Journal of Applied Mathematics and Physics, 2016, 4, 1143-1156 ‘o’o Scientific

Q2
Published Online June 2016 in SciRes. http://www.scirp.org/journal/jamp ’Q::‘ sﬁzﬁ:mgg
http://dx.doi.org/10.4236/jamp.2016.46119

A Numerical Method for Nonlinear
Singularly Perturbed Multi-Point
Boundary Value Problem

Musa Cakir, Derya Arslan
Department of Mathematics, Faculty of Science, University of Yuzuncu Yil, Van, Turkey
Email: cakirmusa@hotmail.com, ayredlanu@gmail.com

Received 25 April 2016; accepted 26 June 2016; published 29 June 2016

Copyright © 2016 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

Abstract

We consider a uniform finite difference method for nonlinear singularly perturbed multi-point
boundary value problem on Shishkin mesh. The problem is discretized using integral identities,
interpolating quadrature rules, exponential basis functions and remainder terms in integral form.
We show that this method is the first order convergent in the discrete maximum norm for original
problem (independent of the perturbation parameter ¢). To illustrate the theoretical results, we solve
test problem and we also give the error distributions in the solution in Table 1 and Figures 1-3.
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1. Introduction

In this paper we shall consider singularly perturbed multi-point nonlinear problem

—g2u"+ f(x,u)=0, 0<x<1, @
u(0)=0 )
kou (1) = 'm Kiu(s;)+ K :u(x)dx+d (3)

f(x,u)eC*([0,1]xR), gf—u(x,u)2a>0, s,€(01), i=1--,m, ky=0
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where, 0< ¢ <1 issmall perturbation parameter. The solution u(x) has boundary layersat x=0,x=1.

Singularly perturbed differential equations arise many applications such as, fluid mechanics, chemical-reactor
theory, the Navier-Stokes equations of fluid flow at high Reynolds number, control theory, electrical networks,
and other physical models. In recent years, singularly perturbed differential equations were studied by many au-
thors in various fields of applied mathematics and engineering. For examples, Cziegis [1] studied the numerical
solution of singularly pertiirbed nonlocal problem. Cziegis [2] analyzed the difference schemes for problems
with nonlocal conditions. Bakhvalov [3] investigated on optimization of methods for solving boundary-value
problems in the presence of a boundary layer. Amiraliyev and Cakir [4] applied the difference method on a
Shishkin mesh to the singularly perturbed three-point boundary value problem. Amiraliyev and Cakir [5] re-
searched a uniformily convergent difference scheme for singularly perturbed problem with convective term end
zeroth order reduced equation. Amiraliyev and Cakir [6] studied numerical solution of the singularly perturbed
problem with nonlocal boundary condition. Amiraliyev and Duru [7] estimated a note on a parameterized singu-
lar perturbation problem. Amiraliyev and Erdogan [8] studied uniform method for singularly perturbed delay
differential equations. Amiraliyeva, Erdogan and Amiraliyev [9] applied a uniform numerical method for deal-
ing with a singularly perturbed delay initial value problem. Adzic and Ovcin [10] studied nonlinear spp with
nonlocal boundary conditions and spectral approximation. Amiraliyev, Amiraliyeva and Kudu [11] applied a
numerical treatment for singularly perturbed differential equations with integral boundary condition. Herceg [12]
studied the numerical solution of a singularly perturbed nonlocal problem. Herceg [13] researched solving a
nonlocal singularly perturbed problem by splines in tension. Cakir [14] studied uniform second-order difference
method for a singularly perturbed three-point boundary value problem. Geng [15] applied a numerical algorithm
for nonlinear multi-point boundary value problems.

In this study we present uniformly convergent difference scheme on an equidistant mesh for the numerical
solution of the problem (1)-(3). The difference scheme is constructed by the method integral identities with the
use exponential basis functions and interpolating quadrature rules with the weight and remainder terms in
integral form [5]-[7]. In Section 2, the asymptotic estimations of the problem (1)-(3) are established. The differ-
ence scheme constructed on Shishkin mesh for numerical solution (1)-(3) is presented in Section 3 and in Sec-
tion 4. We prove that the method is first-order convergent in the discrete maximum norm. In Section 5, a nu-
merical example is considered. The results show that the uniform finite difference method on Shishkin mesh is
more powerful method than other methods for nonlinear singularly perturbed multi-point boundary value prob-
lem.

2. The Continuous Problem

In this section, we describe some properties of the solution of (1) with Lemma 2.1. we use ||g||w for the conti-
nuous maximum norm on the [0, 1], where ¢ (x) is any continuous function.
Lemma 2.1.

Let f(x,u)eC'([0,1]xR) and Zf—u(x,u) is uniformly bounded in u(x). We assume that

Zm:kiwo(si)+km+1 Ulu(x)dx<k0 (4)

where w, (x) > |W(x)| , )
—&*w" +a(x)w(x)=0 (5)
w(0)=0, w(1)=1 (6)

solution of this problem.
So, the solution of the Equation (1) satisfies the inequalities

"U (X)"c[o,1] < CO (7)
and
—Vax —a(1-x)
|u'(x)|£C{1+%{e ¢ te ; ]} 0<x<1 (8)
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where, Cy and C are constants independent of ¢.
Proof. We rewrite the Equation (1). Hence, we use intermediate value theorem for f (x,u),

f(xu)-f(x0)_of

0 au(x,lg), J=yu, O<y<l

f(xu)=f (x,0)+u(x)%(x,3):—F(x)+a(x)u(x)

where a(x),F(x) are sufficiently smooth on [0,1],[0,1]xR and

?—u(x, 9)=a(x)>a >0, J-intermediate value.

Consequently, we obtain the following linear equation,
—eu"+a(x)u(x) = F (x). ©)

Now, let u(1)=A according to the Equation (3).
We can write the solution of the Equation (9) as follows

u(x)=v(x)+Aw(x) (10)
—eVv" +a(x)v(x)=F(x) (11)
v(0)=0, v(1)=0 (12)

where v(x) is solution of the Equations (11), (12).
First, we prove the estimate v(x),

v(X)|[ < (0)+v(@)[+at|F], <C, (13)
Second, we prove the estimate w(x),
[w(x)| < [w(O) +[w(2) +a* 0], <2. (14)

According to the Equation (4), 4 is a finite number. Then, from the Equations (13), (14) we have the following
inequality

(<] o) <€+ 4
u(x)|<C, (15)

we now prove the estimate the Equation (8).
If u”(x) ispulled from the Equation (9), we obtain

(%)= 5[ F (x)-a(x)u(x)] (16)
and from the Equation (16)
lu"(x)|< g—lz[F (x)-a(x)u(x)] <=- (17)

Now, we take derivative of the Equation (9) and if it called u’(x)=v,(x), the Equation (9) takes the form with
boundary condition

—&’vg +a(X)v, (x) =2 (X) (18)
u'(0)=v,(0)=0, u'(1)=v,(1)=1. (19)

Now, we proceed with the estimation of &(x),u’(0),u’(1), respectively, from the Equation (7)
B(x)=F'(x)-a'(x)u(x)<C,. (20)
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We use the following relation for g e C*[0,1],

g'(x) = g(ﬂﬂ):i(“) _jjbf_‘; —To(x—t)}g”(t)dt, a<x<f, a<p (21)

where

1, x-t>0
To(-8=14 y_t<0

the Equation (21) with the values g(x)=u(x),a=0,8=¢,x=0 and from the Equations (7)-(17)

o)<

&
In a similar manner, the Equation (21) with the values g(x)=u(x), @ =1-¢, =1 x=1 and from the Equa-
tions (7)-(17)

, C
u”(t)|dt <= (22)

o ur(o)a< S, (23)

1-¢ &

1)—-u(l-
v (g)<@-va-2)
£
We write the solution of the Equations (18), (19) in the form,
Vo (X) =V (X) +V, (X)

where v, (x),v,(x) are respectively the solution of the following problems,

-t/ (x)+a(x)v, (x)=2(x) (24)
v,(0)=0, u'(1)=v,(1)=0 (25)
—&%vy (x)+a(x)v,(x)=0 (26)

v, (0)=|vy(0)], u'(1) =v, (1) = |v0 (1)|
According to the maximum principle in the Equations (24), (25), we can the following Barrier function,
i (X) =3 (X)+a B (x)|. -

This Barrier function provides the conditions of the maximum principle and

v, (x)<C.
In a similar manner, according to the maximum principle in the Equation (26), we can write
v, (x)<6(x)
where 0(x) is the solution of the following problem with constant coefficient,
-£%0"(x)+af(x)=0 27)
0(0) =P (0) < <. 0(1) = (1] <= @)

where a(x)>a >0 and the solution of 6(x) as follows,

~a(tx)  Jalx) —Jax - Jax
vw(0)je ¢ -e ¢ +v0(1)[e £ —g ¢ ]
= (29)

]

after some arragement, we can obtain,




M. Cakir, D. Arslan

(30)

Finally, from u’(x) =V, (x), [v; ()| <C, 8(X) <V, (X), vy (X) =V; (X) +V, (X), we have the following inequality,

E

|u’(x)| =|vO (x)| s|v1(x)|+|v2 (x)| <C +%{e ¢ +ef]

1 _~Nax 7“/3(1‘)()
<C:l+=|e ¢ +e *
&
which leads to the Equation (8).
3. Discretizaton and Non-Uniform Mesh
Let us consider the following any non-uniform mesh on [0,1] ,

Oy ={O:x0 <K << Xy <Xy =LizLh =% =X, X, =5, N, :%}

We present some properties of the mesh function g(x) defined on @, , which is needed in this section for
analysis of the numerical solution.

g;i=9 (Xi)
_G9ia—9 _9 9%
gx,i - hi+1 1 gx,l hi
_9ia—0
O = 7 —
g = 90 = 0% _1(Gu—-06 Gi—9y
. h h hia hy
hi:Xi_Xi—l' hi:m
2
lall. =loll. 5, =max|a].

Now, We will construct the difference scheme for the Equation (1). First, we integrate the Equation (1) over
(Xi—l’ Xi+l) '

- () ()0 11 () ()06 =0, 1=EN L @
Xigq %

where {goi (x)} i=1,N -1 are the linear basis functions and having the form

o (x)= X“Xa oy <x<x,

h,

(Pi(x): goi(Z)(X):%' X <X <X,
i+1

0, X & (%10 %)

)

¢’ (x) and ;oi(z)(x) are the solutions of the following problems,

—&%9p"=0 (32)
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?(%4)=0, o(x)=1 (33)
—&%9p"=0 (34)
?(x)=1 ¢(x,)=0. (35)
If we rearrange the Equation (31) it gives
—gzhi‘ljxtzlu"(x)wi (x)dx+}'zi‘1j:i:1 f(xu)g (x)dx=0, i=1,N-1 (36)
After doing some calculation
&h j (x)dx+ f (x,u)+R =0, i=LN-1 (37)
where
R =] dxp, (X)I:i:l;_x f(xU)K;(x,&)dE, i=LN-1 (38)
and

« Xiq — X - Xig — X
Ko (ny) :To(x_‘f)_To (%_éj"'(xiﬂ_xil) l(Xi+l _5)0(%_)()-
So, from the Equation (37), the difference scheme is defined by
&g, + f(%,u)+R =0, i=L,N-1 (39)

Now;, we define an approximation for the second boundary condition of the Equation (1). We accepted that X, is
the mesh point nearest to s, .

Zk Uy, +km+l u(x)dx+d
i=1

. " (40)
= ki, +km+{2h,uI +r,}+d
i=l i=1
where remainder term
N % d
f=2f, (Exa) g u(€)de (41)

By neglecting R;, r, inthe Equation (39) and the Equation (40), we suggest the following difference scheme for
approximating the Equations (1)-(3)

—&%yg + f (%, %)=0, i=1, (42)
KoYy = Zk Y, +km+lzh y; +d. (44)

We will use the Shishkin mesh to be s-uniform convergent of the difference scheme the Equations (42)-(44).
So the Shishkin mesh divides each of the interval [0,c] and [o,1-c] into N/4 equidistant subintervals
and [1—0-,1] into N/2 equidistant subinterval, where o and 1-o are transition points which are defined
as

o= min{%,(\/g)lgln N}

if h®, h® and h®, respectively, are the stepsize on [0,c], [0.1-c] and [1-o,1]. We have as
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N N N
OENC)
(h ;h ):% hY =h® <N, N*<h® <N
@y = xlzlh(l),lzo,ﬁ,h(l):d'—a;xi=o-+ i-Npe N g 3N
N 4 474
2(1-2
h® = ( N 0); =1 a+(| %)h“) i:ﬂ+l,N,h(3):4—o-}

where, N is even number, o «1.

4. Error Analysis

Let z=y-u, xeWw,, which is the error function of the difference scheme the Equations (42), (43) and the
solution of the discrete problem

lz=—c%2, +[ (%, %)-F(x.4)]=R, i=L,N-1 (45)
z,=0 (46)
m N R
Kozy =Y kizy +Kpy Dz =1, i=LN (47)
= =

where R, r, are defined in the Equation (38) and the Equation (41).
Lemma 4.2. Let z, be the solution of the Equations (45)-(47) and approximation error R, and r,. Then
there are the following inequalities,

IR] 5 <CN“InN (48)
I"[,q, SCNTINN (49)
Proof. We evaluate the Equation (38) and the Equation (41), respectively

R :hiflj::dx;oi (x)-[i; o (x,u)Kq (x,&)dé

1 (X Xi+l of f,U(f) 61: du 5
Rl [ 0, (x)dx N (ag )+a_u d(g)

%is1 1| == 77\/;(1#)
R[<Cq[” Le~le © +e © | dx. (50)

In the beginning, we consider the case o =1-o :% andso x €[0,0],

Consequently,

1 / ! SN N ¢ BN ) I 1
< ( 0{) eInN, h=h h h N
it then follows from the Equation (50) that

|Ri|sc{h+1jx‘“dx}sc{h+g-1h}sCN-lm N, 1<i<N. (51)
&

Xi1
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Second, we consider the case o = (\/E)_lgln N , and so %> (\/Z)ilg InN , we estimate Rjon [0,0], [0,1-0]

and [1-o,1], respectively.
In the seperate [0,o ], the Equation (50) reduces to

Rl<C(1+e)h <C(1+67) 2T <ON NN, 1<i< 21,
N 4

In the seperate [o,1-c], the Equation (50) reduces to
—axiy —Vaxiy —Va(1-%.1) ~a(1-%.1)
+le ¢ ¢

IR|<C h(2)+(\/5)1{[e :o—g ¢ : -

SC(1+5‘1)4WGSCN‘lIn N, 1si<%—1

where for x, :(\/E)flgln N +(i —%) h®,

X1 :(J;)’lgln N +(i —1—%}%”, X1 :(\/E)’lgln N +[i +1—%)h(2)

and so
—axiy —axiy
e ¢ —e ¢ <N&

Analogously for x, =1-o + (i —3TNJ @,

xi1=1—a+(i—1—ﬂ h®, xi+1:1—a+(i+1—ﬂ h®
4 4
thus
—a(1-%.) —a(1-x4)
e ¢ —e ¢ <N7*

according to the Equation (54) and the Equation (55), we can rewrite the the Equation (53)
R|< c{h<2> (V) [N N‘l]} <CN7

In the seperate [1- o,1], the Equation (50) reduces to
|a|sC@+g4yﬁ)sc@+g4)ﬁZSCN4WnN,§ﬁ+1sisN.
N 4

The last estimate is for X, and X/,
We rewrite the the Equation (50) for i =7

W, 1 —Jax o (1-x)
st‘ 1+=|e ¢ +e ¢ dx b

XE g

4

We take integrate in the Equation (58) and so

Ry

4

<CH Xy —Xy ———F
N TN T

(52)

(83)

(54)

(55)

(56)

(57)

(58)

(59)
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where

e ¢ —-e ¢ <N
we rewrite the Equation (59) with the Equation (60) and the Equation (61), thus,

Ry

4

sc{m —xN+2N1}sc{N”+Nl}SCN1mN
-1 =
4 4

where h® = 2(1—(@)_1gln N).

. - . 3N
We use in a similar way as above for i = and so

Ry, |<CNInN.

4

Next, we use estimate for the remainder term r:
From the Equation (41) we can write

|ri|sﬁl“j:ii1(x—xi1);—xu(x)dx < iNzlhi'f:iilu'(x)dx

from the Equation (8)

N 1| Zlex el .
|ri|thij"C 1+=|e ¢ +e ¢ dx, 1<i<N
ia it

£
N/4 , 1 —Jax —Ja(1-x) 3N/4 " 1 —ax  —a(-x)
f<> " 11+=e @ +e - dx+ > [ [1+=le ¢ +e - dx
i=1 %1 & i=N/4+1 ¥l &
N o) % 1 ~ax  —a(l-x)

+ h()j' 1+=|e ¢ +e ¢ dx

. Xi_1

i=3N/4+1 ! &

=h¥ N (1+ lj dx + h(z)_[H (1+£] dx+h® Ll (1+ 3) dx
& ° & d &

g|<c[h®+h® @ ]<C[NT+2NT+NT|<CN
Lemma 4.3. Let z; be solution of the Equations (45)-(47). Then there is the following inequality,

[2), o, <C[IR., +Irl}

Proof. Rearranging the Equation (45) gives

IZE—SZZYM +a,Z = Ri! i=LN-1
where
oF
a, :8—u(ti,ui +77), 0<y<1

according to the proof of Lemma 2.1, we can use the maximum principle, and so it is easy to obtain,

()

(60)

(61)

(62)

(63)

(64)

(65)
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2, <[zl + @ (IRl +Irl

m N

ZkizNi +ky D bz +d -,
i=1 i=l

<a* (IR, ) <C[IRL.., +I]

Conclusion 4.1. We know that the solution of the Equations (1)-(3) is u(x) and the solution of the Equations
(45)-(47) is y,. Then Lemma (4.2) and Lemma (4.3) give us the following convegence result

Iy _U"ao‘wN <CN7*InN. (67)

< ca*(|Rl.,,, +h) (66

5. Numerical Example

In this section, an example of nonlinear singularly perturbed multi-point boundary value problem is given to
illustrate the efficiency of the numerical method described above. The example is computed using maple 10.
Results obtained by the method are compared with the exact solution of example and found to be good agree-
ment with each other. We compute approximate errors e, e" and the convergence rates p! on the Shish-
kin Mesh @, for different values of ¢, N.

Example 5.1.

We solve the difference scheme the Equations (42), (44) using the following iteration technique,

e | m | 26 o | m.| & |m
. | Yiin T —\ X Yi i | i+
{hihi}y.l {h_h_ e LD IR e

i+l f i+l (68)
_ ) 0 )
:f Xi +f Xilyi(n l) _yi(n l)_ Xiiyi(n 1) ’ Izll”'lN_ll n:1’2'”'
() £ (1) Z (x™)
m N
W =0, koYl = kv ki >y +d (69)
i=1 i=1
gz} (n) {252 of <n—1)} (n) { & } (m)
— vy - +—(xi,yi ) Vi '+ /| Via
|: hi hi hi hi+1 ay hi hi+1 (70)

= 100 () 0, i=1eN 1

YN = Mo Yn :/un—l_l

where

Yn = Ha Mo =G, 21
2

The system of the Equations (68)-(70) is solved by the following procedure,

2
A:g_!Bi: > Ci= 2 +i<xi!3’i(nil))’
hh B hh,, oy

ot (53 )y

()

%(Xi'yi(n_l))
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o =0,p4=0

AN, =0, ﬂﬁﬂ = Hn
2 2
Bi A+1=E+Aﬂiri=ly"',N_1

Ci—-Ag

ai+1 = ’
Ci—-Ag

W =@+ Ay =05i=N -1 21,
It is easy to verify that
A>0,B >0,C.>A+B,i=1-,N.

For this reason, the described procedure above is stable. Also, the Equations (42)-(44) has only one solution.
Now, we consider the following test problem,

—e2u"+u?(x)- f(x)=0, (71)
u(0)=0 (72)
u(1)=u(0.5)+d (73)

which has the exact solution,

In the computations in this section, we will take « =2,d =-1 the initial guess in the iteration procedure is
yi(o) =0.5. The stopping criterion is taken as

n+1)

<107,

max| /" - y{"
1

The error estimates are denoted by
N
e = "y - u"w,aN
and

e" =maxe).
&

eN
PEN = |Og2 (EZ—NJ

The numerical results obtained from the problem of the difference scheme by comparison, the error and uni-
form rates of convergence were found and these are shown in Table 1. Consequently, numerical results show
that the proposed scheme is working very well.

The results point out that the convergence rate of the established scheme is really in unision with theoretical
analysis.

From the graps it is show that the error is maximum near the boundary layer and it is almost zero in outer re-
gion in the Figure 3. Approximate solution compared with exact solution in Figure 2. Approximate solutions

are given for different values of ¢ in Figure 1.

The convergence rates are
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Table 1. The computed maximum pointwise errors e" and e?", the numerical rate of convergence p" on the Shishkin mesh @, for
different values of N and ¢.

N degerleri
&
8 16 32 64 128 256 512 1024
10 0.1350816058 0.0761888740 0.00435607918 0.00246466665 0.00133500352 0.0065502193  0.0026594582 0.0008027767
p=0.826 p = 0.806 p=0.821 p = 0.884 p=102 p = 1.300 p=172 :
o1 0.1365365902  0.0778089349  0.0454015276  0.0267503827  0.0157072143  0.0090342052  0.0049452671 00024447312
p=0811 p=0.777 p=0.763 p=0.768 p=0.797 p = 0.869 p=1016 :
o4 0.1369028476  0.0782173980  0.0458717849  0.0273010175 0.0163561085 0.0097927781  0.0058067718 0.0033601955
p = 0.807 p=0.769 p=0.748 p=0.739 p=0.740 p=0.753 p=0.789 :
16 0.1369926017  0.0783189688  0.0459894145  0.0274402097  0.0165223717  0.0099918880  0.0060447308 0.0036407030
p = 0.806 p=0.768 p=0.745 p=0.731 p=0.725 p=0.725 p=0.731 :
18 0.1370138364 0.07834719995 0.0460165306  0.0274742487  0.0165639692  0.0100425784  0.0061060714 0.0037143751
p = 0.806 p=0.767 p = 0.744 p=0.730 p=0.721 p=0.717 p=0717 :
720 0.1370841205  0.0783970437  0.0460092097  0.0274772611  0.0165727285 0.0100552118  0.0061220254 00037341617
p = 0.806 p=0.768 p=0743 p=0.729 p=0.720 p=0.715 p=0713 :
o2 0.1369241824  0.0784855980  0.0460110587  0.0274794446  0.0165923346 0.0100583725 0.0061258653 0.0037388392
p = 0.802 p=0.770 p=0743 p=0727 p=0722 p=0715 p=0712 :
o2 0.1370859052  0.0783990459  0.0460605903  0.0275085873  0.0165929886  0.0100693779  0.0061330123 0.0037437729
p = 0.806 p=0.767 p =743 p=0.729 p=0.720 p=0.715 p=0712 :
22 0.1370859946  0.0783991464  0.0460607056  0.0275087238  0.0165931517  0.0100695762 0.00613332523 0.0037440664
p = 0.806 p=0.767 p=0.743 p=0.729 p=0.720 p=0.715 p=0.712 :
LOqrz "'rnl
:f epsilon=1/16 M
I+ epsilon=1/64 N
0.73 1 epsilon=1/256 *
] epsilon=1/1024 ]
0.5 1
1 ]
-+
0.25 y
0. O ] T T LI B T T T T LI B B T T T T T
0.0 0.25 0.5 0.75 1.0

X

Figure 1. Approximate solution distribution for ¢ = 27% 27¢, 278 27%% ysing N = 256.

1.0

approximate solution = black
exact solution =red
epsilon=1/16384

RS EEREEESLIEISLLL

0.0

0.0

LI S B B NN B N B BN NN S BN B N N BN BN B

0.25

0.5
X

0.75

—
(=]

Figure 2. Comparison of approximate solution and exact solution for & = 27,



M. Cakir, D. Arslan

—
(=1
|

—
n

—_
(=]

2009 4 & g

ges 0 8 @ © 0

5
3

?

200006 s S
G v a0 T

wn

0.0 0.25 0.5 0.75 1.0

Figure 3. Error distribution for e = 272, 278, 272%, 272 using N = 256.

6. Conclusion

Consequently, the aim of this paper was to give uniform finite difference method for numerical solution of non-
linear singularly perturbed problem with nonlocal boundary conditions. The numerical method was constructed
on Shishkin mesh. The method was pointed out to be convergent, uniformly in the e-parameter, of first order in
the discrete maximum norm. The numerical example illustrated in practice the result of convergence proved
theoretically.
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