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Abstract

Based on the mechanism of vacuum polarization, we here establish a set of new electromagnetic
field equations (EFEs) in 5-dimensional Minkowski coordinate system, which can be used to con-
sider some physical implications, such as the dispersion, the polarized states and the Hubble red-
shift of massive photon. It shows that, the effective mass of photon is related to the Hubble con-
stant H, and finally determined by its unit spin A. Importantly, these obtained equations, working
as a generalization of Maxwell’s equations (MEs), enable us to develop the special relativity into
5-dimensional form. In developed relativity, the particle spin will voluntarily go into the motion
equation, since it plus the linear momentum and energy can just form a 5-dimensional covariant
vector. Moreover, by reorganizing the conservation laws of generalized electrodynamics, we find
that the Hamiltonian of massive photon is similar to the Dirac formation. This similarity allows us
to construct a new Dirac typical equation to study the motion of massive photon from a standpoint
of Dirac theory.
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1. Introduction

A basic implication of Maxwell’s theory is that, all electromagnetic radiations propagate in vacuum at a constant
velocity c. This conclusion was further raised to the postulate of special relativity, and soon after that described
successfully as the moving behavior of massless photon by quantum theory. Despite all these, a substantial ex-
perimental effort [1] [2] has been made to measure the mass of photon m, (we shall see below that, for being
determined by unit spin 7, m_ would be treated as the spin (or effective) mass of photon rather than the con-
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ventional one; it is noticed that its conventional mass is still zero). If the effective mass of photon was found to
be nonzero, it would produce an effect on the contemporary physical theories [3] [4]; for example, the special
relativity must be modified to suit massive photon [5].

Now, it is considered to be almost certainly impossible to do any experiment to confirm the value of m, . The
best one can hope to do is to place ever tighter limits on its size, since it might be so small that none of the
present experimental strategies could detect it. According to the uncertainty principle, the ultimate upper limit
on m, isestimated to be ~ n/Atc, ~ 10 kg, as taking the time uncertainty At of the universe age of about
10" years [1]. Although such an infinitesimal mass would be extremely difficult to detect, there are still some
implications, such as a Yukawa type of potential, a frequent dependence of light speed, to be worth paying at-
tention, and all of these have been studied seriously [6]. All the works in this area have opened a door to useful
approaches for laboratory experiments or cosmological observations aimed at determining the effective mass of
photon or, more precisely, setting an upper limit on it. And from the standpoint of testing for a photon mass, the
key point, as a direct consequence of nonzero photon mass, is one of searching for frequency dispersion of the
speed of light [1]. For example, The results of several pulsar measurements by Bay and White [7] placed a rough
upper limit on the photon mass of m, <10* kg .

In quantum field theory [8], the electromagnetic fields (EFs) have been successfully described as the neutral
massless photon with unit spin 7. However, for massive photon [9] [10], it would require a set of new equa-
tions, which was proposed by Proca at first [11]. In Proca theory, the Lorentz condition is automatically held,
but gauge invariance would be inevitably lost. So that, once the photon was confirmed to be massless, no matter
large or small, it would have a bearing on some fundamental physical questions [5] [12]. In Section 2, we will
establish a set of new equations to describe massive electromagnetic fields (MEFs), whose consequent distinct-
ness compared with purely Maxwell equivalents is presented. In Section 3, the wave solutions of MEFs are giv-
en, which can naturally lead to the Hubble redshift in cosmology. Sections 4 and 5 introduce the developed rela-
tivity and massive electrodynamics; Section 6 presents the Dirac typical equation of massive photon.

2. Massive Electromagnetic Field Equations

In Maxwell’s theory, electromagnetic phenomena are always characterized by the electric and magnetic fields
(E, B), which are thought of as the quantum of light in term of photon. If photon is massive instead of massless,
its motion equations would become Proca form (in the Heaviside-Lorentz system of units) [13] [14]
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where, ¢, A denote the electromagnetic potentials, R indeed reflects the effective range of electromagnetic
interaction. After that, Proca equations (PEs) have provided the pathway for almost all approaches to detect the
photon mass. Specifically, due to ¢, A being observable, Proca theory would lose its proper gauge invariance.

Because of the nonzero photon mass, the dispersion produces a frequency dependence [15]
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@ is the angular frequency, k the wave number. This frequent dependence could be used to determine the pho-
ton mass in experiments [16] [17].

The quantum theory can provide a basis for massive electromagnetic theory, since according to the theory,
vacuum is not empty, but filled with a large number of virtual particle-antiparticle pairs flashing in and out of
existence [18]. Generally, these pairs may not bring any effect, whereas in the presence of external fields, they
could be pulled away directionally. Such the situation strongly suggests that, the vacuum should be treated as a
kind of dielectric, and thus, when the external fields applied, the polarization charge p, and current j, are
produced. To take account of the physical consequence of vacuum polarization, we need to rewrite MEs as

V-E=p,+p, VxE+1@:O
c ot
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These equations can be further expressed in 5-dimensional Minkowski space with an extra-dimension ¢
identified with the spin phase of moving particle (see Figure 1). The whole 5-dimensional manifold is described
by the space-phase-time coordinates (x,y,z,R¢,ct), similar to the space-time-mass suggested by Wesson [19].
Specifically, the value of ¢ should be very small, since the law of causality requires R¢ <ct, and the ex-
amining region also far less than the interaction range, i.e. ct<R.

Now, we introduce a polarized vector field e and a polarized scalar field b by

c oe . 10db
——=—j, ——=-p, (2.9)
R o¢ R o¢
and note that, the positive and negative charge elements (+e,—e) may appear deviation, i.e.
Se=(+e)+(—e)=0. Although this kind of relative deviation is quite impressively small, whose currently ac-

cepted upper limit only |Se|/e <10 [20], as long as not be zero, then every produced pair will bring out an
extra charge oSe. And hence, there exists the following flow equation

- . Op, — 190 - .=
V'Jp+?:0’ V=V+§a—¢, Jp:(Jp’Jp) (25)
where V denotes the gradient operator of 4-dimensional generalized space (x, y,2,R¢), ]p the added cur-
rent flowing along ¢-axis, responsible for the charge deviation. The equation together with Equation (2.3) gives
a generalized form of charge conservation

. . 0 - geey 2 =
V- i+ =0 7=(i1) i=-], (26)
It shows that, the charge is conserved in space (x, y,Z,R¢), but slightly non-conserved in (x, y,z) due to

V- j+op/ot=—R"3j/04=0. Inview of this, we here develop MEs into
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called generalized Maxwell’s equations (GMESs). The performance of massive electromagnetic induction can be
summarized as follows:

1) Varying magnetic and polarized scalar fields generate respectively an electric and a polarized vector fields,
described by Equations (b) and (e).

2) Varying electric field generates a magnetic field and a polarized vector field, by Equation (d).

3) Varying polarized vector field generates a polarized scalar and an electric fields, by Equation (g).

Figure 1. The 4th coordinate ¢ is related
to particle spin.
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GMEs can provide a completg and self-consistent description of electromagnetic phenomena, and help us to
calculate the stress of current (J,p)=(j,j.p) in MEFs

f:%(ij+ie)+pE:(V~E+E~V)E+(V-B+B-V)B
—(V~e+e-V)e—VW++_—i§—iz§
cRog c? ot
& (2.8)
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S =Sgg + S, =c(ExB+be), S=-c(E-e)
(2.9)

S =S, +Sg =—C(exB+bE), wﬁi:(EzJ_rBzibziez)/Z

S, S denote the generalized Poynting vector and mixed energy flow density, w(=w,,, ) the total energy
density. In the case of e =b =0, Equation (2.8) reduces smoothly to the classical form

fov. ?—iaa—s f~v:—V-S—;ﬂ
. ¢ . t (2.10)
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Now, by the 5-dimensional potential A™ = (A,gp) = (A, A,(p) , we express MEFs as
E=- —3%, B=VxA
1 0A 109 10A (211)
e—vVA- LA __Llop_10A
R O0¢ Rop cot
but need to supply a generalized Lorentz condition
V. A+192 (2.12)
c ot
It is easy to verify that, MEFs still have gauge invariance under the generalized transformation of
A™ — A" +&™  namely
A - A+Ve
L, L0e (2.13)
2% 2t
£ s an arbitrary scalar function. This practice can help us to write Equation (2.7) in d’ Alembert’s form
m 1 o
CJA , 0 =v?- ey 3" =(j/c.p) (2.14)
which has the following retarded solution
(rit—r/c i
j [ j /©) e AV ¢ =c’k/w (2.15)

for current J™ in a certain finite region of space V'. It shows that, a moving charge and an alternating current
element create at each point of the surrounding space the same potential which would be created by the fixed
charge and direct current, the only difference being that such a potential is created at each point after a lapse of
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the delay time.

3. Implications of Massive Photon
3.1. The Yukawa Potential

The first consequence of MEFs is related to a static electric field, that is, under the static condition of /6t =0,
Equation (2.14) reduces to

2 1 az(ﬂ _
\ ¢+9%_2W__p (3.1)
For a point charge p(r)=qd(r), ityields a Yukawa typical potential
1 q —r/R+ig 1 q —-r/R
? A r A r 3:2)

with an exponential decay range of R . The exponential deviation from Coulomb’s law will provide many ap-
proaches to test for the photon mass in laboratory experiments.

3.2. The Dispersion of Light

It is important that, the electromagnetic induction described by Equation (2.7) can make MEFs spread in va-
cuum as free wave

ik xM IZ (0]
A" ~ Al k=] K —,—— 3.3
[ 2] -
The most typical aspect of massive photon is its frequent dependence (corresponding to Equation (2.2))
21,2
P L S S, (3.4)
R A A

k is the angular wave number(i.e. spin quantum number) of photon, i(z 2m) the angular wave length. No-
tice that, in general the two possess the quantized values, namely k =(0,1,2,3,---)/2, 4 =4mn(,1,1/2,1/3,---).
Following Equation (3.4) is the group velocity differing from the phase velocity

~ 12 ~ -1/2
deo c’k? o c’k?
R R &

both tend to c together, only as o —>o.
By generalized wave vector of k = (k, k/*R) , we also obtain a 4-velocity

5=c5=c[E,Lj, x:ZX’T:Jk%lZZ/mZ (3.6)

where, A is the generalized wave length in space (r,ﬂw) , Kk the total wave number, by which the genera-
lized group and phase velocities can be define as

_do _
dx

They have the same value of c. However, when projecting to the real space, the two occur immediately diffe-
rentiation, since one is displayed as a direct projection, the other represents the velocity of the intersection point
of wave surface and z-axis moving along the axis (see Figure 2).

From the geometric relation above, we find

k Kk c?
v, =C—=v, L,=C—=— 3.8
¢ Tk Pk o (38)

In the case of k >0, v, »0 and v, — 0. This means, at present, the photon is rest in real space, but in
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Figure 2. Physical meaning of the group and phase
velocities is presented in generalized space (r,R¢).

generalized space moving with velocity c. Correspondingly, the two velocities along ¢-axis can be given by

_ k _ R c
Dy :CE:C\/l—UZ/Cz, D, :CTK:W (3.9)

Then we have

I (3.10)

_ 12 _ 12
k c?k?  ck? K c?k?  ck?
L :°;:°HW* el | I Rt b oy @1

with a total wave number x

_2m_myC

N — P (3.12)

Ac denotes the Compton wave length, k. the Compton wave number. Now, by introducing the Compton
group and phase velocities

“ofe ume (3.13)

we get
v; +0; +Ugy =€, i2+i+i=i (3.14)
Up p

Clearly, for the photon of zero Compton wave number (k. =m, = 0), it reduces to (3.10).

3.3. The Field Structures of MEWs

Maxwell’s theory points out two polarized directions, both of which are orthogonal to the propagating direction
of photon. However, MEWSs described by PEs would result in a third state of polarization, in which the electric
field points along the line of motion, corresponding to longitudinal photon [21]. Here, we still approve the third
polarized state, but emphasize that, there will be three types of electromagnetic oscillations propagating along
z-axis, those are pure transverse wave (PTW), pure longitudinal wave (PLW) and longitudinal-transverse mixed
wave (LTMW). These waves possess a general solution

A" = Ale

i(kzz+l2¢—wt) (315)
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a) Pure transverse wave. For PTW with generalized potential of A" = (A&,0,0,0,0) , we have the following
fields by Equation (2.7)

E =—A, E,=E, =0
c

B, =ik, A,, B,=B,=0 (3.16)
ik

exz—§&, e,=¢e,=b=0

The determined energy flows can be written as the energy density w multiplied by its traveling velocity
v(: c’k, /a)) , namely
S=wv=cE-B,n

Xy 2 2
S—wo——cEe, ,wew_ -2 A K 5_CK (3.17)
< k, Ro
S=wg,v=-¢Bn,

in agreement with Equation (2.9). When the polarized fields (e, , b) are neglected, the presented will naturally
reduce to the usual form. The field structure of PTW is shown as Figure 3(a). ~

b) Pure longitudinal wave. Correspondingly, the potential of PLW reads A" = (0,0, AZ,A,go). The potential
combining with Lorentz condition

. ik ~ o
ik A+—A——¢p=0 3.18
A wA Y (3.18)
gives the following nonzero field components

E, :%(a)AZ —ck,p)

b=— 'mlifz (oA, —ck,p) (3.19)
C
iRw

e, =— i (oA, —ck,p)

The energy flows come mainly from the polarized fields, namely
S =wo = che,n, ,
S=wo=-CcEe, , w=w,, :_%(AZZ + A -9) (3.20)
S =wp,v =—cbE,n,

It tells us that, as a special radiation involving the polarized fields (e, , b), PLW (only about 10™* of usual

Fields

(b)

Figure 3. The field structures of PTW (a) and PLW (b) (dotted arrow and
black stick denote polarized vector and scalar fields).
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radiation) has no classical correspondence, but represents a natural induction process: Varying polarized vector
field generates the polarized scalar and electric fields, in turn, when the latter two change, the former is induced.
Figure 3(b) presents the structure of PLW. ~

¢) Longitudinal-transverse mixed wave. With regard to LTMW of potential A" = (AX,O, A ,A,qo) , it is easy
to find the nonzero components of MEFs

i i
E =2A, E, =—(wA, —ck
= A . =< (oA ~ckp)
B, =ik,A,, b=— "‘RI'Z‘Z (A, —ck,p) (3.22)
c

ex :_%A(’ ez = I?w(a)Az ck ¢)

followed by the flows just along the travelling direction of photon (see Figure 4).
S =wo =c(E,B, +be,)n, )
S=wo=-c(Ee, +Ezg,) W:W+++:—i)—2(AKZ+AZZ+AZ—goZ) (3.23)
S =wp,0=—(e,B, +bE,)n,
However, in Proca theory, the situation is completely different, since it only gives three field components

iw ic
E.=—A, E-=
¢ A ‘Rza)AZ (3.24)

-ik,A, E,=B,=B,=0

with an energy flow defined by [21] [22]

S—CExB+9T(pA c[E B +¢’Aljn +c(¢A‘ E,B j (3.25)

not along the direction of wave vector k,. This means, with continuous transmission, the wave energy would
break away from its travelling direction, and thus leads to a physically unacceptable result. Notice that, serving
as a substantial basis of electromagnetic radiation, the energy flow must represent the motion of MEWs.

3.4. AB and AC Effects of MEFs

A well-known topological interference effect is called AB effect, which concerns a phase shift for moving elec-

Figure 4. Due to containing all the four fields, LTMW
with E, e in Oxz plane and B parallel to y-axis, pos-
sesses a more complex structure.
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trons (mass m, ) diffracting around a tube of magnetic flux [23], and it arises from the presence of generalized
vector potential A in the Lagrangian

L(a,z):%meaz +eD~A:%me62 +ev-A+evA (3.26)
where the vector potential A for tube system of magnetic flux, can written as A= (er) e . When an
electron beam is split and then recombined, there will be a phase shift ¢,, from the interference effect Now,
consider |kA/‘J% -V-A=0 (Lorentz condition), we have

" :qul A.dF :%4;| A-dr :%HSI(VX A)-ds,
o =[] B-ds, (3.27)

~ g(l_ 2;:] AB ~ ¢XB +APpg,
®,, denotes the flow of B through any surface S, bounded by the closed curve I, R the distance from the
solenoid to the observational location. The result contains the standard AB effect in the limit of vanishing pho-
ton mass ¢s, =ed /7, and an additional effect predicted from Ag,, :—2eRCDAB/(h*R), is a correction for
massive photon.

An extension of the AB effect was presented by Aharonov and Casher [24], called AC effect, which empha-
sizes that, a neutral particle possessing a magnetic dipole moment should experience an analogous phase shift
when diffracted around a line of electric charge. Consider a magnetic dipole with mass m, and moment u
diffracted around an infinitely long line of linear charge density ¢, its generalized Lagrangian can be given by

L(a,x):%moazw.(ﬁsxa) (3.28)
The corresponding phase shift of the split beam at the recombination point reads

__qsy (R xu)dt__gsu (E xdr)+(REdg-bdr) |
(3.29)

:%”SI(V-E dS~fﬂ ‘;';jj odS, = 42 + A

The shift for this case is shown to reduce smoothly to that of the standard AC effect in the limit of vanishing
photon mass, as was observed in the neutron interferometry experiment [25]. An additional effect is predicted

from
__nu _LHR R (R
Aic =32 HSI P05 = e In(sn)’ o= (rj (330

where, ¢ the scalar potential of line charge system. The AC effect in massive electrodynamics was demon-
strated by Fuchs [26], neither the AB nor AC effects would provide a practical approach for bounding the pho-
ton mass in technology until now.

3.5. Effect of Spectral Shift

Vacuum polarization field not only can delay movement of photon, but require a generalized form of flow con-
servation, thatis ST =0, S" (: S/c, S/C,W). So that, for the plane MEWSs, there should be an average steady

equation
2gm
Vi§™ = v3sm +i28 S (3.31)
R 0¢°
with a damping solution
gm_ S_Ome—r/xmi:zf ~ S_Ome—r/iR] gm— ﬁyhkm (3.32)

n, is the mean number density of photon. With the help of this solution, we can write the spectral shift of pho-
ton in unit distance as
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VIn(i]:VIn(LJ:—iM:—1 (3.33)
0 k, A, Ar R

Such the effect was first discovered by Hubble in astronomical observation [27], that is formulated as Hubble
law: the recession velocity of celestial body V,, determined by spectral redshift is always proportional to its
distance r i.e. V, =Hr with a ratio H called Hubble constant. Taking the observational value [28] of
H =24x10""s™", we get R =c/H =1.3x10% m, which has been introduced into GMEs as a natural constant
like speed c.

Because of having cosmological meaning, we can use the astronomical observation (i.e. Hubble constant H)
to affirm the effective mass of photon

0 _hk _hH 1.1x10% x2.4x107°
TR ¢ (3.0x10°)

=2.8x10% kg (3.34)

just equal to its ultimate upper limit estimated by uncertainty principle. This mass is determined by spin #, and
so called the spin mass of photon rather than the usual one.

4. A Generalization of Relativity for Massive Photon

Special relativity is the theory of how different observers, moving at constant velocity with respect to one
another, report their experience of the same physical event. And all the descriptions are completely based on the
following two postulates:

I. The laws of physics take the same form in every inertial frame;

I1. The speed of light in vacuum is the same in every inertial frame.

However, in massive electromagnetic theory, the speed of light is dependent of frequency rather than a unique
constant. Thus, there needs a new postulate to be proposed to restore the features of special relativity, and the
proposed should be aimed at the existence of a unique limiting speed c, to which speeds of all bodies tend when
their energy becomes much larger than their mass [5] [12]. Now, by the fact of that MEWSs are always propa-
gating at speed c in generalized space (r,%R¢), we introduce a modified relativistic postulate:

The generalized speed of light is a constant c.

4.1. Generalized Lorentz Transformation

The modified postulate inspires us to discuss motion in 5-dimensional Minkowski space 7, = Diag (1,1,1,1, -1),
and write its invariant interval

ds® =7, dx"dx" (4.2)
Here, the invariance means every inertial observer would obtain the same value for this particular combina-

tion. The interval ds is directly related to the time interval dt, in the rest frame of particle with no spatial
displacement (dr =0), thatis ds* =R*d¢* —c*dt; , or
ZdtZ n _
ds? = ctdrt =2 _ g Y gogdl (4.2)
(1+ ﬂj) c dr

The rest-frame time coordinate t, is called the proper time. Since there is only one rest-frame, its time in-
terval must be unique: all observers should agree on the value, namely

dt; = (1+ 82 )dz?

1 v
2 2 2 j/u = 1 ﬂu = (43)
:dtz—dx +dy2 +dz _ e, - B2 c
c
gives
1+ 32
dT:}/gldt, Vs = 1_'gU2 (44)

OALibJ | DOI:10.4236/0alib.1101732 10 July 2015 | Volume 2 | e1732


http://dx.doi.org/10.4236/oalib.1101732

Q. K. Yao

where y, called generalized Lorentz factor. This is the physical basis for the invariance of the motion equation
under generalized coordinate transformation.

In order to contain completely such that, GMEs should keep the same form, and the modified transformation
for coordinates (x, y,z,ﬂw,ct), must necessarily bring about the change of observers from frame S to S’
moving with a generalized relative velocity @ = (u,0,0,0) along x-axis (4 =0 due to the frame of reference
having no spin), that is

o 000 —By
0 1 00 0

X"=a™", "= 0 010 0 (4.5)
0 0 01 0
By 000

GMEs have Lorentz symmetry because they are covariant under such the transformation (called generalized
Lorentz transformation (GLT)), instead of the usual one.
A further 5-vector is the 5-velocity

dx™
ur =y.(0,c 4.6
4 = e(00) (4.6)
with an invariant length of
MU = g (0 407 —¢") = ¢, 0 :m?j_f:%llj (4.7)

Its components transform into each other under GLT in the same manner as (x, y,z,ﬂw,ct) transform into
each other, namely

Um=g"u" (4.8)

With the help of GLT, we can get the basic formula for velocity addition as follows:

oo DY o =
*1-up,/c? " (l-u /) (4.9)
0'2# U'ZU—¢
z }/u(l_qu/Cz>’ ¢ yu(l—uux/Cz)

In particular, if generalized speed |5|=,/vf +v; <¢ and v, =v, =0, we find

o= e w0
7 (1—UUX/CZ) - 74 (1—UUX/C2) - |

This is just a restatement of the fact that, if a particle (or light) has |13| <c in one frame of reference, then it
has the same result of |6’| <c in all frames of reference. To understand physically why this is the case, it is ne-
cessary to turn to consideration of relativistic dynamics.

o=

4.2. Generalized Relativistic Dynamics

In order for relativistic mechanics to be Lorentz symmetric, we need to generalize the familiar 4-momentum
p“ =myU* to the 5-dimensional form of p™ =m,U™. For massive photon, it reads

. K ho
p =[hk,§,Tj (4.11)

with an invariant length of p, p™ =-m’c* =0, implying the conventional mass of photon is still zero. Corres-
pondingly, for a particle with mass m, and spin p =7k (k = (0,1, 2,3,---)/2), we have

OALibJ | DOI:10.4236/0alib.1101732 11 July 2015 | Volume 2 | e1732


http://dx.doi.org/10.4236/oalib.1101732

Q. K. Yao

m n 5 f’ E n a
p" =m,(U,U,U )=(p,§,?j, U=§ (4.12)
a(=p/m,) is the spin to mass ratio. Obviously, for = meson, a should be zero (due to IZ,[ =0), and for pho-
ton, infinity (due to m, =0). Thus we see that, the linear momentum p, spin p and energy E of moving par-
ticle can naturally form a covariant 5-vector, whose components transform in a definite way under GLT: ob-
servers in relative motion will see different generalized momentum p = ( p, ﬁ/‘J{) and energy E, or, as we say,
the generalized momentum and energy can transform into each other.

Moreover, we also have another 4th component of velocity

g g c/1-5; for photon
a = }/— = aC —ERZCZ _;)az = a > 2 L (4.13)
~ e — -
o gﬂll—ﬂue <2.8x10" m-s—, for electron

The first result guarantees |Dy| = Juf +z§f =c (consistent with our modified postulate), the second implies a
very small velocity o0, <2.8x107 m-s™ for electron. Repeatedly for the earth, it reads

O :%?:9.2“0-“‘ m.s™ (4.14)

Now, by the invariant length of p_p™ =-m’c?, we can also lead to the generalized energy-momentum rela-
tion
2 2.2 2.4 20 P 2.4
E°=p°c”+mic” = p°c +‘R—2+moc (4.15)

which naturally contains particle spin p = 7k . The presented allows us to formally take the limit of m, =0,
and in this limit it gives

E =[B|c = 7;my|0]c = 7;myc? (4.16)

meaning only zero mass particle can travel at speed c in generalized space, i.e. |D| =c, and only zero mass par-
ticle with zero spin (k =0) can travel at the limit speed of ¢ =(c,0) in real space.
In 5-dimensional relativity, all the related concepts can be given by analogy with their corresponding relati-
vistic versions. Thus, we define the generalized force by
~ dp
E-2F 4.17
ot (4.17)
In the case of p=0, it reduces to the usual form. The generalized relativistic work done by F during a
small displacement dr , can be written analogy as

dw =F -dr (4.18)
The rate at which the generalized force does work is then
:di:ﬁ.gzd_p.gzw (4.19)
dt dt dt
E, isthe generalized relativistic kinetic energy. So that, integrating with respect to t gives
E, = y,m,C’ + constant (4.20)
By requiring that E, =0 for v =0, we find
1 P2 for m, =0
E, =mec® (7, 1)~ §J1+7§ my? = i‘ﬁc (4.21)
Emouz, for m, =0
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As should be the case, the generalized energy tends to the classical form for moving particle with a small ve-
locity o.

When particle is force-free (If = 0) , its generalized momentum and energy conserve
P =y;,mo . .
, aretime-independent (4.22)

E=y;m,C

of which, the 4th component (p =7k ) indeed represents the spin conservation. To see the physical meaning of
the above, we consider the breakup of a body (such as a radioactive nucleus) of rest mass m, andspin p into
two pieces of rest masses m,,, my, andspins p,, p,. Ifsuppose the initial body is stationary, and the debris
flies apart with velocities v, and v,, then some of the rest mass of the original body would be converted into
the kinetic energy of the two masses produced. So by the generalized conservation laws, we have

P = 75 Moy + 75, Mg, =0
=P+ P, =h(k +k,) (4.23)
E =myC® = y; Mg,C” + 7,5, M,C?

In particularly, for 7° meson decay =° — y+y, Po==P.=Pp,, k,= —IZyl =1, itgives

pn = p;/1+ pyz :0
=k, +k,,)=0 (4.24)

P
E. =2[p,|c

Nevertheless, the truly remarkable aspect of the above conclusions is that it has its fundamental origin in the
fact that there exists a universal maximum possible speed ¢ and a characteristic length 9% , which are built into
the structure of 5-dimensional Minkowski space. This structure ultimately exerts an effect on the properties of
matter occupying space, phase and time, those are the linear momentum, angular momentum (spin) and energy
of moving particle.

4.3. Lagrangian Description

With p=y;m,0 in hand, it is natural to suppose that the dynamic equation for a particle with charge g and

mass m, in MEFs is
= d = "y N .
dp _ (nmov)=quxB+Ue+Ej,(_U_e+bﬂ (4.25)
c c

dt dt
By potential A™, the equation can be transformed into
%(mqli):qﬁ(a-/&—(p) (4.26)
and further manipulated into the Lagrange’s form
d[oL(xx)) oL(%x)
dt{ ox' Ox'

=0 @.27)

with the Lagrangian
L(5,%) =—myc[(1+ 4 ) (1B ) +mUD +q(5- A—p) (4.28)
For zero spin particle of U =0, it reduces to the usual form

L(v,x)=-myc’y1-0°/c* +q(v- A-p) (4.29)

To derive the Hamiltonian H for charged particle in MEFs, we write the canonical momentum
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_ oOL(p,X -
00
Then, applying Legendre transformto L(0,X) gives
H(P,X)=P-6-L(0,X) = y;m’ +mU o +q5 - A= L(5,%) = 7;m,C’ +qp (4.31)

Consider the energy-momentum relation E = y,m,c® = p’c’ +mic* and p=P-gA, we have the finally
Hamiltonian form

H(ﬁ,x):\/(ﬁ—q,&)z ¢’ +mict +qp (4.32)
followed by Hamilton’s equations:
OH(PX) . oH(PX)
X=——o—t, P=—o— 2 (4.33)
oP oX

These equations are first-order in time in contrast to the second-order Lagrange’s.

5. Massive Electrodynamics

It is natural that, the electrodynamics of moving bodies could be in agreement with the developed relativistic
principles, under which all the related problems could be discussed. In particularly, when we say GMEs are co-
variant, we eventually must specify the transform properties of that, it is not only the space and time coordinates
that will change, but also MEFs.

5.1. Covariant Electromagnetic Equations

The clue we need to construct a transparently covariant comes from GMEs, whose structure guarantees that the
equations are form-invariant to translations in generalized space. Therefore, to show that massive electrody-
namics is covariant, it is sufficient to show that the fundamental equations can be written entirely in terms of
Lorentz tensors, whose components change under a Lorentz boost. The path to writing GMEs in covariant form
begins with the introduction of the MEF tensor

0 B, -B, & -E
AT 2AT -B, 0 B, e -E
[ S - =A"™-A™=| B -B, 0 e -E (5.1)
X, OX,
-6 -¢ —¢ 0 -b
Ec E, E, b 0

Of which, the components transform according to the rule of F™ =a!aXF™ . Tensor (5.1) can help us to
express the homogeneous and non-homogeneous equations in Equation (2.7) respectively as

an,l +Fn|,m +Flm,n :0, F:\nn :Jm (52)

including continuity equation J7 =0 and Lorenz condition AT =0 . If gauge invariance held, the Lagrangian
density can be given by

L:—%anFm”—AﬂJ’” (5.3)

The variation of the density with respectto A yields F" =J".
Now, it is easy to confirm that, the tensor transformation rule applied to F™ reproduces the field transfor-
mation formulae

E, =E El =7, (E. +BxB)
B, =B, BLZVU(BL_ﬂXE)
e =€, & =7 (e// _ﬂb)
b"=y, (b-pe,)

(5.4)
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Also noteworthy is the Lorentz invariant scalar function

H:%Fm"F =w 7:£(E2—Bz)+%(b2—e2) (5.5)

mn —+
2

The presented results reflect the transform properties of MEFs. The approach can provide us all the know-
ledge of generalized electrodynamics.

5.2. Generalized Conservation Laws

In order to organize the conservation laws of electromagnetism, we write the stress of 5-current J" = (]/c : p)
as

= (T.65)=F™3,, =15, (5.6)
and then get
T=1" Tm”=77k|kaF"'—77m"H .7

T™ denotes the generalized electromagnetic stress-energy tensor. An immediate consequence of Equation (5.7)
is that a free MEF has a divergence-free stress-energy tensor

T™ =0 (5.8)
To examine the elements of T™ , we find

T =-w

1

T® =—w,_, =-w (5.9)

+++

The latter just simplifies to the negative of electromagnetic energy density w. The off-diagonal elements T*°
are proportional to the Cartesian components of the corresponding flow density defined in Equation (2.9),
namely

T”S:_—:(—(EXB+be),(E~E)) (5.10)

A bit of algebra confirms that the space-phase components T'* are the mixed flow density

THZ_S _exB+bE (5.11)
C

Furthermore, the space-space components can be given by

TV =E'E'+B'B’ -e'e' —p'w,,_ (5.12)
Putting all the presented results together gives the matrix of T™ as
= . T =S/l -sS/c
T :[ T _S/C}: -S/c -w_, -S/c (5.13)
-Sfe -w -S/c -S/c  -w

With the representation (5.13) in hand, it is straightforward to confirm that Equation (5.7) contains two con-
servation laws in differential form. The first is a statement of the conservation of generalized momentum

- =2 165
f=V.T-—— 5.14
c? ot (6.14)
The second gives Poynting’s theorem of energy conservation
f”-ﬁ:j-E+<;pb:—V§——5at““ (5.15)

Now, with the help of Equation (5.13), it is easy to write out the stress-energy tensor of plane MEWs dis-
cussed in Section 3, that is
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0 0 v, = ¢k, /o
2
c
T ™" :_ﬂz v, Uzlz)qﬁ v, ’ v, = C—UZZ (516)
¢ 10 v, vy Y
2 w=E? +b?
cv, cy, ¢
So, we have the following conservation equations
o wo? olwo,u,) o
( )+i ( Z¢)+ (WUZ)=0
oz R 0¢ ot
o(wo,v o(wo?) a(wo
(W), 1 ( "’)+ (W) (5.17)
0z R O ot
0 o(wo
(WUZ)+ 19( ¢)+@:0
0z R 0¢ ot
corresponding to a steady form
ov ov
v, (1% _0f, 2% (5.18)
0z R op oz R 0¢
dueto w=k,v, + k¢u¢/iR . The equation implies a constant velocity, namely
o %)
ve =, +Hz = constant, H 1% 100 (5.19)
R Op ROIP
Treating H as the Hubble constant gives 0 =c¢g+0, = Rdg/dt, and then
$=B,(e™ 1), T,=H"'=42x10"s (5.20)

with T, representing the cosmological time. The small value of g, (e.g. S, ~10 fora 10" Hz photon)
determines that the spin phase ¢ is also a very small quantity. Notice that, v is nothing but the full velocity
of light defined explicitly in ref [29], which can naturally lead to Hubble redshift, in agreement with the result of
Equation (3.33). Importantly, such the agreement enables us to investigate motion in full velocity space, and
further introduce a modified relativistic postulate:

The generalized full speed of light is a constant c.

By the postulate, we can incorporate the presented theoretical form into a more generalized unified frame-
work of spatial relativity [29], the unified framework could give a satisfactory account of the relativistic pheno-
mena.

5.3. Angular Momentum and Center of Energy

Now, by force (5.6) we define the generalized Lorentz torque density tensor as

MM =x"f"—x"f" (5.21)
The structure of this anti-symmetric tensor is
ExE NS rxf M* M°
an:|:rx_.5 :|: _M4 0 MS
-M 0 M M 0 (5.22)

M*=fr-R¢f, M°=(M°M®)=f°r—ctf

Analogous to Equation (5.7), it is possible to write the second-rank torque density as the five divergence of a
generalized third-rank Lorentz tensor:
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Nmnl — XmT nl Xn-l—ml =_N nml (5 23)
The anti-symmetry of N™ with respect to its indices (m,n) implies that only 50 of its 5° =125 com-

ponents are independent. In detail, we use Equations (5.7), (5.23), and the symmetry of the stress-energy tensor
(T™=T"™) towrite (5.21) in the form

M™ =x"T" —x"T™ = N™ +§"T" —§'T™ =N " (5.24)

or given by

<\

. 190 - _
(T xF)+—=—(FxS)=-Fxf
(Per) b2 (e .

<

-(cztf+ §f)+ci2%(cfw—ct§) =ctf —Ff°

We focus on the 30 components N (v =12,13,14,23,24,34), and then find that the twenty-four with
1=1,2,3,4 are exactly the components of the second rank tensor of generalized angular momentum current
density, N =T xF . The six components N“*° =—FxS/c are similarly the components of angular momen-
tum flow density. These six independent components can be collected into the continuity-like equation for an-
gular momentum flow, i.e. the first of Equation (5.25). The remainders (with mn=15,25,35,45) have been
collected into the second.

Now, let us investigate the similarity between an electromagnetic pulse and a relativistic particle. When no
source exists (M™ =0), Equation (5.24) becomes

Nf™ =0 (5.26)

followed by the conservation equations

%(f@)=§(rx§)+v(c2fxr)=o
(5.27)
%(CFW_CS) = %(CFW—Ct§)+§~(Cth+C§F) -0

In which, the conserved quantities are defined as the angular momentum flow densities of massive electro-
magnetic radiations, (Fx S) and (cfw—cts). For a single photon of generalized momentum p, we have

d_L:%_'_@.(Xupva_xvpyﬁ):uypv —0'p* =0

dt ot

“ : (5.28)
L,_aL' = 5 — A 5 _

otV (PT et ) = —ep + pfu =0

with C=rxp, L'=p°r—ctp. By dispersion relation (3.4), we can get the Hamiltonian function of moving
photon, that is

H(X,p)=hwo=0-p (5.29)
It can help us to write Equation (5.27) in term of Poisson formulation (due to aE/at =0, aE'/at =—cp*)
dC ol - .
—=—+[H(x,p).L]=[H(xp).L]=0
SE o (5.30)
L ol o oo e
E:E{H (X, p),L]z—Cp"Jr[H(X, p),LJ—O

with Poisson brackets defined respectively by

(5.31)
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It suggests that, when the brackets with the Hamiltonian vanish, the generalized angular momentums of mov-
ing photon will be constant.

6. Toward a Dirac Typical Equation

In this section, our aim will be try to construct a Dirac typical equation to describe the motion of photon. Along
the way, we shall encounter some challenges, which ultimately will force us to a recasting of Dirac equation.

6.1. Generalized Dirac Equation

To combine relativistic invariance with quantum mechanics, let us to write out the generalized Dirac Hamilto-
nianof H =ca-p+Am,c® and the generalized Dirac equation (GDE)

ih%// = —itca - Vy + pm,Cly (6.1)

with an explicit representation of Hermitian 4x4 matrices given by

. 0 o|| 0 il 10
Ao 8l o
ol ol )

1 0]'li 0]|0 -1
in term of the 2x2 unit | and Pauli o matrices, and «*, S are proposed to be anticommuting matrices of
square equal to one:

(6.2)

(o)

{a“.a"}=0, foru=v
(6.3)
{0?",,6’}:0, af=ay =al =a, = =1
To study the interaction of a Dirac particle with an external MEF characterized by potential A, , we need to
write the covariant from of GDE, that is
iny™o,w—mycy =0 (6.4)

where the » matricesare relatedto @ and g through

e[S <) 4 )

with »° Hermitian, »* Antihermitian. The relevant coupling can be obtained from the free GDE through the
coupling prescription 9, — 0, +ie/(ch)A, , that is

7" (icho, —eA, )y —myc’y =0 (6.6)
Multiplying it by the operator [y"‘ (icno,, —eA, )—mocz] yields
(in0, —eA, ) y —ceQ™F, .y —micy =0 (6.7)
with a generalized spin tensor defined by
. yxy QF @
Q™ :%[7"‘,7”] =" 0 O (6.8)
- -Q° 0

whose components read

(6.9)
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The 10 matrices of Q™ plusing the 5 components of »™ and scalar | just constitute a set of 16 linear in-
dependent 4x4 matrices. Therefore, the spin coupling term can be written as

ceQ™F,, =2ce(Q-B+Q"-e+Q° - E + Q%) (6.10)

When the polarized fields neglected (i.e. e >0, b—0), it will tend to the usual result [30].

6.2. Dirac Typical Equation of Free MEW

It is easy to find the similarity between Hamiltonian (5.29) and the Dirac formation. This similarity would pro-
vide us a very useful analytical device to study the angular momentum of photon from standpoint of Dirac
theory. Thus, based on the fact that, the 3rd component of photon spin is always parallel to its momentum p
(i.e. p,=p, =0),and no zero spin photon existing, we introduce the following 6x6 hermitian matrices

. 100
- 0 = 0 i
A= +=|/0 0 0
T 0f'|-H O
0 01
. (6.11)
3 010 -i 0|1 0
T= 72 10 14, ,{0 0
010 0 0 -1
and write the generalized Hamiltonian operator of photon as
ﬁ:cﬂ-ﬁ:c(Asz+A¢p¢) (6.12)
where, p, =p, =0,andthusonly A,, A, arerequired to be anticommuting, namely
(A, A} =0, A2=A]=+ (6.13)
Now, it is easy to find that, the generalized angular momentum of photon L™ = x"p" —x"p™ is not com-
muting with H
o
in 9L C g e - —ich(A*p" - A" p*)

dt pl = p2 = 0 (6.14)

s
d;t = L“H — HL*® = —ichA“ p°

To meet the requirement, we introduce the T" matrices

s[5 S SHo S

in

{r",rf=-27™,  mn=345 (6.15)
4 + 0
o —+
and define the generalized spin tensor of photon by ™ = ih[Fm,F”]/Z , With
0 ., [= 0
O=h , O =n
0 X 0 =
(6.16)

(0°,6°) - (r{—?z _ﬂ’ ;{—i ZD

The definition allows us to treat the total angular momentum L[mn (™ +®™ as a conserved quantity rather
than L™ . This conversed condition requires
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0 0 A,p, 0 0
. " 0 0 -A,p, 0 0
d(jt :_d;t =c|—p,A, P,A, 0 AP, —P.A, APy (6.17)
0 0 A¢ p,— p¢AZ 0 A¢ P
| 0 0 —-PA, -PAy 0

implying five conserved components, namely

de, do; do) de’ do; o
dt  dt dt dt dt

(6.18)

Accordingly, MEWSs behave like relativistic particles in the sense that their angular momentum transform like
the energy-momentum vector of a particle. The situation suggests the conversation law of angular momentum
should be modified as: the nature of MEWSs is no longer to keep the generalized L™, but the total
Lt =L™+®™ (including photon spin ®™) constant. This means, only the quantities of commuting with
Hamiltonian H , will be the electrodynamic constants.

To study the physical implication of the Hamiltonian (6.12), we introduce a 5-dimensional bispinor
A" = A,A,(D) to describe the massive electromagnetic potential, and propose the following Dirac typical equ-
ation (together with a modified Lorentz condition)

m

i +icA-VA™ =0

(6.19)
0,A" =0(0, =0, =0)

m

We here emphasize: 1) The components of A™ must satisfy the Klein-Gordon equation, meaning a plane
MEW with E? = p%c? (ie. E= J_r\/pzc2 +1%k2c?/R? ) is a solution. 2) There exists a 5-current density which
is conserved and whose firth component is a positive density of photon. So that, in the 5-dimensional represen-
tation (6.15), A™ may be written as

Am
A" :[ * ] (6.20)

A"

in terms of two-component spinors A" and A", which satisfy

OA” .
——=—CZ-VA" -i-0,A"
ot (6.21)
OA™ no m
=—CX-VAT +i0,AT
Solving the equation gives its eigensolutions and the corresponding eigenvalues (shown as Table 1).
Table 1. The eigensolutions of Equation (6.21).
Eigenvalues Eigensolutions
H p p h A" = gAY (X, Y,2,4.1)
. Z. |(pzz+,?¢fE|)
E p, +h +h Al =A] [ié‘zje
- i(p,z+pg+Et)
-E P, +h +h A=A [+3)‘i]e7n

where, the spin states y, and the helicity operator h read respectively.

OALibJ | DOI:10.4236/0alib.1101732 20 July 2015 | Volume 2 | e1732


http://dx.doi.org/10.4236/oalib.1101732

Q. K. Yao

o) (6.22)

the parameter 9 equal to

°= c(Rk, +ik) Ro (6:23)

R C(isz _”Z) L ko> k/m
R

From the above, we find a 4D mixed representation of consisting of the energy symbol (+) and the spin chi-
rality (z.),thatis

1 0 -a 0
0 0 0 0
0 1 0 a
Zo=|al = o X7 ] 7| (6.24)
0 0 0 0
0 -a 0 1
Then by Equation (6.19) and its conjugate form
i oA, +iCcA'V-A=0 (6.25)
ot
we get conservation equation
n, oo R
E+V' J,=0, n =ATA", ] =cA AA (6.26)

The number density of photon n, is positive, and the density current j;" = (L/c,ny) transforms as a ge-
neralized Lorentz 5-vector.
It is interesting to notice the equivalence between the covariant form of Equation (6.19)

ire,A"™ =0 (6.27)
and the homogeneous d’Alembert’s, 8"9,A™ =0. This equivalence allows us to express formally the MEF ten-
sor as

1
F™ =—(o"A"-0"A" (6.28)
=l )
including the stress-energy one
T™ =5 F™F" — ™, = %F"‘" Fo. (6.29)

For plane MEWSs of A" = (AX,O,AZ ,A,d)) propagating along z-axis, we have Lorentz condition

iK - o

ik, A, +——A-—®=0 (6.30)
R c
and then get the nonzero field components (corresponding to Equation (3.22))
E, =ivioA,, E,= i\/i(a)AZ —ck,®)
w
19
B, = ick, \/EAX, PLLLLE \/z (oA, —ck,®) (6.31)
10} k w
ick i/Ficos
L.y LV T )
R Vo ck
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followed by the energy density

w:%(lz*-E+B+-B+b+b+e*-e)=A;thm =nho (6.32)

identical to expressions (3.23) and (6.26). The transverse and longitudinal fields in (6.31) represent respectively
PTW and PLW, and coexistence of the both will bring us LTMW.

Up to now, we have transformed GMEs into Dirac form, which practically identical but conceptually different
with the usual electrodynamics, looks upon MEWSs from a viewpoint of quantum physics: MEWSs are nothings
but a collection of a large number of massive photon with unit spin, which can be described by a Dirac typical
equation. Importantly, we find a new route that can be followed to study the motion of photon in the mathemati-
cal clothes of Dirac theory.

7. Summary

In this paper, we have made a special effort to illustrate the physical consequences of vacuum polarization. This
practice could provide a direct pathway to develop Maxwell’s theory, and the development has leaded to many
surprising results. To sum up, these results are:

1) The starting point of our work is to establish a set of new EFEs by the mechanism of vacuum polarization,
which is expressed in generalized space with an added dimension identified with the spin phase, hence possess-
ing gauge invariance. These equations could give us a complete and self-consistent description of electromag-
netic phenomena.

2) The effects of massive photon were incorporated into electromagnetism straightforwardly through GMEs,
which can be used to consider some physical implications, such as deviations in the behavior of static electro-
magnetic fields, the dispersion of light, the polarized states of MEWSs and the Hubble redshift. In particularly,
we emphatically discuss the field structures of three typical MEWS, i.e. the pure transverse, pure longitudinal
and longitudinal-transverse mixed waves.

3) By a modified relativistic postulate of that: The generalized speed of light is a constant c, we develop the
special relativity into a 5-dimensional Lorentz symmetric form; this form contains two natural constants: a ve-
locity constant ¢ and a length constant R . It shows that, all the relativistic problems could be considered in a
space-phase-time manifold, whose components just correspond to the linear momentum, spin and energy of
moving particle. In this way, the particle spin goes into the motion equation.

4) To guarantee electrodynamics to be covariant, we have written entirely the fundamental equations of the
subject in terms of Lorentz tensors, whose components change under a Lorentz boost, but whose essential tensor
character does not change. The covariant notation provides a powerful way to organize the conservation laws of
electromagnetism for the linear momentum, angular momentum and energy, including a further revisiting by
Lagrangian method.

5) By reevaluating the similarity between the energy form of photon and the Hamiltonian of Dirac particle,
we constructed a Dirac typical equation for free massive photon. The plane wave solutions of the equation are
presented, which could bring a significant change to electrodynamics.

Finally, let us review the developed electrodynamics. The original equations (i.e. MES) were not accurate and
had to be reformulated. The modified equations (i.e. GMES) were involved in a generalized field formulation.
This field formulation always gives the same results when applied to the different frameworks, and thus the Lo-
rentz covariance is guaranteed.
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