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Abstract

In this paper, one introduces the polynomials Rn(x) and numbers R, and derives some
interesting identities related to the numbers and polynomials: R, and R, (X) We also give re-

lation between the Stirling numbers, the Bell numbers, the R and R (x).
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1. Introduction

Recently, many mathematicians have studied the area of the Stirling numbers, the Euler numbers and
polynomials (see [1]-[11]). We studied some properties of the polynomials R, (x) and numbers R, in com-
plex field (see [12]). In this paper, based on the Euler numbers and polynomials, we define the numbers R,
and polynomials R, (x) by using the p-adic integrals on Z, in p-adic field. Then, we get some interesting
properties and relations of the Stirling numbers, the R, and the Bell numbers. It is interesting that the Euler
polynomials R (x) and R, (x) to be define in this paper have a different structure (see [Figure 2]). Zeros of
E,(x) areasymmetric structure but zeros of R (x) are not.

Throughout this paper, we use the following notations. By 7, we denote the ring of p-adic rational integers,
Q, denotes the field of p-adic rational numbers, C, denotes the completion of algebraic closure of Q,, N
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denotes the set of natural numbers, Z denotes the ring of rational integers, Q denotes the field of rational

n |
numbers, C denotes the set of complex numbers, and Z, =NU{0} and [k]zL denote the

(n—k)k!
binomial coefficient. Let v, be the normalized exponential valuation of C, with |p| = p P = pt
For
geUD(Z,)={g|9:Z, > C, is uniformly differentiable function|,

the fermionic p-adic integral on Z, is defined by T. Kim as below:

N

jg )du (x _’Liﬂﬁ‘ig(x)(_gx (cf. [5]). (1.2)
If we take g, (x)=g(x+1) in(1.1), then we easily see that
I, (9,)+1,(9)=29(0). 1.2)
From (1.2), we obtain
14(90)+ (1™ 1o (9) =25 (-0 g (1), 1.9

1=0

where g, (x)=g(x+n) (cf. [5]-[10]).
The classical Euler polynomials are defined by the following generating function
2 e oSE (0 (1.4)

F(t,x)=
( ) e +1 s n!
with the usual convention of replacing E" (X) by E, (x) In generally, the original Euler numbers are when

X :% and normalizing by 2" gives the Euler number as following:

1
c -ze 1)

But in this paper, Euler numbers are when x=0. In other words, E,(0)=E, and in this paper, Euler
numbers mean the Euler numbers having a generating function as below(cf. [5]-[10]):

F(t)=

The Stirling number of the second kind S, (n, r) is the number of partitions of n things into r non-empty sets;
it is positive if 1<r <n and zero for other values of r (see [1]). It satisfies the recurrence relation

S,(n+Lr)=S,(n,r-1)+rS,(n,r).

0

=3 E, (L5)

e+l =

The generating function of the Stirling numbers is defined as below:

X K o0 tﬂ
(er-1) :k!gsz(n,k)m. (1.6)
As well known definition, the Bell polynomials are defined by Bell (1934) as below
d t" et-1)x
B, ()= 17)
n=0 n:

Also, let S, (n,k) be denote the Stirling numbers of the second kind. Then

B, (x)= 35, (n k) X". (1.8)

In the special case, B, (1)=B, are called the n-th Bell numbers.
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The motivation of this paper is the Euler numbers and Bell numbers’s generating function. From this idea, we
induce some interesting properties related to the Stirling numbers, the Bell numbers, the Euler numbers and the
R,.

Our aim in this paper is to define analogue Euler numbers and polynomials. We investigate some properties
which are related to R,, R, (x) Especially, we derive the relations of the Stirling numbers and the R, the

R, ().
2. An Introduction to Numbers R, and Polynomials R, (x)

Our primary goal of this section is to define numbers R, and polynomials R, (x) We also find the witt’s
formula for numbers R, and polynomials R, (x) by (1.2).
By (1.2) and using p-adic integral on Z , we get as below:

Let g(x):e(elfl)x
x+1
I71 :I d/”l X I e d/”l
4 (2.1)
( ¢ +1j_[ e )dyfl(x):Z.
Hence, by (2.1) we get the following:
2 el-1)x
——=] el )d,u_l(x). (2.2)
.
e +1
Also, Let g(y)= e e By the same method (2.1), we get the following:
2 X et—l +XI
| o) "y (). (2.3)
e 2
e +1

From (2.2) and (2.3), we define numbers and polynomials R,, R, (x) as below:

0

2R j ), (2.4)

=0

0

t" el 1)y +xt
zmx)mﬁzp( " (y), @5)
n=0 .
respectively.

From above definition, one easily has the Witt’s formula as below:

R, = [, 2XS, (n1)dae,y (x), (2.6)

R, (x )=i(j ‘[, %ysz(n—kyl)dﬂfl(y). @.7)

k PI=0
n

0
with the usual convention of replacing R x) by R x respectively. In the special case, x=0, R, (0) =R

are called the n-th R-numbers.
From (2.6)and | x'du,(x)=E,
p

n

:jngxlsz (n1)dpe, (x) = gsz ()], a4 () - 35, (n1)E

1=0

Hence, we get the following;

R, =S, (n1)E (2.8)
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where E, is the Euler numbers.
Also, from (2.5) and by simple calculus, one has

Rn(X)=§(E] Rn—kxk' (29)

From (2.8) and (2.9), we get some polynomials as below:

1
R =RA——,
l(X) X 2
R, (X)=x*-x-=,
3x* 3x 1
Ry (x)=x* 2% X _2
R, (x)=x"—2x* =3x* = x+1,
4 2
Fzs(x):xs—‘r’i—Sx3 X L sx +£
2 4
Re(x):x6—3x5—152X —5x* +15x +63X+229.

3. Basic Properties for R, and R (x) Related to the Stirling Numbers, the Bell
Numbers and the Euler Numbers

From (2.5) and by the simple calculation

n=0 nt e 1 1=0
zzg(_l)' g(g(:]glnsz(m—k,n)ka% (3.1)
- g[zg(—l)' (B(1)+ x)”jtn—n!.

where B, (x)=Y" x'S,(n,I) are the Bell polynomials.

By comparing the coefficients of % on the both sides of the above equation, we get the following the

theorem immediately.
Theorem 1. For ne N with n>1, one has

R (=250 (8(1)+x)' =250 3 1|8, (-

1=0 1=0 k=0

where B, (x) are the Bell polynomials.
From (2.5), one has

:.i(jzp (x+1)daey (x)+ ], By (x)duy (x )!:g@sz(l,n)(a@)wn)}ﬂ, 8
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|
By comparing the coefficients of % on the both sides of the above equation, we get the following theorem

immediately.

Theorem 2. For ne N with n>1,let S,(m,n) be the stirling numbers. Then, one has

! 2, ifl=0

S, (I,n)(E,(1)+E )= " . ’

ZO (LM (&, (1)+E,) {o, if 121,
where En(x) and E, are the Euler polynomials and the Euler numbers respectively. And

2, if1=0,

B, (x+1)+B,(x)d X)=
Jo B (c+2)+ 8, (x)des (x) {o, if 121

where B, (x) is the n-th Bell polynomial.
Also, from (2.1) one has

2=1,(f)+1,(f) _d je dyl je dyl

ISR e S Lo 3 S -k +R]t”.

n=0 = n=0 ! =0\ k=0

3.3)

By comparing the coefficients of t" on the both sides of the above equation, we get the following theorem

immediately.
Theorem 3. For ne N with n>1, one has

kz[ jzs (n-k1)R,

Let f(x)= e(e‘fl)x. Then from (1.3), we derive the following:
Left side of (1.3) is as below:

L (f)+ (=21, (f)= [

e(et’l)(”")du,l ()+ (=)™, pe(etil)Xdﬂ’l )

(et—l)k(jz (x+n) =2, X )d,ul )k1!

1

zé(et -1) (B0~ (-1 E )
>

°

(3.4)

t |

[k'zsz (1K)(E, (n)-E, )jﬁ,

and right side of (1.3) is as below:

n-=;

22 ()" (=22 (-

:0 :iEz (_1)“‘“; (kos)lsjk! :0

Hence, from (3.4) and (3.5), we get the following theorem.
Theorem 4. For ne N with n>1, one has

55, (mK)(E(n)-E)=5(-)™ 35, (o)

1=0 s=0

H
T
L
5
N
@
>
@,
L
—
T
L

5 (- )"“i@sz(k s)IS)k—k!

(3.5)

where E, (x) and E, are the Euler polynomials and numbers respectively.
By using the definition of R, (x) and simple calculation, we get the following:
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R (9= 3 1 R (05 =3 JR o)

k=0
and the equality above is expressed as follows:
R, (x+Y)=(R(x)+y) =(R+x+y)".

It is well known that B, (x)=_' X'S,(n,1). By the definition R, and some calculation, we get the fol-
lowing:
) t et1)x ) n tn
ZRn—zjz o du,l(X)=ZIZ >X'S, (n,1)de, (x)— (3.6)

o n! P n=0"“P1=0 n!

Hence, one has the following theorem.
Theorem 5. For ne N with n>1, one has

R, :_[Zpgx'sz(n,l)dy_l(x) = [, B (x)du (%)

where B, (x) are the Bell polynomials.
By the same method above Theorem 5, we get the corollary as follows:
Corollary 6. For neN with n>1, one has

Rn(x):kzn:[:]jxkap?z_:y'sz(n—k,l)dﬂl(y) = [, (x+B(y) du(y) (3.7)
where B (y) are the Bell polynomials.

It is well known that

- 1eXt is the generating function of the Euler polynomials. We substitude €' —1 for
e

t in the generating function of the Euler polynomials as below:

D E. (%) T e . (3.8)

o t_]_ " © o I n n
;)EH(X)(G - ) =§En(x)§%("“)ﬁn§g(§5 (x)Sz(n,I)j%. (3.9)
The right-hand-side of (3.8) is
2 (e‘—l)x - ﬂx 0y ) _”
e(e'—l) +1e - gR” n! ;(e 1) n!
) tn © n | tn
:anmané(IZ.:SZ(n,l)x jm (3.10)

By (3.9),(3.10) and comparing the coefficient of both sides, we get the following theorem.
Theorem 7. For ne N with n>1, one has

Y JUENCHIRS S (EMS SNCHIRES S HENCY®

1=0 1=0

where E, (x) and B, (x) are the Euler polynomials and the Bell polynomials respectively.

It is not difficult to see that
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e(etfl)x _ l{ : 2 e(e!71)(x+1) e 2 e(e!1)x} (3.11)
2 e(e ) +1 e(e ) +1
From the expression (3.11), one has
n n n
235, ()% :é[k]Rn_k(BK(x+1)+ B, ()).
Specially, if x=1,
n n n
255, = 3 R (3,218, (0)

where B, (x) are the n-th Bell polynomials.

4. Zeros of the Bell Polynomials B (x) and the Polynomials R, (x)

In this section, we investigate the zeros of the Bell, Euler, and R, (x) polynomials by using a computer.
From (1.7), we get some polynomials as below:

1
Bl(x):x—E,
1
B, (X)=x* —x—=,
o (X)=x* =X 5
3x* 3 1
0=
4 2
B4(x):x5—5i—5x3—5i+5x+£,
2 2 4
15x*

BS(X)ZX6—3x5———5x3+15x2+63—x+§.
2 2 2

We plot the zeros of B (x) for xeC (Figure 1). In Figure 1 (top-left), we choose n=5. In Figure 1
(top-right), we choose n=10. In Figure 1 (bottom-left), we choose n=15. In Figure 1 (bottom-right), we
choose n=20.

Next, we plot the zeros of E (x),B,(x),R,(x) for xeC (Figure 2). In Figure 2 (left), we choose
n=20 and plot of zeros of E, (x). In Figure 2 (middle), we choose n=20 and plot of zeros of B, (x) In
Figure 2 (right),we choose n=20 and plot of zeros of R (x).

Our numerical results for numbers of real and complex zeros of B, (x) and R, (x) are displayed in Table
1.

We observe a remarkably regular structure of the complex roots of the Bell polynomials B (x) and
polynomials R, (x). We hope to verify a remarkably regular structure of the complex roots of the Bell
polynomials B, (x) and polynomials R, (x) (Table 1). Prove that the numbers of complex zeros CBH(X) of
B, (x),Im(x)=0 is
Ralx) = 0.

Next, we calculate an approximate solution satisfying B, (x),x e R . The results are given in Table 2.

Stacks of zeros of B, (x) for 1<n<20 from a 3-D structure are presented (Figure 3). Next, we present
stacks of zeros of E (x),B,(x),R,(x) for 1<n<20 from a 3-D structure. In Figure 3 (left), stacks of
zeros of En(x) for 1<n<20 from a 3D structure are presented. In Figure 3 (middle), stacks of zeros of
B, (x) for 1<n<20 from a 3D structure are presented. In Figure 3 (right), stacks of zeros of R, (x) for
1<n<20 froma 3D structure are presented .

Since n is the degree of the polynomial R (x), the number of real zeros Rz x lying on the real plane
Im(x)=0 is then RRH(X) = n—CRn(X) , where C. ) denotes complex zeros. See Table 1 for tabulated values
of RRH(X) and CRH(X). Prove or disprove: R (x)=0 has n distinct solutions. Find the numbers of complex

=
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Im(x) 0
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-0.75

o0 Im(x) 0

-0.25

-0.75

-12.5 -10
Re(x)

-7.5 -5 -2.
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Re(x)
Figure 1. Zeros of B, (x) .
° 1
4
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[ ] [ J
Ll e e ] -0.5
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Figure 3. Zeros of E, (x),
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Table 1. Numbers of real and complex zeros of B, (x) and R (x).

B, (%) R, (%)

Real zeros Complex zeros Real zeros Complex zeros

Degree n

0 0

© 00 N o o b~ W N P
© 0o ~N o g b~ w N P

=
= o
[
= o

N
N
=
N

g o oA OB WA WM W N R

O O O O O O O o o o o o
o o o o A b B N N N O O

13 13

Table 2. Approximate solutions of B(x) = 0.

Degree n X

1 0
2 -1,0

3 0,—2.6180, —0.3820

4 —4.491, —1.343, -0.1658

5 —6.51, —2.65, —0.762, —0.076

6 —8.63, —4.18, —1.70, —0.453, —0.04

zeros Cg , of R (x),Im(x)=0. Using numerical investigation, we observed the behavior of complex roots
of the Euler polynomials E, (x) By means of numerical experiments, we demonstrate a remarkably regular
structure of the complex roots of the Euler polynomials En(x) (see [12]). The theoretical prediction on the
zeros of R, (x) is await for further study. These figures give mathematicians an unbounded capacity to create
visual mathematical investigations of the behavior of the roots of the R, (x). For more studies and results in
this subject, you may see [12]-[14].
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