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Abstract

The importance of the geometrical effect in practical design has been evaluated, showing that an
overestimation of the actual member rotation is very likely if the available rotation capacity is
based on the evaluation of the behavior of the reference members within a limited size range. The
increase of ductility with decreasing member size has been interpreted in fracture mechanics of
reinforced concrete. In fracture mechanics it’s seen that beams with higher dimensions are brittle,
while those with small dimensions are ductile, so it's important here to clarify if the same material
and design concepts can be applied for reinforced concrete beams with different scales. Three
point bending test was executed on 20 reinforced concrete beams varying scale and slenderness
ratio (where steel ratio being kept constant). The experimental results obtained varying beam
slenderness and beam depth will be used to analyze the structural response for a practical con-
struction, taking in consideration the size effect, these beams are normally designed in such a way
that the distribution of their internal forces over the transversal section has been calculated as
per elastic beam theory, while the beam dimension will be designed as per the ultimate limit state
to obtain a ductile response of the reinforced concrete beams which is necessary to guarantee the
structural safety [1].

Keywords

Size Effect, Plastic Rotation, Reinforced Concrete, Elastic Beam Theory, Fracture Mechanics

1. Introduction

The influence of size-scale on the inelastic rotational capacity is an important point to guarantee the structural
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safety, in fact the experimental data available, mostly obtained by load-controlled tests on reinforced concrete
beams with normal and high ductility bars, didn’t show a considerable result. On the other hand, some numerical
evaluations, assuming strain localization in the compression zone, indicate that size scale has an influence on the
value of the plastic rotation, recent studies and experimental tests seem to validate this dependency [2]. Regard-
ing the failure mode of RC beams in flexure which is affected by nonlinearities of the constituent materials such
as concrete tensile cracking, concrete compressive crushing and steel yielding, their interaction depends on the
geometrical and mechanical parameters of the beams and can be herein analysed by varying the beam size and
the beam slenderness.

Numerical calculation indicates that plastic rotation is subjected to remarkable size effect, according to some
studies (Ozbolt and Bruckner, 1999), based on fracture mechanics, it is revealed that the plastic rotation capacity
depends on beam size-scale, in contrast with design assumptions, where the plastic rotation is independent of the
beam size.

One of the ways to express the ductility of a reinforced concrete beam is the ultimate plastic rotation; as a rule
this is defined as the inelastic rotation in correspondence with the ultimate bending moment [3]. Assuming the
usual stress-strain relation of steel and concrete, the maximum moment is reached for lower values of curvature.
With more realistic assumption, the peak value would be achieved for further curvature. In the following analy-
sis, the ultimate rotation values was computed in correspondence with a relative curvature at a moment equal 90%
of the peak value of the descending branch. The rotation obtained in this way has been purified from the elastic
value, assumed in correspondence with the yield strength of reinforcement.

Without considering the second order effect and considering the non linear behavior of the material and the
tension stiffening, the code (CEB, 1993) indicates that, for the position of the load assumed, the mean value of
the material properties remains invariant until the yielding value of the steel has been reached in the critical sec-
tion. Once this limit is reached, for the material properties, the calculated value must be assumed in correspon-
dence of the critical sections and the maximum capacity is assumed to be equal to the one at the ultimate limit
state [4].

The critical sections are localized in correspondence of the peak value of the bending moment through the
zones where these characteristics have the same sign. In absence of the axial force and with a constitutive law of
the steel elastic-plastic hardening, it is possible to assume, when the yielding point of steel is reached, that the
critical sections acted like a plastic hinges up to the ultimate moment value. While the plastic rotation reaches its
ultimate value [5].

It is likely to assume a third segment of the constitutive law of the section, defined in a reference of translated
system with origin in the yielding point of steel, in which its inclination is defined as the ratio between the dif-
ference of the ultimate moment values and the permitted plastic rotation as mentioned above.

This paper presents an experimental investigation and aims to evaluate and study eventual relation between
scale and plastic rotational capacity and its influence on the ductility of reinforced concrete beams in flexure
with detailed experiments. Some useful information and results are given in this paper.

2. Laboratory Test Procedure

The experimental investigation herein considered was executed on three different size-scales of beams with
cross-sectional area bxh equals to: (A) 100 x 100 mm, (B) 100 x 200 mm and (C) 200 x 400 mm and five
different tensile reinforcement ratios, p = 0.12%, 0.25%, 0.50%, 1.0% and 2.0%. The beams, characterized by an
effective to total depth ratio d/h = 0.9, have been subjected to a three-point bending test. All beams have been
realized with the same concrete cast. (For main steel and stirrups arrangement see Figure 1), different slender-
ness, (1/h span to depth ratio), of 6, 12 and 18 are used. The testing machine used was a closed-loop servo-
controlled machine. The tests were performed in displacement-controlled conditions to be able to record the
descending branch of the load-displacement curve, if any. The values of the experimental parameters of the
beams are reported in Table 1.

3. Theoretical Model

The plastic rotation is expressed as a function of the ratio x/d between the neutral axis depth and the effective
depth of the beam without ignoring that this ratio is related to the reinforcement ratio, while recent studies have
also considered the steel ductility effect (Lounis et al., 2010).
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Figure 1. Beam detail.

Table 1. Characteristic loads, deflection and rotation of the tested beams.

Mid-span deflection

Yielding load Ultimate load Plastic rotation Ultimate rotation
Beam p, (KN) Peak Load p, (kN) p, (KN) atpeak load &, at peak load 4, 6,
(mm)

A050-12 922.8 945 850.5 10.18 0.0073 0.02769
A050-18 627.9 642.14 578 22.6 0.00286 0.0044
A100-06 3843 3910.5 3519.5 6.1 0.0125 0.0421
B100-06 7674 8300 7470 12.57 0.00431 0.00634
C100-06 22,683 23803 21,4227 18.6 0.00537 0.0058
A100-12 1662.5 1686.3 1517.7 13.11 0.01175 0.0406
B100-12 4163.4 4236 3812.4 40 0.00851 0.014388
C100-12 10,278.8 11,402.8 10,262.5 78.8 0.0075 0.00775
A200-06 6153.5 6276 5648.4 7.23 0.0102 0.03993
B200-06 9946 10,753.4 9678 5.18 0.00106 0.00163
C200-06 30,458.6 30,953.6 27,858.24 10.03 0.000403 0.000532
A200-12 2753.15 2840 2556 11 0.0026 0.01692
B200-12 6173 6223 5600.7 36.7 0.00362 0.005
C200-12 16,320 16,631.8 14,968.6 43 0.00365 0.01004
A200-18 1935.7 1994 1794.6 16.8 0.00107 0.0037
C200-18 11,348 11,516 10,364.4 69.74 0.0009 0.01023
C012-06 4545.84 4664.84 4198.4 8.64 0.008225 0.00851
C012-12 1785 1803 1622.7 5.1 0.00097 0.0094
C012-18 802.3 834.3 751 24 0.0036 0.01315
C100-18 6328.4 6454.4 5809 131.6 0.0097 0.0165

From the other hand the plastic behavior of the reinforced concrete structures is very influenced by other fac-
tors like: The confinement conditions in the compression zone of the beam section, the bond conditions between
steel bars and concrete, bending moment gradient, scale effect, test procedure and the area of the contact zone
between the applied load and the beam surface.

The definition of the plastic rotation is always related to the calculation method adapted to the structural
analysis. In indeterminate structures, the definition used is that given in (CEB, 1993). The plastic rotation 6,
will be obtained by integration along the plastic zone 1, (where the stress in the tension steel is greater than its
yielding limit) as the deference between the total curvature 1/r, and the curvature obtained at the limit of the
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yielding point of steel 1/r, ~ so:

0, = [(Yr, -Yr, )dz 1)
Ip
In (1) the curvatures are obtained from the rotation between the difference of the average strain of the tension
line &, and the compression one &, which corresponds to the signed value of the transducers located at
h/10 from the upper and lower edges of the beam section:

11, = (&g — € )/0.80 (2)

where h is the depth of the cross section of the beam.

The ultimate rotation 6, is measured in correspondence of the 90% of the maximum moment in the des-
cending branch, before failure. If this value is not reached so the value in correspondence of failure will be as-
sumed. The ultimate load p, is obtained from the experimental results with the same criteria adopted for the
ultimate rotation.

The rotation due to the applied load is given by the effect of superposition as follows:

Ap =AM _ﬁmp p 3)
2§ 5 e _
here Au, = Y (§)dS and 7, =—— Y, (c/h,&)d¢ referred to relative depth of the
v mm hzbE'([ M(f) 9 ™ L bE C./[h Ym (() P(C/ é) g ivi pth &
crack.

Consider Ag; as a local rotation due to the presence of the crack when the applied bending moment reaches
its value M, (the bending moment value at first crack), so the local rotation Ag;,, for an initial depth related
to the crack ¢, at the crack propagation, when M =M, Equation (3) becomes:

A¢f = ﬂ’mm,\/I o ﬂ’mp pa 4

where =M /M, =P/P, <1
if My <M, (bending moment which corresponds to the yielding point of steel)and a =1 if M >2M,.
Such linear tendency will stop, when the crack propagation starts.
At this point if the fracture phenomenon is unstable, the relation M —A¢ presents a discontinuity and its
value will correspond to the complete separation of the ligament.
While if the fracture phenomenon is stable, the discontinuity will vanish and continuous hardening response
will be obtained [6].

4. Experimental Results

The plastic rotation curves versus bending moment are shown in Figures 2-4, where steel ratio and cross section
have been maintained constant varying the slenderness ratio as this is the main target of this research, while in
Figure 5(a) and Figure 5(b) both slenderness and steel ratio were kept constant varying only beam depth, which
will confirm past theories. Beams failure mode, are reported in Figure 6 and Figure 7. Note that for beams
Type B and C, the plastic rotation increases with increasing beam size.

Beams type B with slenderness equal to 6 and 12, represented in Figure 2(a) and Figure 2(b) it is easy to ob-
serve the different ductility shown by the four beams due to the steel ratio variation, in particular in Figure 2(a)
the plastic rotation is higher with respect to the values of the other two beams in Figure 2(a). For beams type A,
it's evident that the plastic rotation decreases when increasing the beam size (same cross section 100 x 100 mm).

5. Conclusions

Regarding the scale, in the experimental tests we notice that the plastic rotation has to be related to certain depth
of the cross section as a reference to ductility and is still a subject of study as no code takes in consideration the
radical effect of beam size in the structural design. For what concern beams type B and C with depth of cross
section h >150 mm, the plastic rotation increases when increasing beam size as shown in Figure 2 and Figure 3
and the correspondent values reported in Table 1.

While for beams type A with h = 100 mm we find that the plastic rotation decreases when increasing beam
size as shown in Figure 4(a) and Figure 4(b), opposite to what we expected and opposite to beams type B and
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Figure 2. Plastic rotation vs. bending moment, for beams type B.
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Figure 3. Plastic rotation vs. bending moment, for beams type C.

C due to the difference in the base depth and the amount of reinforcement which have to be considered when we
talk about size in reinforced concrete beams, which is still subject of extensive experimental research. So here we
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Figure 4. Plastic rotation vs. bending moment, for beams type A.
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C100-06

[ moment (daN.m)

I
I B100-06 .0
.
i A100-06 Plastic Potation (rad)
0 0.01 0.02 0.03 0.04 0.05 0.06
(a)
m  C200-06
I moment (daN.m)
| 0
[ P
L)
L B200-06 u
M
£200-06 mPlastic Potation (rad
0 0.01 0.02 0.03 0.04 0.05 0.06
(b)

B and C.



M. El Khatieb

(b) (c)
Figure 6. Failure mode beam type C.

Figure 7. Beam type C with slenderness ratio equal 12.

emphasize that we can’t separate the study of the relation between plastic rotation and size-scale without relating
it to a certain beam depth and steel ratio, which needs to be checked and determined.

While for what concern the beam depth, in general, we confirm that the plastic rotation decreases when in-
creasing the beam depth as seen in Figure 5(a), Figure 5(b), Figure 6 and Figures 7(a)-(c). This way of de-
scribing this phenomenon is equivalent to what has been indicated by CEB, where the plastic rotation expression
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is related to the depth of the neutral axis x at ultimate limit state and the total depth of the beam d. The difference
in ductility, shown by the curves, is very clear and again confirms that the plastic rotation value decreases when the
beam depth increases. The values of the experimental parameters, which describe the above comments, are
shown in Table 1.
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