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Abstract 
This work investigates the square lattice in the presence of anti-ferromagnetic 
exchange considering the two-dimensional Ising Villain model. A computa-
tional scheme is constructed to evaluate the degeneracy of ground states at 
zero temperature employing the Pfaffian method through perturbation 
theory. The entropy and canonical spin glass of the considered model are pre-
cisely obtained. The critical point between the Villain phase and canonical 
spin glass phase with the line fit of entropy at the thermodynamic limit is in-
vestigated. It is also shown that the transition point of the Villain model lies in 
the low concentration regime. 
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1. Introduction 

It is well established that the two-dimensional Ising model is one of the leading 
non-trivial models, which divulge an exact solution and is widely used for de-
scribing physical phenomena in statistical physics. The problems of disordered 
systems can be studied through the early formulation considered, particularly 
the perfect Ising lattice by employing the technique. On the other hand, the fru-
stration plays a vital role as a key element to study the disordered system, the so- 
called spin-glass problem [1]. It may arise from the geometry of the lattice or 
from a quenched random distribution of positive (ferromagnetic) and negative 
(anti-ferromagnetic) bonds. For instance, one of the canonical models of fru-
strated systems is the two-dimensional Ising model. A large number of authors 
[2]-[7] have studied the canonical model with p = 0.5 on a square lattice consi-
dering various assumption. The spin glass behavior occurs at zero temperature 
and continues to exist at a critical probability 0.11cp =  as investigated in 
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[8]-[17]. However, a few investigations have developed by extending the method 
to calculate the spin correlation at zero temperature directly, and the results have 
obtained by extrapolating the zero-temperature results. Moreover, one may be 
calculated the ground state free energy and entropy for very large lattice by ap-
plying the [13] [18] [19] [20] Pfaffian matrix method, which appears to capture 
the essence of the physics of the J±  system. Ali and Poulter [21] have studied 
the spin-correlations functions of the fully frustrated Ising model and the J±  
Ising spin glass on a square lattice. Blackman and Poulter [19] have investigated 
that the phase transition of the fully frustrated system is at zero temperature. 

Being motivated above the discussion, the purpose of this paper is to present 
some computational results for the critical behavior of the Villain model [22] 
brought about in a two-dimensional fully frustrated Ising system by introducing 
ferromagnetic defects. The antiferromagnetic bonds are replaced instead of fer-
romagnetic bonds in each unit cell randomly. Some of the results are obtained in 
different form as the antiferromagnetic bonds increase in the considered model, 
which are relevant to a particular line of research on spin glass. Spin glass is also 
characterized by frustration and randomness. There have been a number of stu-
dies that have sought to introduce randomness into an initially non-random 
frustrated system by means of defects. The starting model is fully frustrated with 
a highly degenerate ground state and the replacement of magnetic sites with a 
non-magnetic species reduces frustration but inserts randomness. There is a 
transition from the Villain model to spin glass phase, which is characterized by 
finite size effect of entropy. Therefore, the paper is organized as follows: model 
equations and formalism to study the thermodynamic quantity entropy are giv-
en in Section 2. The result of this work that comes from extrapolating of entropy 
is discussed in Section 3. Finally, the conclusion is drawn in Section 4. 

2. Model Equations and Formation 

To study the critical behavior of the Villain model, the two dimensional fully 
frustrated Villain model [22] can be written in the Hamiltonian form as 

,ij i j
ij

H J m m= ∑                        (1) 

where ijJ  is the nearest-neighbor interaction of spins and 1im = ±  is a pla-
quette L L×  lattice with 2N L=  spins. The product of the bonds around each 
plaquette of the system is negative, that is 1ijJ = −∏ . There are also many dif-
ferent ways to do this process which most of them gauge invariant. The ex-
change of interactions ijJ  are uncorrelated quenched random variables taking 
into account the values of J± . The lattice L L×  is cylindrically wounded on 
the periodic boundary condition. The model is fully frustrated initially and its 
ground states are highly degenerates. Furthermore, the ferromagnetic and anti- 
ferromagnetic species are completely interacted in much visible system. Moreo-
ver, the anti-ferromagnetic interaction may be produced the frustration in the 
given system. In such system, the replacement of ferromagnetic bond with an-
ti-ferromagnetic bond can be reduced the frustration. The frustration of the sys-
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tem can also lead to the spin glass phase at zero temperature [18] [23] [24] [25] 
[26] due to defect bonds. Therefore, the probability of nearest neighbor bond 
distribution [1] [13] [21] [27] [28] of the system may be written as  

( ) ( ) ( ) ( )1ij ij ijP J p J J p J Jδ δ= + + − −             (2) 

where p  is the defect concentration of bond and 1 tan hJ Tδ = − . 
On the other hand, the partition function for the nearest neighbor Ising two 

dimensional Villain model can be expressed as 

0 1
0

0

42 exp 1 exp
E M JZ M
T M T

    = − + − +       
�           (3) 

where , 1, 2,3,iM i = �  are the degeneracies of the excited states, 0E  is the 
ground sate energy and 0M  is the ground state degeneracy, respectively. The 
entropy can be evaluated for the given system considering the following formu-
lae as 

( ) 1 1
0

0 0

44 4In 2 exp exp
M JMJ JS M
M T TM T

   = + − + − +   
   

�        (4) 

Finally, the entropy [19] may be extrapolated to an infinite lattice for a lattice 
of size L L×  and may be defined as 

( ) 1,S L S Lβ −= +                         (5) 

where ( )S L  is the value of the L L×  lattice, S  is the entropy in the limit 
L →∞  and β  is the coefficients of extrapolated entropy. 

3. Results and Discussion 

The results are investigated from the two-dimensional Villain model by replac-
ing the anti-ferromagnetic bonds on the square lattice to employ the Pfaffian 
approach in the perturbation theory. The square lattices of size L L×  are con-
sidered with the range of concentration of negative bonds as ( )0.0,0.5p∈ . The 
ground-state entropy of the Villain model is obtained accurately in the thermo-
dynamic limit. To investigate the critical behavior of the Villain model, the data 
are collected and averaged over number of random samples are presented 
graphically with physical interpretation. The error bars are indicated uncertain-
ties in the figures equal to two standard deviations that is a 95.4% confidence in-
terval. The uncertainties are subjected to provide in curve fitting by 2χ  empo-
lying the Levenberg-Marquardt algorithm [29] [30]. The ground-state entropy 
with periodic boundary conditions are obtained for the mentioned concentra-
tion at different sizes ( 12,16,24,32,48,64,96,128L = ) and 104 disorder realiza-
tions for 12 - 64L =  as well as 5000 disorder for 96 -128L =  considering one 
replacement of ferromagnetic and anti-ferromagnetic bonds creates one disord-
er.  

Figure 1 shows the ground-state entropy of the Villain model for the lattice 
sizes 16 -128L = , 0.128β = −  and 0.0p = . It is seen that the ferromagnetic 
and anti-ferromagnetic bonds are fully satisfied in each unit cell, but the con-
centration of anti-ferromagnetic bond is zero percents. The error bar is not  
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visible because the aforementioned model is non-random. It is also seen from 
Figure 1 that the value of entropy is more accurate at L →∞ , that is 

0.2913S = , whereas the exact value [31] is 0.2915. Figure 2 shows that the line 
fit Equation (5) of entropy crosses parallel to the horizontal line at L →∞  for 

0.011p = . The ground-state entropy for 0.012p = , fitting Equation (5) with  
 

 
Figure 1. The ground-state entropy for Villain model, fitting Equation (5) with quality of 
the line fit 1Q = , gradient 0.128β = −  and different lattice sizes L. 
 

 
Figure 2. The ground-state entropy for 0.011p = , fitting Equation (5) with quality of 
the line fit 0.52Q = , gradient 0.070β = − , 16 - 32L =  and quality of the line fit 

0.92Q = , gradient 0.016β = − , 48 -128L = . Here the entropy with error bar for 
24L =  and 32L =  are almost same. 
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quality of the line fit 0.88Q = , gradient 0.069β = − , 16 - 32L =  and quality 
of the line fit 0.98Q = , gradient 0.0β = , 48 -128L =  is shown in Figure 3. 
It is clearly seen from Figure 3 that the entropy turns more flat as L →∞ . 
Figure 4 shows the ground-state entropy for 0.013p =  by fitting Equation (5)  
 

 
Figure 3. The ground-state entropy for 0.012p = , fitting Equation (5) with quality of 
the line fit 0.88Q = , gradient 0.069β = − , 16 - 32L =  and quality of the line fit 

0.98Q = , gradient 0.0β = , 48 -128L = . 

 

 
Figure 4. The ground-state entropy for 0.013p = , fitting Equation (5) with quality of 
the line fit 0.62Q = , gradient ,059.0−=β  16 - 32L =  and quality of the line fit 

0.92Q = , gradient 0.019β = , 48 -128L = . 
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with the quality of the line fit 0.62Q = , 0.059β = − , 16 - 32L =  and 
0.92Q = , 0.019β = , 48 -128L = . Figure 5 depicts the ground-state entropy 

for 0.014p =  with the quality of the line fit 0.75Q = , 0.053β = − , 
16 - 32L =  and 0.96Q = , 0.014β = , 48 -128L = . Moreover, Figure 6 ex-

hibits the ground-state entropy for 0.015p =  with the quality of the line fit 
0.81Q = , 0.047β = − , 16 - 32L =  and 0.91Q = , 0.041β = , 48 -128L = . 

It is observed from Figures 4-6 that the gradient for small L decreases with in-
creasing gradient for larger L at 0.013p =  to 0.015. Finally, Figure 7 is showed 
that the entropy is in good agreement of spin glass for 0.0711 0.0003S = ±  and 

0.5p =  of Ref. [19] in the thermodynamic limit. 
 

 
Figure 5. The ground-state entropy for 0.014p = , fitting Equation (5) with quality of 
the line fit 0.75Q = , gradient 0.053β = − , 16 - 32L =  and quality of the line fit 

0.96Q = , gradient 0.014β = , 48 -128L = . 

 

 
Figure 6. The ground-state entropy for 0.015p = , fitting Equation (5) with quality of 
the line fit 0.81Q = , gradient 0.047β = − , 16 - 32L =  and quality of the line fit 

0.91Q = , gradient 0.041β = , 48 -128L = . 
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Figure 7. The ground-state entropy for 0.5p = , fitting Equation (5) with quality of the 
line fit 0.84Q = , gradient 0.133β =  and different lattice sizes L. 

4. Conclusion 

A numerical computational technique via perturbation method is employed to 
investigate the critical point of Villain model due to the exchange ferromagnetic 
defects bond. It is clearly observed that the entropy has behaved different cha-
racter in the low concentration regime of the Villain model of its line fit at the 
thermodynamic limit. The two phases, one of which is Villain phase and other 
one is spin glass phase, are investigated in considered system. The enhanced 
critical point 0.012 of the two phases is obtained for zero gradients, which is 
shown in Figure 3. The entropy of the Villain model and canonical spin glass at 
the thermodynamic limit is also in good agreement with the earlier investiga-
tions.  
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