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Abstract

In this paper, we show a fixed point theorem which deduces to both of Lou’s fixed point theorem
and de Pascale and de Pascale’s fixed point theorem. Moreover, our result can be applied to show
the existence and uniqueness of solutions for fractional differential equations with multiple de-
lays. Using the theorem, we discuss the fractional chaos neuron model.
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1. Introduction

The following was the famous fixed point theorem introduced by Banach in 1922.
The Banach contraction principle ([1]). Let (X,d) be a complete metric space, let F be a nonempty
closed subset of X and let A be a mapping from F into itself. Suppose that there exist S e [0,1) such that

d (Au, Av) < pd (u,v)

for any u,veF . Then A has a unique fixed point in F.

In 1999 Lou proved the following fixed point theorem.

Lou’s fixed point theorem ([2]). Let 1 =[0,T], let (E||||E) be a Banach space, let C(1,E) be the Ba-
nach space consisting of all continuous mappings from I into E with norm

lul|= max{"u (t)||E‘t e I}
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forany ueC(I,E), let F be a nonempty closed subset of C(1,E) and let A be a mapping from F into itself.
Suppose that there exist «,<[0,1) and K [0,%) such that

[Au(t)- Av()], < Au(t)-v(1), +t5a [{Ju(s)-v(s)], s

forany u,veF andforany tel\{0}.Then A has a unique fixed pointin F.

Moreover, in 2002 de Pascale and de Pascale proved the following fixed point theorem.

De Pascale-de Pascale’s fixed point theorem ([3]). Let | =[1,c0), let (E||||E) be a Banach space, let
BC ( I, E) be the Banach space consisting of all bounded continuous mappings from I into E with norm

Jul =sup{||u (t)||E‘t = I}

for any ueBC(I,E), let F be a nonempty closed subset of BC(I,E) and let A be a mapping from F into
itself. Suppose that there exist « €(1,0), Be[0,1) and K e[0,0) such that

|Au(t)- Av(t)"E < B|u (t)—v(t)”E thﬁa'|'1t||u(s)—v(s)||E ds

forany u,veF andforany tel.Then A has a unique fixed pointin F.

In this paper, using the Banach contraction principle, we show a fixed point theorem which deduces to both of
Lou’s fixed point theorem and de Pascale and de Pascale’s fixed point theorem. Moreover, our results can be
applied to show the existence and uniqueness of solutions for fractional differential equations with multiple de-
lays. Using the theorem, we discuss the fractional chaos neuron model [4].

2. Fixed Point Theorem

In this section, we show a fixed point theorem. It deduces to Lou’s fixed point theorem [2] and de Pascale and
de Pascale’s fixed point theorem [3].

Definition 1. Let | be an arbitrary finite or infinite interval, let J be an interval with | < J, let (E||||E) be a
Banach space, let BC(1,E) be the Banach space consisting all bounded continuous mappings from I into E
with norm

ul :sup{”u (t)||E‘t = I}

forany ueBC(I,E), let BC(I,E) be the Banach space consisting all bounded continuous mappings from J
into E with norm

Juf, =sup {Ju(v)]|t <)

for any ueBC(I,E), let F be a nonempty closed subset of BC(I,E), and let ¢ be a mapping from J\|I
into E. Define a mapping u, by
u onl,
u, =
g ond\I

forany ueF . We say F satisfies (x) for ¢ if (+) u, eBC(J,E) holdsforany ueF.

Theorem 1. Let | be an arbitrary finite or infinite interval, let J,,J be intervals with 1 cJ,cJ, let
(E||||E) be a Banach space, let BC(I,E) be the Banach space consisting all bounded continuous mappings
from | into E with norm

ul =sup{||u (t)||E‘t e I}

forany ueBC(I,E), and let F be a nonempty closed subset of BC(1,E). Suppose that there exists a mapping
¢ from J\I into E such that F satisfies () for ¢. Let A be a mapping from F into itself. Suppose that there
exist Be [0,1), a mapping G from |xJ, into [O,oo) integrable with respect to the second variable for any
the first variable, mappings 7,6 from linto J, with y <&, neN, and mappings 7 €C(J,,J) for any
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i=1---,n such that
(Hy) forany u,veF andforany tel

||Au(t)—Av(t)||E£ﬂ||u(t)—v(t)||E+IZ(:))G(t,s)§"u¢(ni( v, (n(5))]. 05

(H,) there exist a €[0,%), K e[0,0), mM (0,0) with m<M and yeBC(J,[mM]) such that
1) p+nKae[0,1);
2) y(n,())< Ky() forany teJ, andforany i=1--,n;

3) j‘i(:)) (s)ds<ay(t) forany tel.

Then A has a unique fixed point in F.
Proof. By (H;) we obtain

[ (t) - Av(o)], < () -V, + [16 (05) 2 Ju, (1) v, (m ()], s

forany uveF and for any tel. By (H) there exists yeBC(J,[m M]), thatis, m<y(t)<M for any
teJ . Define a new norm ||||y in BC(I,E) by
te I}.

1
bl et
1 1
TR

||, is equivalent of |-| . Define a metric d in F by

d(u,v)= SUD{%I)"% ()=, (t)"E

teJ}.
Since u,(t)=v,(t)=¢(t) forany teJ\I, we obtain

td}m%wwwwE

and hence (F,d) is a complete metric space. We obtain

Since

d(u,v)=sup{ﬁ"u¢ (t)-v, (t)"E te\]}=||u—v||y

WHAU( )—Av(t)

SOV Ol i 1e )3 (1 (), (n () o
swmwﬁﬁ%m@mwmmm

< pa(u) - S 6 ) Sk (o)
(0B 1.5y

<(B+nKa)d(u,v)
forany u,veF andforany tel. Since (Au)¢(t)=(Av)¢(t)=¢(t) forany teJ\I,we obtain



T. Kawasaki, M. Toyoda

d (Au, Av) = sup{%t)”( Au), (1)~ (Av), (t)

teJ}
E

1
=sup{m"Au (t)- Av(t)"E te J}S(ﬂ-ﬁ-nKa)d (u,v),

that is, A is a contraction mapping. By the Banach contraction principle A has a unique fixed point in F.

The following remarks show that our fixed point theorem derives Lou’s fixed point theorem [2] and de Pas-
cale and de Pascale’s fixed point theorem [3]. The proofs are owed to [5].

Remark 1. By Theorem 1 we can obtain Lou’s fixed point theorem [2]. Actually let 1 =J,=J = [O T] let
(E || || ) be a Banach space, let C(1,E) be the Banach space consisting of all continuous mapplngs from |
into E with norm

lul|= max{"u (t)||E‘t = I}

forany ueC(1,E), and let F be a nonempty closed subset of C(I,E). F satisfies () for the null mapping.
Note that, since | is a finite interval, C(I,E) isequivalentto BC(I,E). Let A be a mapping from F into itself.
Suppose that there exist «,, #[0,1) and K, [0,0) such that

[Au(t) - v(v), < Aa()-v(t), + 22 [ u(s) -v(s)], o

for any u,veF and for any tel \{0}. Note that A is continuous. Therefore by the I’Hopital theorem we
obtain

[#u(0)~ Av(0)], < Bu(0)-v(0)] + Mt% L lu(e)-v(s), o

ap-1 ||U (t)”E

:ﬁ"u(o || +1|L+0at
= Alu(0)-v(0)],

forany u,veF.Put

ﬁ if0<t<T,
G(t,s)=11t%
0 if t=0,

7(t)=0, &(t)=t, n=1 and 7,(t)=t. Then we obtain

| Au () - Av (b)),
ﬂ"u t)-v(t)], + f Ju(s)—=v(s)| ds ifO<t<T,
| Au(0)-v(0) || ift=0

= Alu()v(t) + [ Bt 9) Xl (5) -v(m ()], as

for any u,veF and for any tel, that is, (H;) holds. Take re(0,0) satisfying K,z <1-p. Put

;
a=K,/", K=1, m=1, M =e- and

1 if0<t<r
y(t)=1 ¢

er if r<t<T.

Then (1) and (2) of (H,) hold. Moreover, if 0<t<r,then
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o) " .
[IREICON dS—JO_OdS—Kt1° ay(t);

if 7<t<T,then
s(t) tKy 21 K.z 3—1
L(t)G(t,s)y( )ds = j °ds j e —De ds=tT°0e <ay(t),

that is, (3) of (H,) holds. Therefore, by Theorem 1 A has a unique fixed point in F.

Remark 2. By Theorem 1 we can obtain de Pascale and de Pascale’s fixed point theorem [3]. Actually let
I =J,=J=[L), let (E||||E) be a Banach space, let BC(I,E) be the Banach space consisting of all
bounded continuous mappings from | into E with norm

ul =sup{||u (t)||E‘t e I}

forany ueBC(I,E), and let F be a nonempty closed subset of BC(I,E). F satisfies (+) for the null mapping.
Let A be a mapping from F into itself. Suppose that there exist o, €(1,), f<€[0,1) and K, e[0,0) such
that

K
|Au(t)-Av()], <Blu(t)-v(t)]. +t7(‘3J'lt"u(s)—v(s)"E ds
forany u,veF andforany tel.Put
G(t,s)= s

7(t)=1, 6(t)=t, n=1 and nl(t):t.Thenweobtaln

|Au(v)- A1), < Alu(t) vV, + 2 [ Jo()-v(s), o

= Alu()~v()], +J (t)2Ju( (5))], ds

forany u,veF andforany tel,thatis, (Hy) holds. Take ce(0,0) and 7e(1,0) satisfying
Ko(ch+70)<1-f.Put a=Ky(c+7), K=1, m=e°, M=e” and

e ifl<t<r,
v(t)={ . !

e if r<t.

Then (1) and (2) of (H,) hold. Moreover, if 1<t<7,then

ait) e%qls = R0 (gt _ g0 o :
J'V(t)G( s)y(s )ds—j1 oz ds:ct—aoo(e‘—e )<Kycle* <ay(t);
if 7<t,then

Ko t K K,e”

S(t) K - -
L(t)G(t s)y(s)ds= L o °5ds+_Lnge° ds=Ct—a°O(eC —e°)+t°T(t—r)

< Ko(c +r1‘“°)e” =ay(t),
that is, (3) of (H,) holds. Therefore, by Theorem 1 A has a unique fixed point in F.

3. Fractional Differential Equations with Multiple Delays

In this section, by using Theorem 1, we show the existence and uniqueness of solutions for fractional differen-
tial equations with multiple delays. Throughout this paper, the fractional derivative means the Caputo-Riesz de-
rivative °D” defined by

1
r(m-7)

‘D"u(t)=

ﬁ(t —s)"" jsm u(s)ds
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for any 7 e(0,00) and for any function u, where I' is the gamma function and m is a natural number with
m-1<7 <m; for instance, see [6].
Theorem 2. Let (E||||E) be a Banach space, let C([O,T]x E", E) be the space consisting of all continu-

ous mappings from [0,T]xE" intoEandlet fe C([O,T]x E", E) satisfying
(Hy) there exist L, €[0,T](i=1---,n) such that

[t )= F (63 v,)

S ;Li % = ville

forany te|o, T] and forany x,y, €E.
Let C([0,T],E) be the Banach space consisting of all continuous mappings from [0,T] into E, let

],
([O T] 0,00 )) be the space consisting of all continuous mappings from [O,T] into [O,oo) and let

((—oo 0] E) be the space consisting of all continuous mappings from (—oo,O] into E. Then the following
fractional differential equation with multiple delays

“Du(t)= f(tu(t),u,(t-7,(t),-u,(t-7, (1)  (te[0.T]),
where 7¢(0,1], °D” is the 7 -order Caputo-Riesz derivative, 7, € C([0,T],[0,0)) and ¢eC((—,0],E),
have a unique solution in {u|ueC([0,T],E)and u(0)=¢(0)} .

Proof. Put | =J,=[0,T], =inf{t—z (t)teli=2--nf, J=[rT] and

F ={u|ueC(I,E)and u(0)=¢(0)}'

Then F is closed. Since ¢eC([z,0),E) and u(0)=¢(0) for any ueF, we obtain u,eC(J,E) for
any ueF . Therefore, F satisfies (x) for ¢. By direct computations, ueC(I,E) isa solution of the equation
above if and only if it is a solution of the following integral equation:

u(t)= ¢(0)+ﬁﬁ(t —s) f(s,u(s),uy (s=7,(s)) .+, (s, (s))) ds.
Define a mapping A by

J't(t—s)"*1 f(s,u(s).u,(s—7,(s)), -+, (s=7,(5)))ds

Ok

forany ueF.Since Au(0)=¢(0), we obtain Au e F . We show that A has a unique fixed point. Indeed, we
obtain

||Au (t)—Av(t)”E <

[i(t-sy zlL Ju, (s -7(5)) v, (s== (5))].

) S () v, (n ()] s

where 7,(t)=0, L=max{L,---,L,} and 7 (t)=t—7(t)(i=1,---,n).Put f=0,
L

G(t,s)=4T(n)

0 if t<s,

—(t- s)'71 if 0<s<t,

7(t)=0 and &(t)=t. Then (H,) holds. Take « with O<na <1 and take ¢ with c”ZL. Put K =1,
04

m=e“, M=e“ and y(t)=e". Then (1) and (2) of (H,) hold. Moreover, since

a(t) Lt R Le®
L(t)G(t,s)y(s)ds:—jo(t—s)” e%ds = e

I'(n)

.[Cts”l sds<cl'e <ay(t),
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(3) of (H,) holds. Therefore, by Theorem 1 A has a unique fixed point in F.
By using Theorem 2, we discuss the fractional chaos neuron model [4].
Example 1. We consider the following fractional differential equation with delay

. mu,(t—7)
°Du(t) =—pu(t)+sin——-—2~ tef0,TY),
()=-pu(t)rsin=23—  (te[oT])
where 77€(01], Bre[0,%), T,e(0,») and ¢eC([-z,0],R). In this equation, u(t) is an internal state
of the neuron at time t, £ is a dissipative parameter and 7 is delay time. Moreover, we use a sinusoidal
function with a periodic parameter T, as an activation to be related to the output of the neuron. This equation is

called the fractional chaos neuron model [4]. Put E=R, n=2, 7,(t)=7r and f (t,xl,xz):—ﬂx1+sin72t—_)l(_2.
0
Since

. TX . T
sin2 _gjn Yz,
2T,

(6%, %) = F (LY, y,)| <|B|% = | + T
0

S|ﬂ||)(1_y1|+2_7;0|X2 —y2|,

f satisfies (Hy) for L, :| ﬂ| and L, :2%. Therefore, by Theorem 2 the equation above has a unique solution in
0

{u|u eC ([O,T],R) andu(0)= ¢(0)} . For analysis of neural networks using fixed point theorems, see [7] [8].
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