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Abstract 
This work studies the asymptotic formulas for the solutions of the Sturm-Liouville 
equation with the polynomial dependence in the spectral parameter. Using these 
asymptotic formulas it is proved some trace formulas for the eigenvalues of a simple 
boundary problem generated in a finite interval by the considered Sturm-Liouville 
equation. 
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1. Introduction 

Consider the differential equation  

( )
1

2

0
, 0

n
k n

k
k

y q x y y x aλ λ
−

=

′′− + = ≤ ≤∑                  (1) 

where ( ) [ ] ( ) [ ]( )1
01, 0, π , 0, π 1, 1nn q x C q x C k n> ∈ ∈ = −  are complex valued functions 

and λ  is a complex parameter. 
Differential equations of type (1) often appear in connection with some spectral 

problems and nonlinear evolution equations (see [1] [2] [3]). In the case 1n =  the 
equation is the classical Sturm-Liouville equation and in this case there are a wide class 
of spectral problems and inverse spectral problems which were investigated by con-
structing integral representations for the independent solutions of the Sturm-Liouville 
equation (see [4]). We studied in [5], the solutions ( )( ), 1, 2jy x jλ =  of the Equation 
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(1) satisfying the initial conditions  

( ) ( ) ( ) 10, 1, 0, 1 j n
j jy y iλ λ λ+′= = −  

and it is proved that in the sectors of complex plane  

( )1 ππ: arg , 0,2 1m

mmS m n
n n

λ λ
+  = ≤ ≤ = − 

    

the solutions ( ),jy x λ  have the following integral representations:  

( ) ( )

( )
( ) ( )11 1 2

,
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, e 1 , e d
j mn n
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i x i t
j v m
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y x K x t tλ λλ
+

+

+∞
− −

− −

 
 

= + 
 
  

∫            (2) 

where ( ) ( )1 1 1
2

j m jv j + = + − − −  , ( ) ( )1, 1,,. , ,.m x mK x D K x  and ( )2, ,.mK x ,  

( )2, ,.x mD K x  belong to ( )1 ;L x− +∞  and ( )1 0;L +∞  respectively. Moreover, if 
( ), ,a tD x tα ϕ  denotes Riemann-Liouville fractional derivative of order ( )0 1α α< <  

(see [6]) with respect to t, i.e. 

( ) ( ) ( ) ( )
det 1

,
0

1, , d
t

a tD x t t s x s s
t

αα ϕ ϕ
α

−∂
= −
Γ ∂ ∫  

then for all [ ]0, πx∈  the functions ( )
1

, 1, ,
p

n
x t nD K x t−

 
  
 

 and  

( )( )
1

0, 2, , 1,
p

n
t mD K x t p n

 
=  

 
 belong to ( )1 ,L x− +∞  and ( )2 0,L +∞  respectively. Fur-

thermore, the following equalities are valid:  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1 2 11
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, e d

  1 2 e , d ,
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n
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∫
   (3) 
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00

1
1 1 2
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, e d

  1 2 e , d ,
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m n

n
i t k
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λ

λ
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+
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=
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∑∫

∫
   (4) 

where  
π
22 e , 1, 1,

k i k
n n

k k nγ
−

= = −  

( ) ( ) ( ) ( ) ( )1 2
0 0 1 1

0

d ,
x

n nx x q s sα α γ − −= = ∫
 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
10 0

d 1 d , 1,2; 1, 1.
x xkjj j

k n k n k n p n p k p
p
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=

= + − = = −∑∫ ∫   (5) 
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In the present paper we use the above facts about special solutions of the Equation 
(1) to obtain some trace formulas for the boundary value problem generated by the 
Equation (1) in the segment [ ]0, π  with simple boundary conditions  

( ) ( )0 π 0.y y= =  

2. Asymptotic Formulas and the Trace Formulas 

Using (2), (3) and (4) it is easy to prove the following theorem where we seek two solu-
tions which have special representations.  

Theorem 1. If
 

( ) [ ] ( ) [ ] ( )1
0 0, , 0, 1, 1 ,kq x C a q x C a k n∈ ∈ = −  and 0λ ≠  then the 

Equation (1) has solutions 
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where  
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( ) ( )1, 1 1
0

, d , 1, 2.
t

j n na x t q x s s jγ − −= − =∫                  (13) 

Since the solutions ( )1 ,f x λ  and ( )2 ,f x λ  are linearly independent for 0λ ≠  we 
have 

( ) ( ) ( )( )1 2
1, , ,

2 ns x f x f x
i

λ λ λ
λ

= −
 

for the solution ( ),s x λ  of the Equation (1) with initial conditions  

( ) ( )0, 0, 0, 1.s sλ λ′= =  
Then the Theorem 1 gives 

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

1 1

2 1
2 1

2 1
1 0

1

2 1,
1 0

sin 1, 1
2

1 1 1                 , d
2 2

1                , d 4 sin e
2

n

n n n
n k k kn

nn k k n
k k

xn
n

n kn n k
k

xn n
n n i x

k nn k
k

d x d xxs x ictg x d x
i

ctg x d x A x t t
i

ctg x A x t t x uλ

γ γλλ λ
λ λ λ λ

λ
λ λ λ

λ λ λ
λ λ

− +− −
−
−

= =

+ −
−

=

−+
−

=


= + + +



− +

′+ − −

∑ ∑

∑ ∫

∑ ∫ ( )

( ) ( )

( ) ( )

2
1

0

1 1
2 2

1,1 ,1
1 00 0

1
2 2

2 1,2 1,2
10 0

e d

                 e 2 e d e 2 , e d

                e e d e 2 e d

   

n

n n n

n n n n

x
i t

x xn nni x k i t i x k i t
n k k

k k

x xn
i x i t i x k i t

n n k
k

x t t

i u x t t i B x t t

u x t t i u x t t

λ

λ λ λ λ

λ λ λ λ

λ λ

λ

−

− −
− −

+ −
= =

−
− −

− + −
=


−



+ − +

′+ − − −

∫

∑ ∑∫ ∫

∑∫ ∫

( ) ( ) ( )
1 1 Im2 2

,2
0 0

             e 2 , e d sin e 1 , ,
nn n

xn xi x k i t n n
k

k
i B x t t x o

λλ λλ λ λ λ
− −−

=


− + → +∞


∑ ∫

 (14) 

where 
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1
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−
+ −

− − − − −
=

−
− +

− − −
=


= − =


 = − +


 = − = −


∫

∑∫ ∫
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       (17) 

Now let us connect the Equation (1) to the boundary conditions  

( ) ( )0 π 0.y y= =                           (18) 
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In [2] it is obtained the asymptotic formulas for the eigenvalues { },mνλ  of the 
boundary value problem (1)-(2). Let ( ) ( )π,sλ λ∆ =  be a characteristic function of 
this boundary value problem. Then 

( ) ( )sin π 1 ,
n

n rλλ λ
λ

∆ = +                        (19) 

where 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
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= =
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−
−

=
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
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

∑ ∑
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1,2 ,2
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π e d

         e 2 π, e d e π e d

         e 2 π e d e 2 π, e d

        sin

n

n n n n
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n
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n
i k i t i i t

k n
k
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i k i t i k i t

n k k
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n

u t t

i B t t u t t

i u t t i B t t

λ

λ λ λ λ

λ λ λ λ

λ

λ λ

λ

−
−

+ −

−
− −

−
=

− −
− −

+ −
= =

−
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+

∑ ∫

∑ ∫ ∫

∑ ∑∫ ∫

( ) ( )
1 Im π

π e 1 , .
n

n o
λ

λ λ
−

→ ∞

  (20) 

Let us consider the circles 1: ,0 arg 2π
2

k
kD kλ λ λ

  = = + ≤ ≤ 
  

 where k  is suffi-

ciently large integer. On circles kD  the functions πnctgλ  and 
Im π1

sin π e
n

n λ
λ

−
 are  

bounded by the constants independent of k . So we have that the module of the maxi-
mum of the function ( )r λ  approaches to zero when k →∞ . Hence, if ,k mλ  

( )0,2 1m n= −  are the series of eigenvalues of the problem (1), (18) we have 

( )
2 1

,
0 1

1 d ln , 1,2 .
2π

n k
j j

m
m v Dk

j n
iνλ λ λ

−

= =

= ∆ =∑∑ ∫                 (21) 

Using (19) and (20) we compute the integrals on the right hand side of the Equation 
(21) and prove the following theorem. 

Theorem 2. If , ,mνλ  0, 2 1,m n= −  1,2,ν =   are the series of eigenvalues of the 
boundary value problem (1), (18) then 

2 1

,
1 0

lim 0,
k n

mk v m
νλ

−

→∞ = =

=∑ ∑                          (22) 

( )
2 1

,
1 0

lim π , 1, ,
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j
m jk v m

C j nνλ
−

→∞ = =

= =∑ ∑                    (23) 

( ) ( ){ } ( ) ( )
2 1

1 2
, ,

1 0

1lim π π , 1, 1,
2 π

k n k
n j

m j j jk v m v k
M f M j n

inν νλ
−

+

→∞ = = =−

 − − = = −  
∑ ∑ ∑      (24) 

( ) ( ){ } ( ) ( )
2 1

1 22 2
, ,

1 0

1lim π π ,
2 π

k n k

m n n nk v m v k
M f M

inν νλ ν
−

→∞ = = =−

 − − − =  
∑ ∑ ∑         (25) 

where ( )π ,jC  1, 1,j n= −  ( ) ( )π ,k
jM  1, ;j n=  1,2k =  are constants defined by the 
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help of the functions ( ) ,kq x  0, 1k n= − . Here  

( ) ( )
π

2
1, 2 2,1 2 2,2
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e d ,i t
n nf u t u t tν

ν
−

− − = − ∫
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( ) ( ) ( ) ( ) ( )
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π
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−
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=
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ν

ν
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−
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=

′ ′= + − −

 + + − −  

∫

∑
 (26) 

in which the numbers ( )( )π 2, ,kh k j=   are defined from the asymptotic equality 

( )

( ) ( )1
2

2

π1 1 , .
1 π

j
k j

n k
kk

kk
k

h
o

d
λ λ

γ λ
λ

−
−

− =

=

= − + →∞
+

∑
∑

 

From Theorem 2 we have that if the Fourier series ( ),   1,j
v

f j nν

+∞

=−∞

=∑  are conver- 

gent and denoting their sums by ( ) ( )0 π 0j jF F+ − −  we obtain the following regula-
rized trace formulas for the eigenvalues of the boundary value problem (1), (18): 
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,
1 0
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n
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λ
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=∑ ∑
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n

j
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n
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λ
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+
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2 1
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,
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1π π 0 π 0 .
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n
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