorem 4. Let the assumptions 1)-3) be satisfied. Furthermore, if
n

> (h—L)k >0, then the general quadratic integral equation

i=1
(6) has at least one solution in the space C(J,R).
Proof:
Consider the mapping A and B, on C(J,R) defined by:

(AX)(1) =g, (tx(1))

(Bx)(t) :ﬁ%ui (s,x(s))ds.
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Then the integral Equation (6) can be written in the form:
Tx(t) =2 Ax(t)-Bix(t) (7)
i=1

we shall show that A and B, satisfy all the conditions of Theorem 3.
Let us define a subset C of C(J,R) by

C:={xeC(J,R),|x|<r}.

Obviously, C is nonempty, bounded, convex and closed subset of C(J,R).
As done before in the proof of Theorem 2 we can get, For every XeC we
have

n

(TX)(t) <bD hk; =r.

i=1

Then, TXeC andhence TCcC.

Easily, we can deduce that
|AX=Ay]<Lx-y]
for all X,yeC. This shows that A are a Lipschitz mapping on C with the
Lipschitz constants L;. Also, we can prove that the operators B, are con-
tinuous and compact operator on C forall teJ and "Bix(t)" <bk, =M, for
all xeC.
n
Since all conditions of Theorem 3 are satisfied, then the operator T =) A -B,
i1
has a fixed pointin C.H
As particular cases of Theorem 4 we can obtain theorems on the existence of
solutions belonging to the space C(J,R) for the following integral equations:
1) Let n=1, then we have

(0)= 0 (tx(0)- [

s u, (s, x(s))ds, ted.

2)Let n=1 with gl(t,x(t)):l, then we have
t

x(t)= -[Ot uy (s,x(s))ds, ted.

3) Let n=2, then we have
tt tt
x(t)zgl(t,x(t))«jomul(s,x(s))ds+gz(t,x(t))-jomuz(s,x(s))ds,teJ.

1 x( zj‘“ x(s)ds, te

where ¢:J > R,i=12,---,n are functions in L, and A,i=12,---,n are
positive constants.
5) Let n=2, then we have
t
s)ds + x(t Aot s)x(s)ds,ted
(02 4 (5)x(5)ds +x(0)- 2 (5)x(s) st e
¢:J —>R,i=12 aretwo functionsin L, and A4,i=12 are positive con-

stants.
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6. Conclusion

In this paper, we proved an existence theorem for some functional-integral
equations which includes many key integral and functional equations that arise
in nonlinear analysis and its applications. In particular, we extend the class of
characteristic functions appearing in Chandrasekhar’s classical integral equation
from astrophysics and retain existence of its solutions. Finally, some examples

and remarks were illustrated.
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