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Abstract

Bubonic plague is a serious bacterial disease, mainly transmitted to human beings and rodents
through flea bite. However, the disease may also be transmitted upon the interaction with the in-
fected materials or surfaces in the environment. In this study, a deterministic model for bubonic
plague disease with Yersinia pestis in the environment is developed and analyzed. Conditions for ex-
istence and stability of the equilibrium points are established. Using Jacobian method disease free
equilibrium (DFE) point, E° was proved to be locally asymptotically stable. The Metzler matrix me-
thod was used to prove that the DFE was globally asymptotically stable when R, < 1. By applying
Lyapunov stability theory and La Salles invariant principle, we prove that the endemic equilibrium
point of system is globally asymptotically stable when R, > 1. Numerical simulations are done to ve-
rify the analytical predictions. The results show that bubonic plague can effectively be controlled or
even be eradicated if efforts are made to ensure that there are effective and timely control strategies.

Keywords

Disease Free Equilibrium, Endemic Equilibrium Stability Analysis, Bubonic Plague, Pathogens in
the Environment

1. Introduction

Bubonic plague is the bacterial infection caused by Yersinia pestis when the bacteria infect lymphatic system [1].
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It is characterised by geographical foci and extraordinarily adaptation capability which gives it ability to re-
emerge even after decades of silence. Thus even though the disease is historic it still infect and kill thousands of
people around the world [2].

The disease mainly affects wild rodents, it can also be transmitted to human and other domestic animals
through flea bites. Bubonic plague causes fever and very throbbing swelling of the lymph glands also called bu-
boes, which is the reason why the disease is called bubonic plague.

When the flea is infested with pathogens causing bubonic plague the bacteria multiply in the proventriculus
(foregut) of the flea [3]. The bacteria have the tendency of blocking the flea’s bloodsucking apparatus which
consequently lead to inability of flea to pump blood into the midgut for digestion. This makes the flea to become
ravenous as a result flea bites the host repetitively while vomiting the bacteria causing disease into the host.
When a host dies, fleas move off the body to seek another live warm-blooded host [4].

Although it is not yet clearly known how, but Yersinia pestis may survive in the soil and remain viable and
fully virulent for 40 weeks in soil and can cause the infection upon the adequate interaction with the susceptible
individual. This is believed to be the reason for possible mechanism of interepizootic persistence, epizootic
spread, and as a factor defining plague foci [5].

In this paper, we discuss the stability analysis of the bubonic plague epidemic model in human, rodent and
flea population. The model includes the transmission from the environment to the susceptible human or rodent.
We also discuss the disease-free equilibrium point, endemic equilibrium point of the model and analyze the local
and global stability of these steady states. We finally use the numerical simulation to support our analytical re-
sults.

2. Model Formulation

This paper presents the stability analysis of the bubonic plague epidemic model developed by [6]. The model in-
cludes four interacting population which are: human population, Flea population, Rodent population and patho-
gens in the environment is developed. We use S, , E,, I, and R, to represent Susceptible human beings,
Exposed human beings, Infected human beings and Recovered human beings respectively; S;, E; and I,
for Susceptible rodents, Exposed rodents and Infected rodents respectively. The Susceptible and the Infectious
flea are denoted by S. and |- respectively. The pathogens in the environment are denoted by A. The total
population for human being, rodent and flea population is by

N, =S, +E, +1, +R, (1a)
N, =S + 1, (1b)
N, =S, +Ez + 1 (1c)

The parameters used in the model are described in Table 1.

Model Equations for Bubonic Plague

Since we allow the population in and out of the compartments, the rate at which new infections occur in a popu-
lation will depend on the fraction of the population that is infected (disease prevalence). The infection rate in
human depends on the probability that a contact between infectious flea and susceptible human and between in-
fectious environment and susceptible human leads to infection. For the rodent the infection depends on the
probability that a contact between infectious flea and susceptible rodent and between infectious environment and
susceptible rodent leads to infection. For the flea the infection depends on the probability that a contact between
infectious human and susceptible flea and between infectious rodent and susceptible flea leads to infection.
Therefore the infection rates of susceptible humans, rodent population and flea population are as given in (2a),
(2b) and (2c) respectively.

|
Ty N—F+ oA (2a)

2

r, rI\TF+ o, A (2b)

2

(=)
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Table 1. Parameters and their description.

Parameters Description
r, Adequate contact rate: infected rodent to flea
r, Adequate contact rate: infected flea to human
r, Adequate contact rate: infected flea to rodent
a, Progression rate of susceptible human to exposed
" Progression rate of susceptible rodent to exposed
r, Adequate contact rate: infected human to flea
A, Recruitment rate of pathogens
a, Progression rate of exposed human to infected
JA Progression rate of exposed rodent to infected
a, Human recovery rate
@ Progression rate of recovered human to susceptible
y7A Natural death rate for Human
o, Disease induced death rate for Human
o, Disease induced death rate for rodent
Uy Natural death rate for rodent
, Adequate contact rate: Pathogens to human
o, Adequate contact rate: Pathogens to rodent
H, Natural death rate for Pathogens
U, Natural death rate for flea
9, Disease induced death rate for flea
v, Immigration rate of human
729 Immigration rate of Susceptible flea
|78 Immigration rate of Infected flea
78 Immigration rate of rodent
T, The proportion of human migrants that are Susceptible
T, The proportion of human migrants that are Exposed
T, The proportion of human migrants that are Recovered
K The proportion of rodent migrants that are Susceptible
K, The proportion of rodent migrants that are Exposed
K, The proportion of rodent migrants that are Infected

p The rate at which fleas become infected
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| |
Pl N_H1+ (1-p)Ty N_rg (20)
Pathogens in the environment are recruited at a constant rate 4, and they are removed through natural death
4, or removed when they contact with susceptible human and rodent at the rates @, and @, respectively.
Using the definition of variables and parameters stated in Table 1, we drive model for the dynamics of bu-
bonic plague disease in human, rodent, flea and pathogens in the environment as given in (3), (4), (5) and (6)
respectively.

Human
as, I
——=my; +@R, —ay| U ==+ A S, =4Sy, (32)
dt N,
d(i” =Ty +ay (th—F+a)lA]SH —a,E, — 1E,, (3b)
2
dclj_::azE —agly (ﬂ1+5) (3¢)
ddlt“= Ty, + ol —aR, — Ry, (3d)
Rodent
di =KW, — 7/1[ —+w, )SR (4a)
dt
Eq
T"Q‘/’s"‘?’l( —t, jSR Eq (4b)
di
d_::K3W3+72ER_(ﬂ3+§3)IR (4c)
Flea
ds | |
E =y, =Bl Pl -+ (1= p) Ty =[S — 14,5 (5a)
dt Nl 3
dl: I, I
— =V + Bl Py o+ (1= p) T < |Se = (1, + ;) I (5b)
dt N1 N3
where y,, <y
Pathogens
‘:j_’: — 2y~ RS, — @,AS, — 1, A (6)

3. Steady State and Local Stability of the Critical Points

In this section we consider existence of equilibrium states and stability of the equilibrium states of the system
(3)-(6).

3.1. Disease Free Equilibrium

The model has disease free equilibrium which is obtained by setting 1, =E, =R, =0, I, =E; =0, I. =0
and A=0 and the derivatives equal to zero into the system (3)-(6).

(=)
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Then we have the disease free-equilibrium point given as E. = [ﬂll’//l ,0,0,0], E = (Kl% ,0, Oj ,
H Hs

E? :(%S ,O] and E) =0 for Human, Rodent, Flea and Pathogen respectively.
Hy

Then the disease free equilibrium of the entire system is

E°(SS,E3,|3,R3,SS,ES,IS,Sﬁ,IE,A°)=[”1—'”1,o,o,o, Ws 0,0Yz ,o,oj
H Hy H,

3.2. Local Stability of the Disease-Free Equilibrium Point

In this section we consider the local stability analysis of the disease free equilibrium point of the bubonic plague
disease system (3)-(6). We analyze the local stability of the disease free equilibrium point using the Jacobian
method in which all equations in system (3)-(6) are considered and analyzed at the disease free equilibrium E°.
In this method we compute and examine the eigenvalues of Jacobian matrix of the system (3)-(6) to prove that
the DFE is locally and asymptotically stable. We are required to show that all real parts of the eigenvalues at
E® are negative. Now in order to attest that the eigenvalues are negative we need to prove the general condition
that the determinant and the trace of the Jacobian matrix are positive and negative respectively [7].
Now the Jacobian matrix of the system (3)-(6) at E° is given by:

4 0 0 @ 0 0 0 0 -k -AHN9
H
o -k, 0 0 0 0 0 0 k A9
H
0 a -k O 0 0 0 0 0 0
0 0 a -k O 0 0 0 0 0
J(E)=| 0 0 0 0 - 0 0 0 -k T2 )
H
o o 0 0 0 -k, 0 0 k NA%52%
H
0o 0 0 0 0 5 -k, 0 0 0
0 0 -k O 0 0 -k, -4 O 0
0 0 k, 0 0 0 k, 0 —k 0
0 0 0 0 0 0 0 0 0 —kKs
where
K = BPL Wity k. = ﬂ(l_P)Frf Vasth K = a1y,
' Yy, ? K3, ’ HY s
I
k4=% ks =@ + @, + 1 Ke =03+ 4+
ll’l3l//25
k; =a, + 14 ks = 41, + 9, ke =a + 1
Ko =7, + #5 Ky, = a5 + 0,

We now use Trace and determinant method to check the stability of the disease free equilibrium point E° in
which we need to prove that the trace and the determinant of matrix (7) are negative and positive respectively
Then using mathematica software we prove that trace of the matrix (7) given by

Trace:_:‘ﬁ_(az+ﬂ1)_k6_(w+ﬂ1)_ﬂ3_(72+ﬂ3)_(ﬂ3+53)_ﬂ2_(ﬂ2+52)_k5
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where
ke=o, +@,+u,, Ki=o3+1+6

It is clear that the trace of the matrix (7) in negative. Then using the same software (mathematica) we are able
to prove that the determinant of the matrix (7) is positive provided:

\/ £ Vorilu T (1_/7) pa,onl' Ty <1
( )

+
Hy + )N\ (i +7,) (5 +63)  (a + 1) (0 + 4+,

where

o) [7271rrfrfr (1—p) N pa,onl Ty j ®)
(ﬂ2+52) (ﬂ3+72)(ﬂ3+53) (az+/‘ﬁ)(“3+/ﬁ+51)

is the basic reproduction number, R,.

R, measures the average number of secondary infection produced when a typical infectious individual enters
an entirely susceptible population. In our case, due to presence of multiple transmission cycle the basic repro-
ductive number do not give the number of cases infected by a single individual but rather the geometric mean of
the number of infections per generation [8].

Referring to (8), the geometric mean of the number of infections per generation depends on: rodent’s infective

period

5 the probability that flea gets the disease from the rodent or human which are (1-p)I'; or
Hs + 03

oLy respectively The human infective period + probability that human survive the infected class
Mo ta

% , the rate at which fleas gets infected £, flea’s infective period
Htao, Uy + 6,
V2
Hy+ 7,
rodent I';, and the rate at which human and rodent become exposed to the the disease which are o, and y,

respectively.

Thus disease free equilibrium point E° is therefore locally asymptotically stable and leads to the following
theorem:

Theorem 1. The Disease Free Equilibrium E° of bubonic plague is locally asymptotically stable if R, <1
and unstable if R, >1.

, probability that rodent sur-

vive the infected class , the adequate contact rate flea to human TI',, the adequate contact rate flea to

3.3. Global Stability of the Disease-Free Equilibrium Point

In this section we analyze the global stability of the disease free equilibrium point using Metzler matrix method
as stated by [9]. To do this we first sub-divide the general system (3)-(6) of bubonic plague disease into trans-
mitting and non-transmitting component.

Now let Y, be the vector for non-transmitting compartment, Y, be the vector for transmitting compartment
and Yg . be the vector of disease free point. Then

ddYtn = Ai (Yn _YEO,n ) + A2Yi 9
~ (©)
E =AY,

We then have

=(Eq, 1y Exlro 16, A) Y, :[”1_‘/’170,%,&]

Eon
M K
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S, — Y,

H

Ry,
Yn YEo,n = S Kll//3
R

H

s, -V

Hy

Now to prove the global stability of the DFE we need to show that Matrix A, has real negative eigenvalues
and A, is a Metzler matrix in which all off diagonal element must be non-negative. Referring to (9) we write
the general model as given below

myy + @Ry —akSy — uS,, R Ly
gy +agly —aRy — Ry, " Er
=A KWy |+ A
KWy = 71MSp — 1455, Sg _f e
3
Was = BYSe — 15,5¢ I
SF _& A
H
and
oy +akSy — By — iEy, En
Ey —agly — (1 +6) 1y, I,
K¥5 + 71 MSg — 7,Ep — 13Eq - A Eq
KW+ 7,Eq — (13 +6;) I e
l//2i+ﬂYSF_(,uz+5z)|F e
Ay — @ AS, — @, AS, — 1, A A
For

| | |
k:(thN—FJra)lA] M:[Fer—F+a)2AJ Y:[thfN—Hl+(1—p)FﬁN—RJ

2 2 3

Now using the transmitting and non-transmitting element on the general system we will have the matrices be-

low:
-1 @ 0 0
A= O o) o (10)
0 0 0 —u
0 0 0 il —amyie,

Y 5s H

a, 0 0 0 0
0 0 0 “nkWatbl'y  —yxy,o, (11)

M3V 55 M

AL 0 —BY sty (1_p)rrf 0 0

Hmy, KV
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alﬂ-ll//l:uZF fh 051”1‘//10’1

—(a,+m) O 0 0

:uﬁl//ZS :u’l

a, -, 0 0 0 0
K, T
0 0 _(72 + ,U3) 0 7/1 1‘//3:L12 fr 71’(1'//3(02
A= HalV s H (12)
0 0 12 —(pt5+ 65) 0 0
1-p)T
0 é/g 0 ﬁ( p) rfWZs:u3 _(,uz +52) 0
K3H,
0 0 0 0 0 -4,
BPU W o5t

where & =(az+m+6,), & =(oS, +@,S;+u,) and ¢, =
Y1 M,

Now when we consider matrix A, , the computation shows that the eigenvalues are real and negative, which
now confirms that the system

ddYtn = Ai (Yn _YEO,n ) + AzYi
is globally and asymptotically stable at Y . And for matrix A, we find that all its off-diagonal elements are
non-negative and thus A, is a Metzler stable matrix.Therefore Disease Free Equilibrium point for the general
bubonic plague system is globally asymptotically stable as a result we have the following theorem:

Theorem 2. The disease-free equilibrium point is globally asymptotically stable in E, if R, <1 and un-
stable if Ry >1.

3.4. Existence of Endemic Equilibrium

Here we consider the situation in which the disease persist in a population. We investigate conditions for exis-
tence of the endemic equilibrium point of the system (3)-(6). The endemic equilibrium point

E*(S; B O O = - D O - I;,A*> is obtained by solving the equations obtained by setting the deriva-
tives of (3)-(6) equal to zero as in (13)-(16) which exist for R, >1.

Human
my, +oR, —al{l"fhll\l—F+a)1A)SH -5y =0 (13a)
2
7[21//1+a1(th’|\l—F+ a)lAj Sy —a,E —wE, =0 (13b)
2
By —agly —(+6,)1, =0 (13c)
7wy, + ol —@R, — R, =0 (13d)
Rodent
Kys— 7’1( -+, jSR (14a)
KW +7’1( —+ +w, JSR r=0 (14Db)
K3W3+7/2ER_(:U3+53)|R:O (14c)
Flea

()
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| |
Was _ﬂ(/’rm N_H+(1_p)rrf _RJSF — 1S =0 (15a)
1 3
| I
Vi +ﬂ(pl"th—H+(l—p)Frf N_RJSF ~(t +6,) 1 =0 (15b)
1 3
where y,, <y
Pathogens
A, — @, AS,, —0,AS; — ,A=0 (16)

Since it is difficult to obtain explicitly the endemic equilibrium points of the model we will prove its existence
using the study by [10] [11]. For the endemic equilibrium to exist it must satisfy the condition E, =0 or
l,#0 or Ex#0 or I;#0 or I.#0 or A0 thatis S, >0 or E, >0 or I,>0 or S;>0 or
I.>0 or E;>0 or S >0 or I >0 or A>0 mustbe satisfied. Now adding system (13)-(16) we have

Wi+ Woo ¥ Wy + W+ A — 14 (S + B + 1y + Ry ) =14, (S + 1)

17)
1t (Sg +Eq +13) =61, = 8,1 = 8,1, — @ AS,, —,AS, — i, A=0

Substituting N, =S, +E, +1,+R,, N,=S. +1. and N;=S;+E;+1; in(17) we have
Vi Vo + W W5 = tyNy = 1N, — ;N = 61y =6yl = S5l + 4, — o AS, — 0, ASg — 11,A=0  (18)

But from Equation (16), we have 4, — @, AS,, —®,AS; — 1,A=0
It follows that
N+ 1N, + 15Ny + 611y + 6,1 + 03l =y + o + Yy

Since y, +y,  +y, >0, 1>0, 4,>0, 1,>0, 6,>0, 6,>0 and &,>0 we can discern that
N, >0, ,N, >0, N, >0, gl,>0, 6l >0 and &l >0 implying that S, >0, E, >0, I, >0,
S >0, I->0, S;>0, E,>0 and I;>0.

Hence endemic equilibrium point of the bubonic plague disease model in human, rodent, flea and pathogens
in the environment exists.

Since the endemic equilibrium points exist, we now determine the conditions under which they are stable or
unstable. We prove whether the solution starting sufficiently close to the equilibrium remains close to the equi-
librium and approaches the equilibrium as t — oo, or if there are solutions starting arbitrary close to the equili-
brium which do not approach it respectively.

3.5. Global Stability of Endemic Equilibrium Point

Using the idea from the study by [12] we say that the local stability of the Disease Free Equilibrium advocates
for local stability of the Endemic Equilibrium for the reverse condition. We then work to find the global stability
of Endemic equilibrium using a Korobeinikov approach as stipulated in [12]-[14] by forming a suitable Lyapu-
nov function for our general model as given below:

We construct the Lyapunov function as given in the form:

V=Xa(y-yiny)

where a is defined as a properly selected positive constant, y, defines the population of the i" compart-
ment, and y; is the equilibrium point.
We will have the following Lyapunov function,

V =W,(S, —S; InSy, )+ W, (Ey —Ej INE,y )+ W (1, =15 In1,,)
+W, (Ry =Ry IRy, )+ Wy (Sg =Sz InSg )+ W, (Eq — Ef InEy)
W, (1 = 15 In 1)+ Wy (Se =SEInS. )+ Wy (1 17 In 1)
+W,, (A= ATIn A)
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The constants W, are non negative in @ suchthat W, >0 for i=12,3,---,10. The Lyapunov function V
together with its constants W,,W,,---,W,, chosen in such way that V is continuous and differentiable in a space
We then compute the time derivative of V from it we get;

d_V:Wl l_S_H d&+WZ 1_E_H di_FWa 1_I_H dI_H_|_W4 1_R_H dﬁ+W5 1__ dS
dt SH dt E, ) dt I, ) dt R, ) dt dt
+W 1— dEy —R W, 1—'—R di+W8 1—S—F di+W9 1—'—F di+W10 l—— aA
ER dt I, ) dt Sg ) dt I ) dt A ) dt
Now using the general system (3)-(6) we will have

av S, |
s =W, (1— s, J{ﬂly/lﬁLwRH —al[l"th—Fz+a)1AjSH —,ulSH}

*

|
= {”2'/’1+0‘1[th N_F+w1A]SH -a,Ey _ﬂlEH:|
2

M
T
~——

+
=
VN
[EEN
|
I_*

+

=

T
I;U |I;U* T |
~

By —agly = (1 +6,) 1y ]
[”3‘/’1"‘053IH —-@R, —,uiRH]

I
|:’<1‘//3 NF +szj Sp _IUSSRj|
2

Kz'//3+7’1 +w2AJSR_72ER_Iu3ERi|

2

l—‘ H
(2R N%2)
o ;UITI* o |3U *
N~ ~—

o

+
=

TN N
H

-

N——

[’%‘/’3"‘72 —(# ;)1 ]

I I
WZs_ﬂ(pr 0 +(1_p)rrf N_RJSF _ﬂst}
3

+
=
[E=Y

|
m|m
m m *
N—
1

[ hf N_1
I |
+W, [ 1--F ‘//2|+ﬂ _H+(1_p)rrf_R Se — (4, +6,) 1
I N, N,
+W,, (1— A j[/l - AS, — @, AS, — 1, A]
At endemic equilibrium point we have
Human
my, =-oR, +a, [th N—F*—colA*jS,: + 1Sy, (19a)
2
Y, =—0 (rfh %_@A*]S:a + B+ By, (19b)
2
1 . «
azzE—*(aslH+(,ui+5l)lH) (19¢)
H
my, =—a,l,, + @R}, + R, (19d)
Rodent
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I ) s .
Kl‘/’3:71(rer_F*_sz JSR+ﬂ3SR (209)
2
I ) an . .
Kstz_Vl[rer_F*_sz JSR+72ER+/J3ER (20b)
2
K3‘//3:_72E;+(,”3+53)|; (20c)
Flea
I I ) s .
Was :ﬂ[prhf N_H*_(l_p)rrf N*]SF + 1Sk (21a)
1 3
I” o) o .
Vai :_ﬂ[prhf N_'-L_(l_/))rrf N_R*JSF + (4 +6) I (21b)
1 3
where y,, <y
Pathogens
Ay =0 A'S, + 0, A'Sy + 1, A (22)

We can then rewrite (ij_\t/ using (19), (20), (21) and (22) as:

dv S, . Ir o . |
E:W]_[l—s—HJ|:—ZURH +al[[‘th—F*—a)lA ]SH +/u’.I.SH +ZURH —al[thN—F+a)1AjSH _:u’_LSH:|
H 2 2

+W, 1-Es {—al[rfh%—a)lA*]S; +a,Ey, + E +al(rfh’|\|—F+a)1AjSH -a,E, —MEH}

2 2
M. .
+W3 ——H] [E—*((ZBIH +(/ll+51)|H)jEH_a3IH_(/u’_L+5l)IH:|

H

W, | 1= 28 el + R + Ry + gl Ry — 4Ry |

I o . |
+W5(1__J 71[Ffr N_F*_sz ]SR+ﬂSSR_71(Ffr N—F+a)2A]SR _:u:’,SR:|

2 2

= I AP . i [
+Ws l__R]{_%(rer_F*_sz jSR+72ER+ﬂ3ER+7l(rer_F+w2AjSR_7’2ER_/“3ER:|
2

2

I . . I
JSF + 14,S¢ _ﬁ(prhf WH"‘(]-_P)Frf N_RJSF _ﬂst:I
1 3

.
Bl ALy B —(1-p)l =
J o -t 3

1 3

: I I «
+W, 1—_Fj{_ﬂ[prhf NH* -(1-p)Ty N—Fi]SF +(uy+6,) ¢

,LR jsp —(,u2+§2)IF:|

+
=
D
!

I_
+
—
0
)
~
i

A - - .
+W,, (1—Kj[wlA Spy + 0, A + A~ @, AS,, — ,AS, — g1, A]
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After simplification the above equation becomes:

* \2 * \2 « \2
OI—V=—W1 1-n ~W, 1-En ~W, 1-u
dt S, | |

*\2
—Wm[l—%] (S Eup 1y Ry S B 1o Sea I A)

where the function F(S,,Ey,,l,,Ry, Sk Eg. 15, Se, 1, A) is non positive, Now following the procedures by
[15] [16]. We have F(S,,Ey,ly,Ry,Sg Bl S, le, A)<0 for all S, E, 1Ry, Ss, Eq 1z, Seu 1, A,

*

Then Z—\:so forall S,,E,,l,,,Ry, Sz Ex.ln, S, 1, A anditis zerowhen S, =S/, E,=E,, I, =1},

*

Ry =Ry, Sa=Sn, Ex=Ex, lo=1,, Sc=S;, I.=1-, A=A" Hence the largest compact invariant set
in S,,E,. 1,,R,,Ss,Eg, 1z, Sg, I, A such that (jj_\t/:O is the singleton E~ which is Endemic Equilibrium

point of the model system (3)-(6).

LaSalles’s invariant principle by [17] then implies that E” is globally asymptotically stable in the interior of
the regionof S, ,E,,1,,R, Sk, Eg, Iz, Se, Iz, A and thus leads to the Theorem 3.

Theorem 3. If R, >1 then the bubonic plague disease model system (3)-(6) has a unique endemic equili-
brium point E” which is globally asymptotically stable in S By Ry, Sk ER 15, Se L 1R A

4. Numerical Simulation

Numerical simulation is carried out in order to observe and understand the kinetics of bubonic plague disease
and demonstrate analytical results. In particular we illustrate through numerical simulation the stability of the
endemic equilibrium states in human, rodent, flea and pathogens in the environment.

Parameter Values

The values of the parameters used in bubonic plague disease model are shown in Table 2. The parameters are
taken from the previous studies that relate to this study, existing information and through estimation.

In the simulation we assume different cases where each sub-population starts at different initial values (six
different initial values) ultimately returns to its endemic point. We thus justify that a solution that starts suffi-
ciently close to the equilibrium remains close to it and it eventually approaches the equilibriumas t — «.

Figure 1 shows the dynamical behavior of the human population. The sub-Figure 1(a) shows a marginal in-
crease in number of susceptible human as people moves in through migration. When the disease becomes en-
demic, the number of susceptible human decreases as they becomes exposed to the disease due to the increase of
force of infection which resembles to the general scenario of vector borne infection as depicted in [23]. Given
that the model assumes no treatment nor vaccination is applied, it thus justifies the behavior illustrated in
sub-Figure 1(b). The figure shows the very slight increase of a exposed human beings before it drops to its en-
demic level as the large number of exposed human progresses and become infected human. The increase of
number of infected human beings from the exposed class is depicted in sub-Figure 1(c). We can see that in the
first five years the number infected human subgroup experience a substantial increase before it decreases to its
endemic level. The decrease in number of infected human is mainly through natural death and disease induced
death whereas very few will recover and join a recovery class. The system considers only natural recovery (re-
covery due to individual’s strong body immunity), thus the number of recovery human will slightly increase be-
fore it decreases and reaches its endemic level as illustrated in sub-Figure 1(d) [24] [25].

)
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Table 2. Parameters values for Bubonic Plague disease model.

Parameters Value/Range Reference/Source
r, 0.6 Estimated
r, 0.09 [18]
r, 4.7 [19]

a, 0.9 Estimated
7 0.9 Estimated
r, 0.28 [18]

A, 0.89 Estimated
a, 0.04 [20]

7, 0.05 [20]

a, 0.1 [20]

@ 0.1 [20]

A 0.04 [20]

5 0.04 [20]

s, 0.05 [21]

4, 0.2 [22]

o, 0.01 [20]

, 0.073 [18]

H, 0.1 Estimated
4, 0.07 [18]

5, 0.03 [18]

v, 0.09 Estimated
Vs 0.008 [21]
78 0.08 Estimated
v, 0.03 [20]

s 0.99 Estimated

Figure 2 shows the dynamics in rodent population. The results seen in this figure also settles with the findings
by [26] [27]. We can see from sub-Figure 2(a) that the susceptible rodent population drops very fast within the
first year, before it slightly rise due to migration at the rate xy,, to its endemic equilibrium level. The quick
drop of susceptible rodent may be due to the fact that rodents are the primary victim of bubonic plague so that
when the disease is endemic most of them are infected and become exposed to the disease [28]. The increase of
the rate of infection in susceptible rodent population proportionally increase the number of exposed rodent [29].
After the significant increase of the exposed rodent population within the first five years it then drops to its en-
demic level. It takes only 2 to 6 days for an exposed rodent to become infectious [30] which is the reason for a
quick decrease of exposed rodent as seen in sub-Figure 2(b). The infectious rodent population increases as the
number of rodent progressing from exposed class to infectious increase. 1, then drops to its endemic level as it
experience both natural and disease induced death as in sub-Figure 2(c).

()
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Figure 1. Simulation of the model’s solution trajectories to show stability of the endemic point in subsystem (3).
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Figure 2. Simulation of the model’s solution trajectories to show stability of the endemic point in subsystem (4).

The dynamics in the flea population are as seen in Figure 3, we can see that the number of susceptible flea
decreases exponentially as they die naturally or acquire infection from the infected rodent or human at the rate
I',, or ', respectively see sub-Figure 3(a). The increased death of rodent due to the endemicity of the dis-
ease, will as a result lead to scarcity of hosts for flea to feed on and thus die [26]. The addition of natural and
disease induced death in infected flea population will lead to a quick drops to its endemic level as illustrated in
sub-Figure 3(b) (this corresponds well with the findings in the study by [20] [31]). The pathogens in the envi-
ronment are removed when they come to contact with the susceptible human and rodent at the rate @, and w,
respectively and due to natural death at the rate s, . Since we assume that human and rodent infectious classes
have a negligible contribution in increasing the number of pathogens in the environment (see Equation (6)).
Now as the disease become endemic the rates @, and @, increase which in turn decrease the number of pa-
thogens in the environment. Pathogens are also highly affected by the condition in the environment (temperature,
humidity and precipitation). Most of the time this lead to a massive decay of the pathogens population in the en-
vironment as the environment is not favorable for their survival and growth [32] Then the number of pathogens
in the environment will gradually decrease to its endemic level as in Figure 4.
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Figure 3. Simulation of the model’s solution trajectories to show stability of the endemic point of subsystem (5).
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Figure 4. Simulation of the model’s solution trajectories to show stability of the endemic point in (6).

5. Conclusion

In this paper, we have considered a bubonic plague in human, rodent and flea with Yersinia pestis in the envi-
ronment. We have carried out the stability analysis of the equilibrium states in which the analytical results show
that the disease free equilibrium point is locally and globally asymptotically stable when R, <0 and unstable
when R, >0. This result necessitates that the basic reproduction number, which is the expected number of
secondary cases produced by a single infected individual during the entire infectious period of that particular in-
dividual in a completely susceptible population is a key non-dimension parameter that dictates whether the dis-
ease will spread or die out. When R, is increased or decreased above or below unity compels to the persistence
or eradication of bubonic plague disease respectively. The decrease or increase of the basic reproduction number

will as a result affects negatively or positively the flea’s infective period

)

, probability that rodent sur-
Hy +0,
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V2
My + 7,

vive the infected class , the adequate contact rate flea to human I' , rodent’s infective period

5 the probability that flea gets the disease from the rodent or human which are (1-p)I,; or oI
Hy + 03

respectively. The human infective periord ————, probability that human survive the infected class
W+0+a,
2,

Hto,
which human and rodent become exposed to the the disease which are «, and y, respectively. The endemic
equilibrium point is also found to be locally and globally asymptotically stable whenever they exist. Using the
model’s parameters values from literature reviewed in this paper and some estimated, we use the simulation to
show the endemic equilibrium for Human, Rodent, Flea and pathogens in the environment are stable thus sup-
ports the analytical results. We observe that without intervention that controls the value of R, to less than a
unity bubonic plague may be very fatal and a life threatening disease whenever it occurs.

, the rate at which fleas gets infected S, the adequate contact rate flea to rodent T',, and the rate at
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