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Abstract

This work studies the asymptotic formulas for the solutions of the Sturm-Liouville
equation with the polynomial dependence in the spectral parameter. Using these
asymptotic formulas it is proved some trace formulas for the eigenvalues of a simple
boundary problem generated in a finite interval by the considered Sturm-Liouville
equation.
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1. Introduction

Consider the differential equation

n-1

Y+ A (x)y=4"y, 0<x<a (1)

k=0

where n>1,q,(x)eC[0,x],q,(x)eC[0, n](k = m) are complex valued functions
and A isacomplex parameter.

Differential equations of type (1) often appear in connection with some spectral
problems and nonlinear evolution equations (see [1] [2] [3]). In the case n=1 the
equation is the classical Sturm-Liouville equation and in this case there are a wide class
of spectral problems and inverse spectral problems which were investigated by con-
structing integral representations for the independent solutions of the Sturm-Liouville
equation (see [4]). We studied in [5], the solutions y;(x,4)(j=12) of the Equation
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(1) satisfying the initial conditions
¥,(0,2) =1y} (0,4) = () "ia"

and it is proved that in the sectors of complex plane

m+1
S, ={A:msargﬂsu},m:0,2n—l
n n

the solutions y,;(x,4) have the following integral representations:

yj(x,ﬂb):e(‘l)jﬂ”nX 1+ K, (% t)e™ 2t )
(e
2

X

where V= j+%[(—1)j+m—(—1)jJ, Ky (%), DKy (%) and Ky, (X..),

D,K,,(X.) belong to L (-x+w) and L (0;+x) respectively. Moreover, if

D"t(p(x t) denotes Riemann-Liouville fractional derivative of order «(0<a <1)
(see [6]) with respect to ¢ ie.

p et 0 |

Df, o (xt) —EQ “To(xs)

1

p
then forall xe[0,n] the functions [D“MJ K., (X,t) and

EY —
[D&tJ Kz’m(x,t)(p:l,n) belong to L, (—X,+) and L,(0,+x) respectively. Fur-

thermore, the following equalities are valid:

Ky ()4 Zm g (x)

=X

+00 1 n (3)
+(-1)" (2ian) " [ e [D"M] Ky (x1)dt,

=X

J‘ K (X t) ZMtdt—Z}/kﬂ —k-1 lEZ)(X)
0

(4)

+00

)" (2i47) " [ el ( ; )n Ky (%, t)dt,

0

where
ko ink

V. =2"e® k=1n-1,

a(()l) (X) = a/(()z) (X) =7na J.qn—l (S)dS
0

aﬁj)(x):hkfqunfkl s)ds+(- Z7n p.[qnp Jail, (s)ds, j=1,2k=1n-1  (5)
0

K2
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In the present paper we use the above facts about special solutions of the Equation
(1) to obtain some trace formulas for the boundary value problem generated by the

Equation (1) in the segment [0,n] with simple boundary conditions

y(0)=y(m)=0.

2. Asymptotic Formulas and the Trace Formulas

Using (2), (3) and (4) it is easy to prove the following theorem where we seek two solu-
tions which have special representations.

Theorem 1. If g,(x)eC[0,a], q,(x)eC'[0,a] (k :1n_—l) and 1#0 then the
Equation (1) has solutions

Ln)=e (1= £ 20, (0 Zruy, (1) ©
P/ A AN
and
_ A-id™ Yk Vn
()= (1 B 2 (0 2 (02) ] @
where

U (X) =7, k.[an s)ds+ (- Zyn pj'qn o (S)up;(s)ds,k=2,n-1j=12,

k- imk

ul-J( 7n1J.Qn1 dS 7k_2 e2n k:ﬁ (8)

.n-1 1 X X ’ i
Uy j (% 2) = Uy y 5 (%) + (1) 25T Ay (x,t)dt_J'Uanlyje( D) 2iA" g4
0

k=0 4
n-1 X
+3 212", (x-t)e" yaist tdt+22|/1k_.'BkJ (xt)e" )'aiatt gy
k=1 0
n-1 X - ma"y
+(-1)’ A}_k [Coes (xt)e ' ‘gt + ™ ‘o([”),l—)oo( i=12)
k=1 0
X k-1
un+k 1 (X) = (_1)J ' n—kur:—k ] (X)+( 1)J J 7n—k+pqp (t)un—k+p,1 (t)dt'
050 ()
(uoj(x)z(—l)’),k =1n,
n—k-1 a
A‘*k:i (X’t) = Z )/v+1un+k+v,j (X_t)aav,j (X,t), (10)
v=0
n—k-1 0
Copj(xt)= v; VyatUn o, (x—t)aamk(:)j (x.1), (11)
n—k-1 o i
B.;(x.t)= ZO VoaUnor, (X—t) =2 ) (xt),j=12, (12)
V= v,1+ 2
t o v-l t -
av,j (X’t) = yn—vjqn—v (X—S)d5+(—1)] 4 )/n,qun,k (X_S)av—k,j (X,S)dS,V =2,n-1
0 =1 0
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t
a,; (Xt)=7,1 [0y 1 (x—5)ds, j=1,2. (13)
0

Since the solutions f,(x,4) and f,(x,1) are linearly independent for 1#0 we

have

s(04) == (£ (%)~ £,(x.2)

for the solution s(X,A) of the Equation (1) with initial conditions
$(0,4)=0,5'(0,2)=1

Then the Theorem 1 gives

n n-1 d+
s(x,4)= smﬂ 1+27n d (x) |ctg/1“xz7/"k—(x)+ 1, (x)

—CctgA"x
g 24"

X

kzn: _).(’A; X, t dt— (41” sin A" x)‘1 {_em"xjuén_m (X _t)efzi/l”tdt
0

° (14)
e’ XZZM fun+k L (x—t)e P dt et XZZMkIBM (xt)e @ dt

k=1 k=0

N ctgA"x
24"

+e‘”nxju;n4y2 (x—t)e?*"dt —e‘”nXZZi/lkquHZ (x—t)e?*"dt
k=1 0
-‘“szijkz x,t)e 2'“dt} (/12“sinz"x)’le"m‘nx‘o(l),pq—>+oo,
k=0

where

ki( ﬂ Vn- qun k dS+Z}/n qun p ( )dS k= 2 n-1 (15)
ﬁ+:11ﬂ7:01
d;’ ( =7n l.[qnl dS d ( ) O,dg(X)zo,do_(X)=

K50 =5 3 7| G (-0 5 (008, (-0 S (D), 09

a (xt)= 7n,1j[qn,l(x—s)ds,a1’ (x,t)=0,

a\/( =7n- vJ.qnv X S)dS-i—Z}/n k.[qn k avk(x S) (17)

-1

<

t
7nqunkxsakaS)dSV 2n]_
0

=
I

1

Now let us connect the Equation (1) to the boundary conditions

y(0)=y(m)=0. (18)
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v,m

In [2] it is obtained the asymptotic formulas for the eigenvalues {/l } of the
boundary value problem (1)-(2). Let A(A)=s(m,A) be a characteristic function of

this boundary value problem. Then

A(A):Si”;n“n”[u r(2)], (19)

n-1 n-1 n
r(a)=3 2 dk-(n)+ictgznnzﬁd;(n)+_id;n,1(n)_Md;n,l(n)
k=1

=y 2iA" 24"
1 817 ctg;t”n . o
to éi_klA“( t)dt+—=-= Y kz A’ (m,t)dt—(44"sin 2"n)
x{ e fuy, y, (n—t)e?” tdt+e'”22m jumk L (n-t)e ¥t
0 k=1 (20)
'“szijkl mt)e '2'“dt+e"“ju2n o (m—t)e? it
k=1
e "ZZM fUM o (m—t)e?dt - e"“ZZMKIBkz (m,t)e?*"dt
k=1 k=1
+(A"sin /1"71)7 e‘nM 1 1),|4] - .

Let us consider the circles D, = {}L 1|4 = K[k +%,0 <argA < Zn} where K is suffi-

‘Imi”n

ciently large integer. On circles D, the functions |Ctg/1”7t are

and |sin A e

bounded by the constants independent of K. So we have that the module of the maxi-
mum of the function r(A) approaches to zero when k —co. Hence, if 4,

(m =0,2n —1) are the series of eigenvalues of the problem (1), (18) we have
2n-1 k

) 1 ) [
A, ==—®dA'dInA(1), j=12n. (21)
515 Al = Haa ()
Using (19) and (20) we compute the integrals on the right hand side of the Equation
(21) and prove the following theorem.
Theorem 2. If 4, , m=0,2n-1, v=12;- are the series of eigenvalues of the

boundary value problem (1), (18) then
k 2n-1

im> > A= (22)
kAA)OOV =1 m=0
k 2n-1 _
lim> > 1, =C;(x), j=1n, (23)
v=1 m=0
. k 2n-1 e 1 l k 3 (2) ] __
lﬂ‘o{;m_o{i M (”)}‘mv; fm}—'\/‘; (x). j=1n-1  (24)
. k 2n-1 : 2 o _L K ~ (2)

where C;(n), j=1n-1, M(.k)(n), j=Ln; k=12 are constants defined by the
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help of the functions ¢, (x), k=0,n—1.Here

T

fl,v = J.I:UZn—Z,l (t) —Uzn 2, (t)] e Mdt,
0

fi, = .[{UZn—j—l,l (t)+ By ja(mt) = Uy, (1) =By (mt)
0

j,

—(n+5) 20 (1) [ Up o 14 (1) + B, oy (1) =B, ., (mt)

S

N

—Uzp 12 (t)J} e?™dt, j=2,n-1,

f =

n,v

{i (Ugos o (1) +2iByy (m,t)— U3y, (1) —2iBy , (m,))

n-2

+32nh (7)u,. .. ()+B . (mt)-u, .. (t)=B . (mt)] e et
Z ns( )|: 2n51,1() ns,l( ) 2nsl,2() ns,2( ):|

s=1

in which the numbers h, (n)(k =2,---, j) are defined from the asymptotic equality

o t—3

(26)

1 i h(rn w
T =l—Z_; k;k )+0(/1 ‘),|/1|—>oo.
1+é/1—kdk (m) =

+00 _
From Theorem 2 we have that if the Fourier series Z f i (j =1, n) are conver-

gent and denoting their sums by F,(+0)-F,(n—0) we obtain the following regula-
rized trace formulas for the eigenvalues of the boundary value problem (1), (18):

oo 2n-1
22 Am =0,
k=1 m=0
o 2n-1
> X Ay =Cy(x).j=In-1
k=1 m=0
izn_l{lknﬂ M (1) (TE)} =M (2) (TC) 1 ':F (-I—O)— F. (7'[_0):' J =1n-1
2 2\ M j i 2ingt ) ! , o
i“-l{ 2n _kz_M(l)(n)}:M(Z)((n))JrL[F (+0)-F (n—O)]-
et ,m n n 2inw " !
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