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Abstract

This paper considers the valuation of European call options via the fast Fourier transform and the
improved Mellin transform. The Fourier valuation techniques and Fourier inversion methods for
density calculations add a versatile tool to the set of advanced techniques for pricing and man-
agement of financial derivatives. The Fast Fourier transform is a numerical approach for pricing
options which utilizes the characteristic function of the underlying instrument’s price process.
The Mellin transform has the ability to reduce complicated functions by realization of its many
properties. Mellin’s transformation is closely related to an extended form of other popular trans-
forms, particularly the Laplace transform and the Fourier transform. We consider the fast Fourier
transform for the valuation of European call options. We also extend a framework based on the
Mellin transforms and show how to modify the method to value European call options. We obtain a
new integral equation to determine the price of European call by means of the improved Mellin
transform. We show that our integral equation for the price of the European call option reduces to
the Black-Scholes-Merton formula. The numerical results show that the tremendous speed of the
fast Fourier transform allows option prices for a huge number of strikes to be evaluated very ra-
pidly but the damping factor or the integrability parameter must be carefully chosen since it con-
trols the intensity of the fluctuations and the magnitude of the functional values. The improved
Mellin transform is more accurate than the fast Fourier transform, converges faster to the Black-
Scholes-Merton model, provides accurate comparable prices and the approach can be regarded as
a good alternative to existing methods for the valuation of European call option on a dividend
paying stock.
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1. Introduction

In the past decades, option pricing has become one of the major areas in modern financial theory and practice.
Since the introduction of the celebrated Black-Scholes option-pricing model, which assumes that the underlying
stock price follows a geometric Brownian motion (GBM), there is an explosive growth in trading activities on
derivatives in the worldwide financial markets [1]. [2] developed a fast Fourier method to compute option prices
for a whole range of strikes. This method makes use of the characteristic function of the underlying asset price.
The use of the fast Fourier transform method is motivated by the following reasons: the algorithm has speed ad-
vantage. This enables the Fourier transform algorithm to calculate prices accurately for a whole range of strikes.
The characteristic function of the log-price is known and has a simple form for many models considered in lite-
rature while the density is often not known in the closed form. Option values can be calculated numerically by
multiplying a payoff function with transition density of an underlying asset, then taking its discounted expecta-
tion with respect to an equivalent martingale measure (see [3] and [4]). This method of martingale pricing is of-
ten computed with respect to the space of the asset, despite often posing more challenging. In 2002, [5] pio-
neered the method of using the Mellin transform to solve the associated Black-Scholes partial differential equa-
tion for a European call option. Mellin transforms in option theory were also introduced by [6]. They derived
integral representations for the price of European and American basket put options using Mellin transform tech-
niques. [7] derived integral representations for the prices of European and American put options on a basket of
two-dividend paying stocks using integral method based on the double Mellin transform. They showed that by
the decomposition of the integral equation for the price of American basket put option, the integral equation for
the price of European basket put option can be obtained directly. The Mellin transform method for the valuation
of the American power put option with non-dividend and dividend yields respectively was considered by [8].
They used the Mellin transform method to derive the integral representations for the price and the free boundary
of the American power put option. They also extended their results to derive the free boundary and the funda-
mental analytic valuation formula for perpetual American power put option. For mathematical backgrounds,
sporadic applications of transform methods in financial contexts see [9]-[18] just to mention a few.

In this paper, we consider the valuation of the European call option via the fast Fourier transform and the im-
proved Mellin transform on a dividend paying stock. The rest of the paper is organized as follows. Section 2
presents overview of the Black-Scholes-Merton model. Section 3 considers some fundamental properties of the
Fourier transform and the fast Fourier transform method for the valuation of European options. In Section 4, we
present the Mellin transform, some basic properties and the application of the improved Mellin transform in the
theory of European call option valuation. Section 5 presents some numerical examples and discussion of results.
Section 6 concludes the paper.

2. Black-Scholes-Merton-Like Valuation Formula

We consider a market where the underlying asset price S,,0<t<T is governed by the stochastic differential
equation of the form

ds, =(r-q)S,dt+oS,dw,, 0<S, <o @)
where & is the volatility, r is the riskless interest rate, q is the dividend yield and W, is a one-dimensional
Wiener process. Standard arbitrage arguments show that any derivative u(s,,t) writtenon S, must satisfy

the partial differential equation [19].
Theorem 1 [15]: Let s denote the price of the underlying asset, o >0 the volatility, r the riskless inter-

est rate, n the power of the option, g the dividend yield and W, the Wiener process. If the underlying price of
the asset s follows a random process (Geometric Wiener process) in

ds; :[n(r—q)+%n(n—l)azjst”dwnast“dwt @
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Then the explicit formula for the evolution of the underlying price of the asset is given by
S?zsgexp[n( —q—%aij+naWT} 3)
Proof: Let
u=u(SI”,t)=In S/ (4)

Differentiating (4) we have
ou(s\t) 1 du(s!.t) 1 au(si.t)

oSS o(sty :_(st")z' a o ©)
Recall from Ito’s lemma and using (2) for any derivative u (St”,t) we have
du(St",t): u (;{‘,t)Jr f 6ué§::,t) +g726;u((8?”);t) dt+g%§’t) A (6)
From (2), we can write for
f :(n(r—q)+%n(n—1)azj8t",g:naSt" )

Substituting (4), (5) and (7) into (6) and rearranging the terms, we have

d(Insy) :((n(r—q)+%n(n—l)onSt” (S—lnndt

t
8
dt + oS, [iJ dw,
S

Therefore,

d(InSt”):(n(r—q)—%nazjdwnadwt )

. . . . . 1 .
Thus, Ins is a Brownian motion with drift parameter (nr —Enazj and variance parameter no?. To de-

rive an explicit formula for the evolution of the stock price, we integrate (9) from 0 to T to obtain

In(%):n(r—q—%aij+no—WT (10)

0
n n 1 2
ST =S, exp|n r—q—Ea T +noW; (11)
Equation (11) can also be written as
Sr=5; exp{n[r—q—%aij+naZ\/1_'} (12)
where Z ~ N(0,1). Therefore the stock dynamic follows a log-normal distribution. For n = 1, (12) becomes

S, =5, exp{(r—%azjnozﬁ} (13)

Equation (13) shows that plain vanilla option follows a log-normal distribution.
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Theorem 2: Let the underlying asset price s follows a lognormal random walk (geometric Wiener
process)

ds; =(n(r —q)+%n(n—1)02)8t”dt+ noSdw,

using the Ito’s lemma, under the standard arbitrage argument the Black-Scholes partial differential equation for
any derivative u (St”,t) on s for vanilla power option which pays dividend yield is given by

au(s/ t)

o%u(sh,t
- +n(%az(n—1)+(r—q)jSt”T+E(anSt”)2L

' —ru(snt (14)
o] ru(s.t)

Remark 1
1) Forn=1, (14) is known as the regular Black-Scholes-Merton partial differential equation which is given by
au(s,,t) ou(S,t) 1 ,.,0U(S,t)
ot

+(r—Q)Sta—St+§0’ S; T:ru(sl,t) (15)

2) If u(St,t) =U, (St,t) is a vanilla call option, then (15) becomes the Black-Scholes-Merton partial differen-
tial equation for a vanilla call option given by

B8 gy Dl ogp PO s a9
3) The solution to (16) is obtained as
Uy (S t) = SN (dy)e™™™ KN (d,)e" ™ 17)
where
In(féj+[r—q+022j(T—t) In(i‘j+[r—q—022](T—t)
d, = ,d, = =d,—o (T -t)

O'\/(T —t) 0'\/(T —t)

and N () is the commutative distribution function for the standard normal distribution

European Options

Definition 1

European is an option that can be exercised only at the expiry date with linear payoff. European option comes
in two forms namely European call and put options.

Definition 2

A European call option is an option that can be exercised only at expiry and has a linear payoff given by the
difference between underlying asset price at maturity and the exercise price.

Definition 3

A European put option is an option that can be exercised only at expiry and has a linear payoff given by the
difference between the exercise price and underlying asset price at maturity.

For a European option on the underlying price of the asset S, with exercise price K and time to expiry T, we
have the payoff for the European call option as

E (S, T)=(S; -K)’ 18)
The payoff for the European power put option is given as
ED(ST’T):(K_ST)+ (19)

Setting u, (S,.t) = E.(S,.t) in (15), then we have the Black-Scholes-Merton partial differential equation for

the price of European call option given by
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), gy Tl 1 PELRD g 20
with boundary conditions
E.(S,t) > asS, - on[0,T) (21)
E.(S,.t)—>0 asS, >0 on[0,T) (22)
and final time condition given by
E.(S;.T)=(S; -K) =g(S;) on[0,) (23)

3. Fast Fourier Transform Method for the Valuation of European Call Options

This section presents some fundamental properties of Fourier transform and the fast Fourier transform method
for the valuation of European options. The fast Fourier transform was first proposed by [2]. It ensures that the
Fourier transform of the call price exist by the inclusion of a damping factor. Moreover, Fourier inversion can be
accomplished by the fast Fourier transform in this case. The tremendous speed of the fast Fourier transform al-
lows option prices for a huge number of strikes to be evaluated very rapidly.

3.1. Fourier Transforms

Definition 4
Suppose f(x) is absolutely integrable in (—oo,o0), i.e. [|f(x)[dx<oo, then the Fourier transform of

f(x) is defined as

©

F(F(x))(k)=f(k)= [ f(x)e™dx (24)

—o0

The Fourier transform is a generalization of the complex Fourier series.
Definition 5

If f(x) issquare integrable, then the inverse Fourier transform of f(k) is defined as

f(k)e™dk (25)

—38

F(F(0)= £ (0=

8

3.2. Some Fundamental Properties of Fourier Transforms

Let the Fourier transform of f(x) be defined as F(f (x))(k) = f (k) then the following fundamental prop-

erties hold as follows:
1) Scaling Property

F(f(vx))= T f (vx)e™dx :ﬁ f(%) (26)

—0

2) Shifting/Translation Property

© ©

F(f(x=%))(k)= L f(x—x,)e™dx =J; f(z)e**d;

- (27)
=gl j f(z)e™dz=¢"f (k)

3) Fourier Transform of Derivatives
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0

F(%f(x))(k): [ (ik) £ (x)e"dx = ikf (k) (28)

—0

This process can be iterated for the n™ derivative to yield

F[;X f(x)J(k): T(ik)” f(x)e™dx = (ik)" f (k) (29)

—0

Thus, a differentiation converts to multiplication in Fourier space.
4) Convolution Property

F(f(x)*g(x))(k)= T T " f (x')g(x—x')dx'dx

= [ [(e™f (x')dx’)(e”‘(x'x')g(x—x’)dx)

. (30)
7O E—
= F(K)g(k)
where
f(x)*g(x)= ]O F(x)g(x-x)dx’ @
5) Linear Property -
F(af ()40 (00)(k)= [ (@ () +a,0 ()"
=4 Z f(x)e™dx+a, ]; g(x)edx 32)

~a,f(K)+a;f (K)

3.3. The Fast Fourier Transforms

The fast Fourier transform (FFT) is proposed by [20]. The fast Fourier transform is an efficient algorithm for
computing the discrete Fourier transform of the form;

N =27 .
m(p) =2 exp| —=Pi | p=123-N 33)
j=1

where N is typically a power of two. Equation (33) reduces the number of multiplications in the required N
summations from an order of N? to that of (N log, N)), a very considerable reduction. Let p and j be written

as binary numbersi.e. p=2p +p, and j=2j + j, with j, j,,p,, p, €{0,1}, then (33) becomes

()= 3 o0 2 (zp )21+ 1) 5,

Jo=0 j1=0 (34)
2p1+p0)(2 1+ o) 2001 p Jo(2P+0)
_JOZ_‘B;A e (1110 J()Z—;)le:A AT (Jljo)

The fast Fourier transform can be described by the following three steps as

1 .
(pO' Jo) Z X(io.in) A o a (,00. Jo) Z m' (po, Jo )AJO(ZW'”"),
0 =0 (35)

m(p0!p1): (p01p1)
Remark 2
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[20] showed that it was in fact possible to have the discrete Fourier transform evaluated with O (N log, N)
arithmetic operations. This O (N log, N) algorithm is called the fast Fourier transform. As a matter of fact, ef-

ficient methods for evaluating the discrete Fourier transform have already been devised as long ago as in 1805
by Gauss. However, the world was dormant until 1965. Figure 1 illustrates the huge differences between

O(N?) and O(Nlog, N).

The basic idea of the fast Fourier transform is to develop an analytic expression for the Fourier transform of
the option price and to get the price by means of Fourier inversion.

By means of a change of variables x =e™, dx=—e™'dt, it is observed that the Fourier transform bears a
striking resemblance to the Laplace and the Mellin transforms. In particular, if L(.) and M (.) denote the

two-sided Laplace and Mellin transforms respectively, then we have
F(f (e‘t)e‘a‘,ﬁ): L(f (e“),a)): M (f (x)a))

3.4. The Characteristic Function in the Domain of the Black-Scholes Model

The dynamics of the stock price S, in a risk-neutral Black-Scholes world follows geometric Brownian motion
with a non-dividend yield is of the form

dS, =rSdt+oS,dW,, 0<S, <
Utilizing the Ito’s formula we can explicitly solve for S; ;

_ ((r—O.So-Z)T+IogSO+o'\NT)

S; =e
from which we can see that S; is lognormally distributed. Hence for the characteristic function ¢ (v) of
logS; we have that

i((r—O.Scr2 )T+Iog So )V—O.SGZTVZ

or(v)=e
Computational Improvement FFT
2500 . . . . - . : - :
[ Nz
- Nlog N

2000 |- & -
|72}
=]
g

& 1500 | -
[=N
[}
2
g

£ 1000 -
ki
Gy
=}

& 500f -
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N

Figure 1. Huge differences between O(N?) and O(Nlog, N).
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3.5. Application of the Fast Fourier Transform for the Valuation of European Call Options

The Fourier pricing techniques and Fourier inversion methods for density calculations add a versatile tool to the
set of advanced techniques for pricing and management of financial derivatives. The Fast Fourier transform me-
thod is a numerical approach for pricing options which utilizes the characteristic function of the underlying in-
strument’s price process. This approach was introduced by [2]. The Fast Fourier transform method assumes that
the characteristic function of the log-price is given analytically.

Consider the valuation of European call option. Let the risk neutral density of s=IlogS; be f(s). The

characteristic function of the density is given by

©

¢r (v)= [ €™ f(s)ds (36)

—o0

The price of a European call option under the risk-neutral valuation with maturity T and exercise price K de-
noted by C, (p) isgivenby

C, (p)=e”TE[(St —K)+]=e”TE[(eS —K)ﬂ

=[e" (eS - K) f(s)ds=[e" (eS - K) f(s)ds
o »
where p is the log of the strike price K i.e.
p=log, K= K=e° (38)
Substituting (38) into (37) yields
C,(p)= Texp(—rT)(eS —eP) f(s)ds (39)
p

in which the expectation is taken with respect to some risk-neutral measure. Since

lim ¢ (K) = lim ¢, (e?) =5,

K—a p—>—0

The integral representation given by (39) is not square integrable, i.e. C; (ep)¢ L' as C, (e") does not
tend to zero for p — —oo . We consider a modified version of the call price in (39) given by

¢;(p)=e*C;(p),a>0 (40)

Equation (40) is square integrable in p over the entire real line. Using (24) and (25), we have that

©

F (o) =6 ()= [ e (p)ap @
(1) =6 (1) = | €76 ()P @

Substituting (40) into (41) we obtain a new call value in the Fourier transform domain as

& (V)= T e"e®C, (p)dp (43)

—0

Substituting (43) into (39) we have that

& (v)= T eiv"ea"]ie’rT (e —e”) f(s)dsdp = T e f (S)Te”"eap (e°—e”)dsdp
s P

—o p
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© ©

G (v)= [ e f(s)[e" (e —e”*)dsdp

— p

- T e f(s) j' e (e —ep*"p)dpjdp

—0

_ T e f (S) JS' e (e(a+iv)p _e(a+iv+l)p)dp]dp

—0 —0

o e(a+1+iv)s e(a1+1+iv)s
- je’” f(s) — . ]
- a+iv  a+l+iv
Since for a>0, lim |e"®P|= lim e(‘v*“)p‘: lim e(“)"‘:o.Therefore we have that
p—>—0 p—— p—>—

e Mo (v—-(a+1)i) _ e "o (v-(a+1)i)
(a+iv)(a+l+iv) a’+a-v’+i(2a+1)v

¢, (v)= (44)
where ¢, is the characteristic function of the log S; given by (36).

Remark 3

A sufficient condition for c. (p) to be square-integrable is given by ¢, (0) being finite. This is equivalent
to EQ(S$+1)<oo. [2] established that if the integrability parameter a =0, the denominator of (44) vanishes
when p =0, inducing a singularity in the integrand. Since the fast Fourier transform evaluates the integrand at
p =0, the use of the factor e* is required.

Now, we obtain the desired option price in terms of ¢ (v) using Fourier inversion of the form:

—ap © —ap ©

= j *R(e‘”péT (v))dv = e2n !iR(e‘”péT (v))dv (45)

—0

G (p)

Substituting (44) into (45) yields

q(p):g]om([ e-rT(pT(v—(a+1)i)VJewp]dv (46)

o (la®+a-v?i+i(2a+1)

By recognizing that the call price is real (even in real part, odd in imaginary). Due to the condition a, (46) is
well defined. After discretizing and using Simpson’s % rule, (46) can be computed numerically by means of

the fast Fourier transform as:

exp(-a(A(u-1)-h)) n “2mi(j-1)(u-1)) . ). ]
C (p,)= (2 . ))]Z;exp ( N)( ) +ibv, cT(vj)%[3+(—1)’—5HJ (47)
. NA 2n . . .
where v, =77(J—l),b=7,/1=77—N and &, isthe Kronecker delta function defined as
1 ifj=1
I 0 )
otherwise

Hence, the integration (46) is an application of the summation (33).
We formalized remark 3 in the following result below.

Theorem 3

Let a>0. The Fourier transform of ¢ (p) existsif ES* <o

Proof: We note that ESI* <0 =& (0) <o since
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¢T (_(a+1)|)| B e—rT ES-?+1

= (0)= _
¢ (0) a’+a a’+a

where

ES? = |pr (~(a+1)i)|= ‘Ee@“)")g%

From (42), we write that
& (0)= [ e (v)av

Combining this with ¢ (0) < completes the proof.

Remark 4
For the Black-Scholes model the integrand in (46) reduces to

exp(-0.50°Tv* +0.5a°c°T +as+aTr +0.50°Ta +5s)

(BS),

int a*+2a+2a?v?+a%?+2av? +v' +v? 9(aprseTv) (482)

where

9(a, p’r'S’U’TvV):(aZ+a—V2)COS((p—(02aT +S+1T +0.502T))v)
(48b)
_V(2a+1)3in((p_(O'ZaT+S+I‘T+O_50'2T))v)

From (48b), we can get more fluctuating integrand by increasing any of the parameters o,T,a,sand r. The
magnitudes of these fluctuations get larger which can be seen from the exponential term in (48a).

Remark 5

At this point it is unavoidable to comment on the choice of the integrability parameter a. A small value of a is
favourable since this reduces both the oscillations and the magnitudes hereof. However choosing a too small can
turn the integrand into a sort of impulse function, which is not tractable at all from a numerical integration point
of view. This follows from the fact that in the origin v =0, the Black-Scholes integrand in (48a) becomes

~ exp(O.SaZJZT +as+aTr+0.50°Ta+ s)(a2 + a)

(BS )int = 2 +2a° + a2 (48c)
Taking the limit of (48c) as a — 0 yields
) ) exp(0.5azo-2T +as+aTr+0.50-2Ta+s)(a2 +a)
lim(BS) =lim = (48d)
a—0 int a0 a*+2a+a’
Similarly (48c) tends to infinity as a —» o
_ _ [exp(0.5a°"T +as+aTr +050°Ta+s)(a’ +a)
lim(BS).  =lim - — =0 (48¢)
a a0 a*+2a’+a
On the other hand, for v >0 and by letting a — 0, the integrand (48a) becomes:
i S| i exp(-0.50°Tv +0.5a°6°T +as +aTr +0.50°Ta +s) .
im =lim a,prsol,v
i (BS ), = lim a*+2a’+2a’v? +a’ +2av’ +v* +v? 9(a.p ) (s

_ exp(-0.55"Tv +5) (v cos((p—m)v)—vsin((p - m)v))

v v?

with m=c%aT +s+rT +0.56°T .
Equation (48f) decreases very fast as a function of v because of the exponential term.
The following result shows how the Black-Scholes integrand attains its maximumat v=0
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Theorem 4
Let v>0. The Black-Scholes integrand

) 9{[ < fo-(as1)) J]

a’+a-v:+i(2a+1)v

i((r-0552 )T+ ~0.502Tv?
attains its maximumat v=0, where ¢ (v)= ({r-0se?]r-togsols-osery

Proof: From (48c) we have that

(BS), =

We see that (48c) is equivalent to

exp(0.5a°6°T +as +aTr +0.50°Ta +s)(a” +a)

a*+2a*+a?

, forv=0

(&0 (1)< exp(0.5a°”T +as+aTr+050°Ta+s)(a’ +a)
e ™™g (V)<

This follows since

a*+2a®+a?

(e () <le ™o (V] =1 (v
where
| a+1 |
| +a-vi+i 2a+1 v|

Moreover,

|(PT (a+1)i )| |((r—O.Soz)T(v—(a+l)i))V—O.SGZT(V—(a+l)i)2

Using (48j) and (48Kk), we have that

exp(-0.50°Tv* +0.5a°"T +as+aTr +0.55°Ta+s)

|¢T (v)|= |a2+a—v2+i(2a+1)v|

exp(-0.50°Tv* +0.5a°"T +as+aTr +055°Ta+s)
|(v—(a+1)i)||(v—ai)|

exp(0.5a°0°T +as+aTr +0.50°Ta +5)
a(a+1)

This completes the proof.

4. Mellin Transform Method for the Valuation of European Call Options

(489)

(48h)

(48i)

(48))

(48Kk)

In this section, we present the Mellin transform, some basic properties and the application of the improved Mel-

lin transform in the theory of option pricing.

4.1. Mellin Transforms
Definition 6

The Mellin transform is a complex valued function defined on a vertical strip in the w-plane whose bounda-
ries are determined by the asymptotic behaviour of f(x) as x — 0" and x — . The Mellin transform of the func-

tion f(x) is defined as

() :I (X)X ldx

(49)
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The function f(a)) is called the Mellin transform of f (x). In general, the integral does exist only for

complex values of @=c+id suchthat ce(U,v),where uand v depend on the function f (x) to transform.
This introduces what is called the strip of definition of the Mellin transform that will be denoted by (U,v). In
some cases, this strip may be extended to half-plane (U =) or (V =)

Definition 7
If f(x) is an integrable function with fundamental strip (U,v), then if ¢ such that U <c<V and

{f(w):w=c+id,ceR(w)} isintegrable, the equality
1 C+ioo

f(x):z—ni f(w)x“dew (50)

Cc—ioo
holds almost everywhere. Moreover, if f (x) is continuous, then the equality holds everywhere on (0, ).

If £ (x) is defined on the positive real axis x e (0,0) and M (f(x),w)= f(w), then the following prop-

erties of the Mellin transform hold.
a) Shifting Property

M (x“ f(x), a)) = T X" f ()x?Ydx = f (w+0v) on (UV) (51)

b) Scaling Property O
M (f (vx), @)= T f (LX)x?dx =0~ f (@) on (U,V) (52)

c) The Mellin Transform of Derivatives i
M (% f (x),w]= D@~ fle-NonU-jV-j) (53)

where the symbol (a) - j)j is defined for k integer by;
(=), =(0=i)(@=i+1)(0-1)

Equations (51) and (53) can be used in various ways to find the effect of linear combination of differential

m
operator such that ' (dij , l,m integers. The most remarkable results are
[0

M [[xdijj f(x),w}(_l)i o' ()

[0 (.00 (0 1) T(0)

where j is a positive integer and o, = (@ +1)---(w+ j-1).
d) Convolution Property

(54)

(fra)(x)=] 1 [%jg(x)%dx (55)

4.2. Integral Representation for the Price of European Call Options via the
Mellin Transform

We observe that
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. (St’t):{oa) asS, >0 (56)

O(5;)asS; > o
the Mellin transform for the call option does not exist and the integral fails to converge. In this paper we use the
improved version of the Mellin transform for the valuation of the European call option with the variable change
O -0 (57)
With this change the usual notation for the transform is preserved. This is to ensure the Mellin transform of

the European call payoff function exists for some fundamental strip. The improved Mellin transform for the
price of the European call option is defined as

M (E. (Sit),—@) = E, (@)= [ E (S,,t)S;“dS, (58)
0
Conversely the inversion formula for (58) is given by
Ec(St,t):ECL Ec(a),t)St“’da), l<c<w (59)
Taking the improved Mellin transform of (20) yields
OE.(S,t) 1 0°E.(S,t) OE, (S,t)
M| —— 4 =5 —— o (r—q)——=—2—rE,(S,t) |=0 60
Equation (60) becomes
6’Ec (w,t) o2 2 ~
T+7(a) —ala)—az)Ec(a),t):O (61)
1 5
~ ~ —— (0" —qo-a,)t
E.(@,t) = E.(w,0)e 2 (62)

Equation (62) is the general solution of (61), with «, =1—2(r—;q) and a, =2—2, where Ec (a)O) is a
(o2 o

constant that depends on the final time condition/ terminal condition which is of the form

o ( ? —oqw—op )T

E (,0)=g(w)e? (63)
where
§(0) = [(S,-K) 57ds,, 9(w)>1
. o (64)
= {(st - K)Sds, = o(oD)
Equation (64) is the improved Mellin transform of the final time condition.
Substituting (64) into (63) we have that
w1
E. (@,0)= mezaz(“zai‘"“z)T (65)
Using (62) and (65), we have that
£ (0,1) = K_gale*arad)r (66)

o(w-1)

Taking the inverse improved Mellin transform of (66), the integral representation for the price of European

call option is obtained as
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1 Cioo KLe %o‘z((uz—ala)—az)(T—t)

525 ) S

S’dw (67)

with (S,,t) €(0,0)x[0,T), ce (L) isaconstantand {we(C:1<iR(a))<oo}.

Theorem 5: The boundary value problem for the Black-Scholes-Merton Equation (20) for the price of the Eu-
ropean call option with exercise price K, subject to the boundary condition (23) has a unique solution of the form

2
1 In(stj
_ Y g

<1
E (S ,t)=————=S5" | —exp| ——
C( ' ) oy2n(T -t) liua P 2| & (T—t)

u

i (68)
%)
B(T-) © .
£ KS{’I [}ﬂ exp ) du
O'\/ZTE(T—t) xu 2| & (T—t)
Proof: The differential equation given by (61) of the form
6I§c w,t o2 -
—gt )+7(a)2 —ala)—az)Ec(a),t)=0
where
2 —
a =1- (r 5 %) and «, :2_2
o O
can also be written as
8E (a),t) 0'2 2 0'2 ~
— | =@’ —-r+q |-T |E (01)=0 69
at [20) ol (o) (69)
with the final time condition given by
E(0T)=g(o) (70)

The solution to (69) is obtained as
2 2
Ec(a),t):g(a))exp[%a)z—a)[%—wqj—rj(T—t) (71)

Simplifying (71) further, yields

E. (o) = g(a))exp[a—z(T —t)(a)2 +2aa)—2—£)j :Q(w)exp(o-—z(T —t)((aﬁa)z —a’ —Z—ZJJ (72)
2 o 2 o
where
a=t 1 9 (73)
c° 2 o

Taking the inverse improved Mellin transform of (72), we have that
2

E. (1) = g(St)M‘l[exp(%(T —t)((a)+a) a2 ] a)]

:exp[—§£a2+%j(T—t)j (exp(%z _t)( a)+a)2j,a)J (74)
©
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Setting

Equation (74) becomes

E,(S.t)=e"""g (St)M‘l[exp[%(T ~t)(o+a)’

Let

w=U—«o

Using the scaling property (52) and the convolution property (55), we have that

(J]
eﬂ('r,[) © St a {ZUZ(T—t) 1
Ec“t’”ZTmﬂﬂ ¢ elugw

If we impose the final time condition

9(S))=(8,-K) = g(u)=(u-K)’
Equation (79) becomes

E. (St

- Ela) :

eﬂ(Tft) oo( ja 1
= _ e
a,lzn(T—t)i u u

(S )=~ [ e

with

o o

ol 2r r 1 q
ﬂz——(az-i-?)anda:—z—i——

Hence, (68) is established.

(75)

(76)

(7)

(78)

(79)

Theorem 6: The boundary value problem for the Black-Scholes-Merton equation for the price of the Euro-

pean put option with exercise price K given by
OE, (S,,t OE, (S,,t O°E, (St
pgtt )+(r—q)St p(t )+£028t2 p(t )

S, 2 28?2
subject to the boundary condition

()

=rE, (S,,t)

(80)
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E,(S;,t)>0asS, — on[0,T) (81)
E,(S.t)—>Ke""asS -0 on[0,T) (82)
and final time condition
E,(S;.T)=(K=S;) =h(S;) on[0,) (83)
has a unique solution of the form
In S 2
e/ %1 1 u
E (S,t)=—F————=KS/ | —exp| —=| —=—==| |du
S e A (ki I P ey
i (84)
| L)
/j(T t) 0 7
f‘ iae Xp| —= u du

with
o’ , 2r r 1 q
=——|a'+—|anda=—-=-—
p 2 ( 02) o’ 2 ot
Proof: Using scaling property (52), convolution property (55), the final time condition (83) and the put-call
parity. Equation (84) follows from theorem 5.
Theorem 7: The expressions (67), (68) and Black-Scholes-Merton model

E, (S, t) = SN (d;)e ™™ — KN (d,)e "™ (85)
S ) fr_qs |(T-
d _In(Kj+(r a9+ j(T t)
b o (T -1) (86)

d,=d,—o/(T-t)

for the European call option are analytically equivalent.
Proof: From (67) we have that

CHioo -0 12 P ayo-aap (T—
E (Sut) = [ ———¢? AR
2mi 2 (a)—l)
| (87)
Cioo 2 m —ao-ap T-1)
27‘“ lew g ' da)
where
- K 2(r—q 2r
g(a)):m,%:l— (Gz ) and 0{22?
Simplifying (87) further yields
G( 2, ZrJ ! o? 2
- (T-t) | c+ioo 7(T—t)(eroz)
E.(S.t)=¢ 7 d(w)e S’dw (88)
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Now, g () Iisthe Mellin transform of

G(w)=e = g(S;)S;ds, (89)
0
Using equation (7.2.1) in [21] which is of the form
W 21 —(Ins,)? .
e’’ = e 4 §”7dS,R(6)=0 90
{ T (s, %(0) (90)
We get
p -1f InS
() =" — (i) (91)

a,/Zn(T —t)

By means of convolution property of the Mellin transforms (see [22]). The price of the European call option
becomes

EC(St,t)zTg(u)go[%)Edu (92)

u

From (81) we write that

ARG
i _ ﬂ(T_t) u 2| oNT-t 93
go[“) ° O',IZR(T—t)e ®3)

Combining (79), (92) and (93) we have that

/T 2 Y’ 21{“ ‘} o1
EC(Sl,t)zr\/T_t)!(Uj e (u-K) L

oJen(T-t)x u \u (94)
{62 {62
eﬂ(T,t) Sa o 1 a 2| ofTt eﬂ(T,t) KSa © 1 a+l 70\/1'_—1
=—‘J'(—j e du——‘f[—) e du
oy2n(T -t) k\U oy2n(T —t) k\Uu
AT-t) qa B(T-t) a
e S I, - e KS; = A—B
0\/27:(T—t) 0\/2n(T—t)
where
e S (%)
A= | 95
of2n(T-t)
B(T-t) a
- 1S | (96)
oy2n(T -t)
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(3w ©7)

5 P
l{ln(u)J
=1 atl 2| o\T—t
L=|[l=]| e du 98
A 2
To evaluate the first and second integrals in (97) and (98), we use the transformations

V. :;_t)(m(ij_az (T_t)(a_l)) (99)

le} (T u
and
Y, :;[In(ij—az (T —t)a) (100)
o(T -t) u
respectively.
Finally, we obtain the first and second parts of (94) as
A=Se"IN(d,) (101)
B=Ke ""IN(d,) (102)

where d, and d, are given by (86).
Substituting (101) and (102) into (94) yields

E, (S, t)=S,N (d,)e ™ —KN (d,)e" ™
This completes the proof.

5. Numerical Examples and Discussion of Results

In this section, we present some examples to compare the results obtained by the fast Fourier transform and the
improved Mellin transform with the values of the Black-Scholes-Merton model.

Example 1

We consider the pricing of the European call option on a dividend-paying stock via fast Fourier transform and
the Mellin transform with the following parameters

Parameters Values
Stock Price, S, 100
Strike Price/Exercise Price, K 80, 90, 100, 110, 120
Risk free interest rate, r 5%
Volatility, o 50%
Dividend yield, q 5%
Time to expiry, T 0.0822
Size of integration grid, N oM
Integrability, a 2
Fineness, 5%
Constant, ¢ 1
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in the context of the Black-Scholes-Merton model. The option values, P, absolute error and log absolute error
for the two transforms against the values of the Black-Scholes-Merton model are shown in Figures 2-4.
Example 2
We consider the valuation of European call option with Forty-Eight months to go until expiration on the
“Standard and Poor’s 500” index (S & P 500), with a current price of $110, a strike price of $100, a continuous-
ly compounded interest rate of 5%, a volatility of 35% and varying a constant annual index dividend estimated
at q={1%, 2%, 3%, 4%, 5%} using fast Fourier transform, improved Mellin transform, Monte Carlo method

in the context of the Black-Scholes-Merton model. The influence of dividend yield on the results generated is
shown in Figure 5.

Discussion of Results

Figures 2-4 show that the fast Fourier transform and the improved Mellin transform perform better and agree
with the values of the Black-Scholes-Merton model. We can also see that the improved Mellin transform pro-
vides a close approximation to the Black-Scholes-Merton formula. Figure 5 shows that the values of the im-
proved Mellin transform, Monte Carlo method and the Black-Scholes-Merton model coincide. Also the higher

25

—%—— FFT
—O— BSM

Option Value, P

0 1 1 1 1 1 1 1 9
80 85 90 95 100 105 110 115 120
Strike Price, K

Figure 2. The comparative result analyses of the fast Fourier transform (FFT) and the Black-Scholes-Merton model (BSM).

25

—— MT
—O&— BSM
20°
& 15
(3]
=1
3
>
o
8
g0
5
0 1 1 1 1 1 1 1
80 85 90 95 100 105 110 115 120

Strike Price, K

Figure 3. The comparative result analyses of the improved Mellin transform (MT) and the Black-Scholes-Merton model

(BSM).
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25

—— FFT

Option Value, P

0 1 1 1 1 1 1 1 ]
80 85 90 95 100 105 110 115 120

Strike Price, K

Figure 4. The comparative results analysis of the fast Fourier transform (FFT), the improved Mellin transforms (MT) and the
Black-Scholes-Merton model (BSM).

40

Option Value, P

26
0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
Dividend Yield, q

Figure 5. The influence of dividend yield on the valuation of European call option via the fast Fourier transform (FFT), the
improved Mellin transform (MT), the Monte Carlo method (MC) and the Black-Scholes-Merton model (BSM).

the dividend yield, the smaller the values of the methods. The numerical results show that the tremendous speed
of the fast Fourier transform allows option prices for a huge number of strikes to be evaluated very rapidly but
the damping factor or the integrability parameter must be carefully chosen since it controls the intensity of the
fluctuations and the magnitude of the functional values. The improved Mellin transform provides accurate com-
parable prices and the approach can be regarded as a good alternative to existing methods.

6. Conclusion

We have considered the fast Fourier transform and the improved Mellin transform for the valuation of the Eu-
ropean call option which pays dividend yield. Financial modeling in the area of option pricing involves detailed
knowledge about stochastic processes describing the asset payoffs. For sophisticated price dynamics, these are
most conveniently characterized through functions in image space. By a mapping of the probability function
from spatial domain to the unit circle in the complex plane, expected values of a future payoff are then available
in the form of an integral representation. In this paper, we outlined general features of Fourier transform tech-

)
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niques applicable to both the modeling of density functions and European call option pricing. We also consider
some properties of the Mellin transform and its applications in the theory of option valuation. To emphasis the
generality of our results, we have shown the equivalence of the integral representation for the price of the Euro-
pean call option via the improved Mellin transform to the Black-Scholes-Merton formula. From Figures 2-5, we
can see that the improved Mellin transform provides a close approximation to the Black-Scholes-Merton model,
more accurate than the fast Fourier transform and it is a good alternative method for the valuation of the Euro-
pean call option on a dividend paying stock.
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