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Abstract 
In this study, the wing design problem for different planforms for supersonic transport (SST) un-
der supersonic and transonic cruise conditions is discussed to obtain knowledge of the supersonic 
air-foil from the viewpoint of wing planform dependency. Two types of planforms were consi-
dered—a cranked arrow wing with a high sweep-back angle and a tapered wing with a low sweep- 
back angle. The optimum airfoils of these planforms were designed by efficient global optimiza-
tion, which combined the evolutionary algorithm with the Kriging surrogate model. To acquire 
design knowledge, the functional analysis of variance was applied to the solution space and the 
design space. The design results show that the optimum airfoil and the contribution ratios of de-
sign variables for the airfoils of the two planform are different. 
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1. Introduction 
A wing of a supersonic transporter (SST) has been designed based on the sweep theory proposed in 1960s using 
the liner theory. It suggests that the wing which has larger sweep-back angle can reduce wave drag intransonic 
and supersonic cruise. On the other hand, several studies [1]-[3] by a computational fluid dynamics (CFD) say 
that the lower swept-back wing can also reduce the wave drag for the wing which has supersonic leading edge. 
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This result suggests that SST designers can choose a high swept-back planform or a low swept-back planform 
for the mission and the flight profile of the designed SST. However, researchers have mainly focused on high 
swept-back wings such as swept wings, delta wings, and cranked arrow wings, and only a few studies have ex-
amined low swept-back wings. In addition, the CFD results also suggest that different optimum airfoils should 
be used depending on the planform because the trends of aerodynamic performance differ according to the 
planform. The several researches have been carried out regarding supersonic wing design [4] [5]. In reference 
[4], a natural laminar flow wing was designed by the inverse design. In reference [5], the multi-disciplinary de-
sign which was considered the interaction between the aerodynamics and the structure by an evolutionary algo-
rithm was discussed. These studies could find optimum results for a planform. However, the influence by the 
difference of the planform was not investigated. Therefore, it is necessary to obtain design knowledge regarding 
the differences in the aerodynamic performance of high and low swept-back wings for the optimum airfoil for a 
given planform. 

In this paper, to discuss the design knowledge, a wing design problem was solved by the efficient global op-
timization (EGO) [6] with a multi-objective genetic algorithm (MOGA) for a multi-objective problem (MoPs). 
In this study, two planforms are considered: a cranked arrow wing with a high swept-back leading edge and a 
tapered wing with a low swept-back leading edge. Design problem is formulated as the minimization of drag in 
transonic and supersonic simultaneously, because transonic cruise may account for a large percentage of the 
whole flight of a SST. 

2. Design Method 
Figure 1 presents a flow chart of EGO [6] which is a design method combined with evolutionary computation 
and Kriging surrogate model. EGO is capable to search an optimum solution efficiently in global design space. 
The difference between EGO in a previous research [6] and in this research is in the manner in which the ex-
pected improvement (EI) is maximized. In reference [6], the branch-and-bound algorithm was used, while in this 
study, the divided range multi-objective genetic algorithm (DRMOGA) [7] was used. 

 

 
Figure 1. The flow chart of EGO in this study.                           

2.1. Latin Hypercube Sampling for Initial Model 
Initial samples were obtained by the design of experiment (DoE). We employed Latin hypercube sampling 
(LHS) [8]. LHS is developed multi-dimensionally from Latin square sampling, which is a traditional DoE 
method. 

2.2. Kriging Surrogate Model 

Kriging surrogate model [9] represents the value ( )ˆ iy x  at the unknown design point ix  as 

( ) ( ) ( )ˆ 1, 2, ,i iy x x i mµ ε= + =                                 (1) 

The correlation between ( )ixε  and ( )jxε  is related to the distance between the corresponding points, ix   
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and jx . In the Kriging surrogate model, the local deviation at an unknown point x is expressed using stochastic 
processes. A number of design points are calculated as sample points and then interpolated using a Gaussian 
random function as the correlation function to estimate the trend through the stochastic process. 

2.3. Selection of Additional Samples Using Expected Improvement (EI) 
To consider uncertainty at the predicted point in the Kriging surrogate model, the EI value [6] is used as an in-
dex for selecting additional samples. The EI value indicates the uncertainty of the accuracy of the surrogate 
model and optimality and calculated using each object function. The EI values for maximization problem are 
calculated as; 

( ) ( ){ } ( )
( ) ( ) ( )

( )
max max

max

ˆ ˆ
ˆ ˆ

ˆ ˆ

i i
i i i

i i

y x f y x f
EI x y x f s x

s x s x

   − −
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   
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∮                    (2) 

and the EI values for the minimization problem as; 
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min min
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The points where ( )iEI x  attains the maximum value for each objective function are selected as additional 
sample points. For example, if the number of object functions is two, at least two new sample points should be 
selected as additional sampling points. The robust exploration of the global optimum and the improvement of 
the accuracy of the surrogate model can be simultaneously achieved as Figure 2. 

 

 
(a)                                            (b) 

Figure 2. Improvement of the surrogate model. (a) Before adding an additional sample; (b) After add-
ing an additional sample.                                                                 

2.4. Divided Range Multi-Objective Genetic Algorithm (DRMOGA) 
To determine the optimum point, DRMOGA [7] was applied. In order to maintain the diversity of solutions, the 
population was divided into several sub-populations by the neighborhood cultivation scheme. Sub-populations 
were gathered at regular intervals. DRMOGA can improve the diversity of solutions in population because indi-
viduals evolve in each sub-population. 

2.5. Functional Analysis of Variance (Functional ANOVA) 
ANOVA which is a multi-variate analysis was applied to the evaluation of the contribution of design variables. 
The total variance of the model is decomposed into the variance attributed to each design variable and to the in-
teractions between the design variables by integrating the variables of the surrogate model. The variance of de-
sign variable xi to µ  is defined as; 

( ) ( )1 1 1 1 1ˆ , , , , d d d di i i m i mx y x x x x x x xµ µ− += −∫ ∫                             (4) 

where the total meanµis calculated as 
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( )1 1ˆ , , , , d d di m i my x x x x x xµ ≡ ∫ ∫                                  (5) 

The proportion of the variance attributed to the design variable to the total variance of the surrogate model 
can be expressed as shown below; 

( )
( )

2

2
1 1

d

ˆ , , , , d d d
i i

i m i m

x x
p

y x x x x x x

µ

µ

  ≡
 − 

∫
∫ ∫    

                         (6) 

The value obtained by Equation (6) indicates the sensitivity of an objective function to the variance of a de-
sign variable xi. 

2.6. Aerodynamic Evaluation 
The aerodynamic performances were evaluated using CAD-based Automatic Panel Analysis System (CAPAS) 
[10] developed in JAXA. The governing equation is the linearized compressive potential flow equation as 

( ) ( )
2 2 2

2
2 2 21 0 1M M

x y z
ϕ ϕ ϕ

∞ ∞
∂ ∂ ∂

− − − = <
∂ ∂ ∂

                           (7) 
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2 2 2

2
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∞ ∞
∂ ∂ ∂

− + + = <
∂ ∂ ∂

                           (8) 

By dividing the object surface into micro panels and discretizing them and adding two unknown quantities, 
Equations (7) and (8) are transformed into simultaneous linear equations. They are considered reasonable and 
proper if the thickness of the object is very less as compared to its length and if the flow speed in the calculation 
space is not near the sonic speed. 

3. Design Problems 
3.1. Design Cases 
In this study, wing design problems were solved for two cases—a cranked arrow wing (Case 1), which is the 
same as the concept model [11] proposed by JAXA, and a tapered wing (Case 2), which is similar to Aerion 
AS2’s planform. The geometrical parameters of each planform are summarized in Table 1. To evaluate the 
aerodynamic performance, these calculation models comprising the wing, fuselage, and tail wing were consi-
dered. 

 
Table 1. Dimensions of the planforms.                                                                       

 Case 1 Case 2 

Aspect ratio 2.5 3.4 

Taper ratio of inboard 0.28 1.00 

Taper ratio of outboard 0.37 0.31 

Leading sweep-back angle of inboard 68˚ 20˚ 

Leading sweep-back angle of outboard 52˚ 20˚ 

Kink position 63% semi-span 

Wing area 175 m2 

3.2. Design Space 
The design space was defined for three sections, namely, root, kink and tip. The geometry between the root and 
kink were interpolated by a spline curve, and that between the kink and tip were linearly interpolated. The de-
sign variables and their ranges are summarized in Table 2. The base airfoil for Case 1 was the NACA64A airfoil 
and that for Case 2 was a biconvex airfoil (see Figure 3). 
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Figure 3. Base airfoils for each case.                                                                          

 
Table 2. Design space.                                                                                     

   Lower bound Upper bound 

Thickness ratio 

Root dv1 0.03%c 0.06%c 

Kink dv2 0.03%c 0.05%c 

Tip dv3 0.02%c 0.05%c 

Forward camber position  dv4 0.30%c 0.45%c 

Forward camber height 

Root dv5 0.02%c 0.05%c 

Kink dv6 −0.02%c 0.05%c 

Tip dv7 −0.02%c 0.04%c 

Aft camber position  dv8 0.60%c 0.75%c 

Aft camber height 

Root dv9 −0.03%c 0.02%c 

Kink dv10 −0.02%c 0.02%c 

Tip dv11 −0.02%c 0.02%c 

Twisted angle 

Root dv12 0.0˚ 2.0° 

Kink dv13 −2.0˚ 2.0° 

Tip dv14 −4.0˚ 0.0° 

%c: The percentage of the chord length. 

3.3. Objective Functions and Constrains 
The objective functions are expressed as follows;  

Minimize : at
Minimize :

1.60
0.8a 0t

DP

DP

C M
C M

∞

∞

=
 =

 

Subject to , CP CGL W X X= =  

To improve the cruise efficiency of the SST, it is important to consider not only the supersonic condition, but 
also the transonic condition. The flying condition for the first objective was assumed as supersonic cruise at an 
altitude of 15,000 m, and that for the second objective was assumed as transonic cruise at an altitude of 11,000 
m. 

Through optimization, two constraints were considered. One was that the aerodynamic should be estimated 
under the design LC . The design LC  was calculated by statistically estimating the weight of wing [12]-[15] as 

0.501
25.63 10

cos
TO ult

w
root

W n b S
W

t
−  × × ×

= × ×  Λ 
                          (8) 

The weight of the aircraft in flight was estimated by adding wW  to the weight of the fuselage and the tail for 
JAXA’s concept model [9].  

The other constraint was the trim stability with changing elevator angles. To determine the elevator angle, 
each sample was calculated for two different horizontal tail angles. Then, the trimmed elevator angle was deter-
mined by liner interpolation. Calculations were performed 12 times for each sample to evaluate the aerodynamic 
performance under these constraints. 
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4. Results and Discussions 
4.1. Sampling Results 
In this study, two additional samples were added in each additional sampling by DRMOGA. In DRMOGA, the 
total generation number is 64 and the size of population is 64. The population is divided into four sub-popula- 
tions. Sub-populations are shuffled every four generations.  

The aerodynamic performance of all initial and additional samples for both cases is shown in Figure 4. In this 
figure, each dot corresponds to each sample and the high direction of the optimality of samples is indicated by 
the arrow written “optimum direction”. In other word, low drag samples at the both Mach numbers are located 
in the lower left on Figure 4. Most of the additional samples in Case 1 exhibited better performances than the 
initial samples. On the other hands, in Case 2, several solutions could not be improved. This result suggests that 
Case 2 is more difficult to solve than Case 1. 

 

 
Figure 4. Sampling results.                                                                                

4.2. Knowledge Discover by ANOVA 
Visualization results of the design space and the solution space by the functional ANOVA are shown in Figure 
5. In Case 1, the trend of DPC  at 1.60M∞ =  is similar to that of DPC  at 0.80M∞ = , because the wings in 
Case 1 have a subsonic leading edge for the both Mach numbers. The design variables for the camber shape at 
kink (such as dv6, dv10 and dv4 which were defined in Table 2) have a predominant effect at both Mach num-
bers because the kink geometry influences the inboard and the outboard.  
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 (a)                                             (b) 

  
  (c)                                             (d) 

Figure 5. Functional ANOVA (dv~means design variable defined in Table 2). (a) Case 1 ( 0.8M∞ = ); (b) Case 1 
( 1.6M∞ = ); (c) Case 2 ( 0.8M∞ = ); (d) Case 2 ( 1.6M∞ = ).                                                   

 
On the other hand, the ANOVA results of Case 2 depend on the Mach number, because the speed of the main 

stream is different; a subsonic leading edge can be observed at 0.80M∞ =  and a supersonic leading edge can 
be observed at 1.60M∞ = . At 0.80M∞ = , the design variables for the tip (such as dv14 and dv11) show the 
effect of the induced drag, while in Case1, these design variables for the tip show only small effects, because the 
chord length at the tip of Case 2 is longer than that of Case 1. 

4.3. Design Examples 
To discuss and compare the trend of the optimum shape of each planform, Design 1 and Design 2 were selected 
from all samples as shown in Figure 4. The pressure distributions are compared in Figure 6. At each Mach 
number, the pressure at the leading edge of Design 2 is higher than that in Design 1. This is so because the 
sweep-back angle of Design 2 is smaller than that of Design 1. When Design 1 accelerates from transonic to su-
personic, the peak of the pressure difference between the lower and the upper surface of the wing becomes low 
because of its high sweep-back angle (Figure 6(a) and Figure 6(b)). On the other hand, when Design 2 flies at a 
supersonic speed, a shock wave is observed at the leading edge owing to its low sweep back angle (Figure 6(d)). 
Thus, Design 2 cannot realize lift at the leading edge; it is observed that a wide positive pressure area on the aft 
lower surface can generate sufficient lift. 
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Figure 6. Surface CP distributions of representative samples. (a) Design 1 ( 0.8M∞ = ); (b) Design 1 ( 1.6M∞ = ); (c) Design 
2 ( 0.8M∞ = ); (d) Design 2 ( 1.6M∞ = ).                                                                      

 
The airfoil geometries of Design 1 and Design 2 are shown in Figure 7. The slope of the leading edge is 

smaller in Design 2 than in Design1because the acceleration of the flow causes a shock wave, which indicates 
wave drag. For the tip airfoil, Design 1 has a positive camber, while Design 2 has a straight camber. The PC  
distributions at the kinks in Design 1 and Design 2 are shown in Figure 8. According to Figure 8(a), the PC  
distributions of Design 1 are similar to that of Design 2. This indicates that the lift is uniform at the kink’s airfoil 
in both designs in the chord direction. On the contrary, Figure 8(b) shows the different PC  distributions be-
tween Design 1 and that of Design 2. In Design 1, negative lift is created near the leading edge, indicating pitch 
down moment. The PC  of Design 2 shows the almost same value at the upper surface and lower surface around 
the leading edge. This indicates that flow acceleration around the leading edge of Design 2 is suitable for the 
reducing the wave drag. 

 

 
(a) 

  
                                  (b)                                                        (b) 

Figure 7. Sectional airfoil of representative samples. (a) Root; (b) Kink (63% semi-span); (c) Tip.                        
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(a) 

 
(b) 

Figure 8. Cross sectional PC  distributions of kink (63% semi-span). (a) 0.8M∞ = ; (b) 1.6M∞ = .               

5. Concluding Remarks 
To obtain design knowledge of the planform dependency of the airfoil design results, the aerodynamic designs 
of an airfoil for a cranked arrow wing and a single tapered wing were studied using EGO. Each defined airfoil 
had different optimum geometries for the two wing planforms. For example, the slope of the leading edge is 
smaller in the case of the tapered wing than in the case of the cranked arrow wing to inhibit shock wave. In ad-
dition, the results of functional ANOVA show that the trends of contribution ratios of design variables to drag 
reduction differ with planforms. At supersonic speeds, the cranked arrow wing and the tapered wing are similar 
from the viewpoint of the dominant design variables; this is so because the aim is to reduce wave drag, which 
defines the camber height of the kink airfoil. On the contrary, at transonic speeds, the dominant design variables 
of the two wings are different. In the cranked arrow wing, the camber height of the kink airfoil is dominant as 
the supersonic speeds. In the tapered wing, the design variables for the tip are dominant due to induced drag. 
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Nomenclature 
b : Span length 

DPC : Pressure drag coefficient 
EI : Expected Improvement 

maxf : The maximum value among all the available sample points 
minf : The minimum value among all the available sample points 

L : Total lift [N] 
m : The number of design variables 
M∞ : Mach number of the main flow 

ultn : Ultimate load factor 
p : The sensitivity of an object function to the variance of design variable 
S : Wing area 
ŝ : The root of minimum square error of the surrogate model 
roott : Thickness of root cross section 

W : Operating weight in flight [N] 
TOW : Takeoff weight [kg] 
wW : Wing weight [kg] 
ix : Unknown design point 
ix : 𝑖𝑖th design variable 
CGX : The position coordinate of the center of gravity 

CPX : The position coordinate of the center of pressure 
ŷ : Approximate solution 

 
ε : A local deviation of the global model 
Λ : Sweep back angle of the leading edge 
µ : A mean value of the objective function among all samples 
µ : The total mean 

iµ : The variance of design variable to µ  
ϕ : Velocity potential 
Φ : The standard normal distribution function 
∮: The probability density function 
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