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Abstract 
GDOP’s influence on observable degree is studied by analyzing a multi-antenna GPS/SINS attitude 
measuring system. Firstly, the mathematical model of the attitude measuring system, whose ob-
servations are single-differences, is provided; Secondly, it is proved that the model can be studied 
by PWCS theory, and GDOP’s influence on observable degree is explained intuitively. Then, the va-
riance of observable degree is studied by simulation while GDOP is different, and the result is 
analysed. Simulation results show that, the observable degree becomes worse with the increasing 
GDOP value. Therefore, while designing such kind of Kalman filter, the influence to observable 
degree which made by GDOP should be considered adequately. 

 
Keywords 
Attitude Measuring, Observable Degree, SVD, GDOP 

 
 

1. Introduction 
A multi-antenna GPS/SINS attitude measuring system，whose observe vectors are single-differences, is estab-
lished. Those observe including baseline vector, velocity and position. By such system, the error which cause by 
signal delay is decreased. While designing such a Kalman Filter, the observability of states should be considered. 
Usually, it can be analysed by PWCS theory [1] [2]. PWCS solves the problem of whether the states can be ob-
served totally. In order to analyze the observability in quantification, the concept of observable degree [3] is in-
troduced. And the method of singular value decomposition (SVD) is in common use. However, SVD is not per-
fect, for the dimensions of states are not the same, and the singulars in different order of magnitudes reflect no 
more than a compare. It means, at the same system, the more the singulars in the same order is, the more the ob-
servable degree is. 

Reference [3] analyzes the observability strapdown inertial navigation system by SVD, and points out that, 
SVD is adapted to system state estimation of time-varying dynamic systems. References [4]-[6] analyze the ob-
servability of loose-coupled, tightly-coupled and ultra-tight coupled model of GPS/INS. These references prove 
that, the GPS/INS integrated systems meet the requirement of PWCS, and analyze their observability in different 
motions. Reference [7] compares the observable degree of GPS/SINS complete integrated system (CIS) and 
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tightly coupled system (TIS) with different number of visible stars, points out that CIS is better in observable 
degree than TIS, and as the same system, increasing number of visible stars makes the observable degree rais-
ing.  

How about it while the number of visible stars is the same but geometric dilution of precision (GDOP) is not? 
Generally speaking, GDOP affects the precision of GPS receiver and still the integrated system. But no refer-
ence shows how it affects the observable degree of GPS/SINS integrated system. By analyzing a GPS/SINS in-
tegrated attitude measuring system, which is another type of CIS, the GDOP’s influence to the observable de-
gree is studied.  

2. Mathematical Model of GPS/SINS Integrated Attitude Measuring System 
2.1. Error Equation of SINS 
Error equation of Mathematics Platform, 
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[ ] [ ]( ) ( )2 (2 )n n n b n n n n n
b A ie en ie enK Aδ φ δ δ δ δ δ= − × + + − + × − + × +∇v f C f ω ω v ω ω v           (2) 

Error equation of position, 
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2.2. The State Space Equation 
The GPS/SINS integrated system state space equation is established by error of SINS parameters. 

( ) ( ) ( ) ( ) ( )t t t t t= +X F X G W                                 (6) 
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In Equation (7), , ,e n uφ φ φ  are alignment errors of Mathematics Platform; , ,e n uV V Vδ δ δ  are velocity errors 
of SINS; , ,L hδ δλ δ  are latitude, longitude and altitude errors of SINS, , , , , ,bx by bz rx ry rzε ε ε ε ε ε  are constant 
drift errors and correlated drift errors of gyro. , ,x y z∇ ∇ ∇  are equivalent errors of accelerometer. 
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In Equation (8), NF  is a transition matrix corresponding 9 parameters error of SINS. 
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( )tG  is the allocation matrix of noise, ( )tW  is the noise matrix of gyroscopes and accelerometers. 
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2.3. The Measurement Equation 
The attitude measuring part of system is realized by GPS multi-antenna layout and carrier phase relative posi-
tioning technique. Figure 1 shows a typical layout of multi-antenna GPS. 

Calculate the double difference of GPS measurements, attitude measurement equations can be obtained as, 
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While, e
nC  is the pose transformation of navigation coordinate system to earth coordinate system. 12n  is 

noise of measurements. ij i jS = S - S , while 
i i i

x y z
ρ ρ ρ ∂ ∂ ∂

=  ∂ ∂ ∂ 
iS  is the vector receiver to satellite i.  

Pseudo-range observations based on single-difference equation: 
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Doppler velocity measurement based on single-difference equation: 
ijD nδ = ∆ +ijS V                                     (13) 

where, ∆V  is the speed D-value between GPS measurement and SINS measurement. 
Make the system measurements to be 

[ ]TB D Rδ δ δ=Z                                   (14) 

Therefore, the observation equation is 
δ= +Z H X V                                      (15) 

where, 
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Figure 1. A layout of multi-antenna. 
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3. Observability Analysis  
The model established before is a time-varying one. It should be analyzed by PWCS, before which, the model 
can be studied by PCWS needs to be proven.  

It is proved that the model multi-antenna GPS/SINS integrated system accord with the PWCS theorem. 
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According to the definition of observability analysis matrix, 
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Elementary row transformation to jQ , 
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In Equation (30), 1 2 6, , ,x x x  are all 3 dimensional vectors. 
Therefore, =0jA X , ( )null∈ jX A . For ( )null j′∈X Q , ( ) ( )null null′ =j jQ Q  , then ( ) ( )null null⊂j jQ A . 

Theorem 2 is satisfied According to theorem 3, continuous PWCS and discrete PWCS are consistent in observa-
bility analysis. So the SOM of discrete system can show the observability of continuous system. 

4. GDOP’s Influence on Observable Degree  
4.1. Intuitive Interpretation  
Analyzes the observability by PWCS method, and results show that the rank n = 18 while the N Asset Coverage 
is 4, which means all the state are observable. It is obvious that the observability of states will be different while 
the GDOP is different. AS baseline vector B. 

Figure 2 shows that, as measurements, 1Bδ = ∆ikS B  is more significant than 2Bδ = ∆ijS B . Because  
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Figure 2. Projection of baseline B on vector S. 

 
1 2B Bδ δ> , and according to Equation (17), while under the same conditions, we have 

ik ijH Hα α>                                      (25) 

Similar, the velocity and position part have the same conclusion. While the transition matrix F is the same, 
GDOP affect the observation equation H, and better GDOP makes better H.  

PWCS theory does not show the difference when GDOP is different. Therefore, quantitative analysis is 
needed to study the observability degree. SVD is a common method to analyze the observable degree. But SVD 
is still defective because of the different dimension of states. So analyzes the observable degree changes of sys-
tem-level only when GDOP changes. 

4.2. Simulation Analysis  
Simulation based on a 1000 sec long track, analyze the observable degree while GDOP changes. Set the N Asset 
Coverage 4, the length of baseline in Y axis 10 m, in X axis 5 m. Angle heading 24 58'ϕ = ° , pitch 7 47 '32 ''θ = ° , 
roll 0γ = ° . Set RMS of gyro drift 5˚/h, correlation time 30 sec. Still, these measurement errors are set, baseline 
0.01 m, velocity 0.1 m, position 10 m. 

Choose satellites number as 4, 13, 16, 19, and the averaged GDOP during simulation is 3.4; Choose satellites 
with number 4, 18, 19, 21, and the averaged GDOP during simulation is 12.3; Table 1 shows the SVD to SOM 
of simulations. The results shows that all 18 states are observable, and corresponding states are almost in the 
magnitude. While GDOP = 3.4, 16σ , 17σ , 18σ  is bigger than those when GDOP = 12.3 obviously. Condi-
tion number [8] can be used to compare the system-level observable degree. When GDOP = 3.4, the condition 
number of system is, 1 4.6365e+07Cond = . When GDOP = 12.3, 2 1.0166e+08Cond = . It shows that, the in-
dependence among different states weakens with the increase of GODP, and the observable degree becomes 
worse. 

5. Conclusions 
A GPS/SINS integrated attitude measuring system is established, and proof of it can be studied by PWCS theory 
is given. By using SVD and condition number method, how GDOP affects the observable degree of integrated is 
studied. Conclusions are obtained: 

1) The integrated system this paper introduced can be studied by PWCS theory, and all its states are observa-
ble while the N Asset Coverage is more 4. 

2) The relationship between GDOP and measurement matrix is studied. The less the GDOP is, the more sig-
nificant the measurement matrix is. And still the precision become better. 

3) The relationship between GDOP and system-level observable degree is studied via SVD and condition. 
The result shows that observable degree becomes worse with the increase of GDOP. 
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Table 1. The observable degree of different GDOPs. 

SV GDOP = 3.4 GDOP = 12.3 SV GDOP = 3.4 GDOP = 12.3 SV GDOP = 3.4 GDOP = 12.3 

1σ  5.3218e7 2.4836e7 7σ  68.8517 59.4036 13σ  3.1070 2.2073 

2σ  1.2806e7 1.2737e7 8σ  48.7350 43.3406 14σ  2.6805 1.6535 

3σ  233.6498 186.3406 9σ  11.9525 8.7298 15σ  2.4561 0.9920 

4σ  169.0660 138.5101 10σ  6.9809 5.6404 16σ  2.2782 0.2777 

5σ  142.0541 110.2614 11σ  5.6903 4.01241 17σ  1.9021 0.2446 

6σ  108.0004 84.5738 12σ  3.9480 2.9204 18σ  1.1478 0.2443 

 
Meanwhile, the conclusion comes from a certain model of GPS/SINS, of which the measurements are single- 

differences and double-differences. Further research is needed, for whether the conclusion is also correct for 
other models. 
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