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Abstract

In the traffic equilibrium problem, we introduce capacity constraints of arcs, extend Beckmann’s
formula to include these constraints, and give an algorithm for traffic equilibrium flows with ca-
pacity constraints on arcs. Using an example, we illustrate the application of the algorithm and
show that Beckmann'’s formula is a sufficient condition only, not a necessary condition, for traffic
equilibrium with capacity constraints of arcs.
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1. Introduction

In [1], Wardrop introduced the traffic equilibrium problem and proposed a scalar equilibrium principle. In [2],
Beckmann et al. gave a mathematical programming problem that was equivalent to Wardrop’s traffic equili-
brium problem. Using Beckmann’s work, it is possible to find the traffic equilibrium flow if the cost function is
a scalar. In [3], Chen and Yen generalized Wardrop’s equilibrium principle to a (weak) vector equilibrium prin-
ciple. In [4] [5], we extended the vector equilibrium principle to capacity constraints along arcs and derived ex-
istence and stability results for (weak) vector equilibrium flows. In this paper, we introduce the traffic equili-
brium problem with capacity constraints of arcs (TEPCCA), extend Beckmann’s transformation to cover capac-
ity constraints along arcs, and give an algorithm for traffic equilibrium flows with capacity constraints of arcs
for scalar cost functions. As an example, we illustrate the algorithm and show that Beckmann’s transformation is
a sufficient condition only, not a necessary condition, for traffic equilibria with capacity constraints of arcs. For
other results with respect to traffic equilibrium with capacity constraints of arcs, we refer to [6], and for other
results with respect to algorithms of equilibrium flows, we refer to [7]-[9] and the references therein.
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For a traffic network, let V denote the set of nodes, E the set of directed arcs, and W the set of origin-
destination O-D pairs. Foreach weW ,let P, denote the set of available paths joining O-D pair « and denote

by K= U L =|K|. Let D=(dw)weW denote the demand vector, with d,(>0) denoting the traffic
demand on O-D pair w. Foreach acE, thearcflow f,eR, ={zeR:z>0}.Foreach weW and keP

let f,(>0) denote the traffic flow on path k. f :(fk)LK eRl :{(zl,zz, ,2,)eR":2,20,i=1,2,-,m }

is said to be a path flow (flow). Clearly, for acE, f,=> > _&,f,, where 5, =1 ifarca belongs to

a

path k, otherwise &, =0, thus f, =f,(f). Let C=(c,), . denote the capacity vector, where c,(>0)
denotes the capacity of flow on arc a. A traffic network is usually denoted by N = {V, E,W, D,C} . For each arc
a e E, the flow on arc a needs to satisfy the capacity constraint: ¢, > f, 20, and for each @ eW , the flow f
needs to satisfy the demand constraint: z =d,. Aflowf satlsfylng the demand and capacity constraints
is called a feasible path flow (a feasible fiow- for short) Let

A={feRI:VoeW Y,  f,=d,and vacEc, > f, >0}
In this paper, we assume that for each @ eW , the demand d, is fixed and A= . Itis easy to verify that A

is convex and compact. For each acE, let t, =t,(f,)=t,(f)eR, be the cost on arc a, and for each
a)eW keP,, the cost t, along path k is assumed to be the sum of all arc costs along k, i.e.,

w !

t(f)=2.date ().

2. Preliminaries

For the following definitions, see [4] [5].
Definition 2.1. Assume thata flow f e A.
1)for aeE,if f,=c,,thenaissaid to be a saturated arc of flow f, otherwise a nonsaturated arc of flow f.

2)for kelJ P, .

a saturated path of flow f, otherwise a nonsaturated path of flow f.
Definition 2.2. (Equilibrium principle with capacity constraints of arcs). A flow f e A is said to be in equi-
librium if,

if there exists a saturated arc a of flow f such that a belongs to path k, then k is said to be

Va)eW,Vk,jeF’w,tk(f)—tj(f)>0
= f, =0or path j is a saturated path of flow f.

f is said to be an equilibrium flow or solution of the TEPCCA. A TEPCCA is usually denoted by I'={X, A t}.

3. A Generalization of Beckmann’s Formula

For the TEPCCA T ={N, A/t}, construct the following mathematical programming problem Q:

Minz( f) zaeEJ'O .

Z VoeW,keP,

k

st. §f, ZZfﬁkSCa, VaeE,weW,keP,
kaO, VoeW,keP,.

The above formula is a generalization of Beckmann’s formula. The next theorem shows that each solution of
the generalization of Beckmann’s formula is an equilibrium flow for T .

Theorem 3.1. Consider the TEPCCA. Assume that for each ae E, t,(f) is continuous on R, then the
flow f e A isinequilibrium if f solves the mathematical programming problem Q.

Proof. Set h,=>" f, —d, and g, =c, — f,. The Kuhn-Tucker conditions for the problem Q are:

2]
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a;[cf]—gpwg::’— o gk ~ B, =0, YoeW,keP,
( ):0, VaekE
,Bf >0, VoeW,keP,
>20,14,20,5, 20, VoeW,acEkeP,

where p,, A, and f, are Lagrange multipliers. Since for each a<E, t,(f) is continuous on R, w
have
oz[ f]

o, :ﬁik(za:fofata(x)dszg%fofata(x =21 ()% tk’zp‘“ o, P

a

When path k is a nonsaturated path of flow f, for each a <k, we have c, - f, >0. Note that 4, (c,-f,)=0,
we have A, =0. Thus,

Zﬂ« aga ij aga - _

aek

=0 if path k is a nonsaturated path of flow f
=% <0 otherwise.

Hence, when k is a nonsaturated path, we have f, (t,—p,)=0, ..,

if f,>0, t,=p, VoeW,keP,
if f,=0, t,>2p, VoeW,keP,

and when Kk is a saturated path, we have fk( - P, +Za ) a) 0,ie,
if f,>0, t(20)=p, -, 4 <p, VYoecWkeP,

ka_

if f,=0, t =0 VoeW,keP,

In other words, if paths k is a nonsaturated path, then t, > p_, and if paths k such that f, >0, then t <p, .
Thus, for Vo eW, vk, jeP,,t (f)-t;(f)>0 andjis a nonsaturated path, then f, =0, otherwise f, >0,
which implies that t, (f)< p, <t;(f), acontradiction. By Definition 2.2, the proof is finished.

From the generalization of Beckmann’s formula, it is easy to construct an algorithm to calculate the equili-
brium flow for the TEPCCA T ={N,At}.

4. An Algorithm for the Traffic Equilibrium Flow with Capacity Constraints of Arcs

For the TEPCCA T = {N A,t} because there are usually many paths in K = U _w P » implying that there are
many variable in the generalization of Beckmann’s formula, it is often difficult to compute its solution. Note that
there are many paths for which the flow is zero in an equilibrium flow. If we delete these from K, it does not
cause any change in the equilibrium flow. For this season, we construct the following algorithm to compute the
equilibrium flow with capacity constraints of arcs. Assume that for each acE, t, ( f ) is continuous on R".
Step 1. Find a feasible flow f°e A and denote by H°® = {I eK:f’> O} .Let i=0.
Step 2. Solve the restricted problem Q':

Minz(f)=3, . [.", (x)dx

ka=dw, VoeW,keH'
k
sts f,=>>fd, <c,, VaeE
o k
f, >0, VkeH'

We obtain solution f'**e A. For each O-D pair weW , denote by 7,* =max,_, {tl(f‘”): fil >O},
where t,(f'™) denotes the cost of path | when flow is £ on the network N .
Step 3. After deleting all saturated arcs of the flow f'** in the network N, we compute its shortest path for
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each O-D pair. For each O-D pair weW , let S'** ={le P, :lisashortest path for » and t, ( f ”1) <"}
Step4.1f s =] S, =@, gotoStep5; otherwise let H™ =H'US"™,i=i+1 and go to Step 2.

Step 5. The equilibrium flow is  f™** for the TEPCCA and stop.
The following example shows the calculation process of the algorithm.
Example 4.1. Consider the TEPCCA (see Figure 1), where

V ={1,2,3456}, E={e,e,.e;,e,6,6.6,6,6.¢6,¢e,}, C=(6710875979117),

W = {ol.02} ={(14),(36)} . D=(d,d,:)=(98).
and
t, (f,)=4f2+17,t, (1, ) =32 +181t, (f,)=80f2 +120,t, (f, )=2f2 +84,
t,(f,)=12+112¢, (f, )=2f, +18t (f, )=8f2+621, (f, )=6f2+65
t, (f, )= f2+18t, (f, )=f2 +151t, (f, )=2f] +10.

For O-D pair wl=(1,4): P, contains paths |, =(e;), I, =(ee,), l,=(ee;), and 1, =(eese,), and

for O-D pair w2=(3,6): P, contains paths I, _(eg) lo=(ee;), 1, =(e8) and Iy =(ee5e;;).
Let f=(f,f, %, % f 6 f) eR®, where f, denotes the flow on path I,(j=12,34,56,7,8).
Thus, we have
fo= ot B =+ By by = f, 6y = f, = ff, = f,+ f,
f,o=fo by = fu by = f f = ot fy £y = fot fy.

Next, we compute the equilibrium flow with capacity constraints of arcs.
1) It is easy to verify that

fO=(f, f, £ o fs, fo f, f)' =(9,0,0,0,8,0,0,0)" € A
HY ={leK:f’>0}={l,I} . Let i=0.

2) Solve the restricted problem Q°:

Minz(f)= Zano . (x)dx =101 +120f, —f53+18f5

f.=9
st. {l
f. =8

We obtain solution f'=f°e A. For O-D pair wl=(1,4), 7., =2550, and for O-D pair w2=(3,6),
1
7, =82.

9= (D e @ =9
€10
; )
€11

8= (3

Figure 1. A traffic network.
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3) There is no saturated arc of flow f* in the network N . For O-D pair wl= (L4), itis easy to verify that
the shortest path is |, , whereas for O-D pair w2 =(3,6), the shortest path is |;. Note that

t, (f')=50<r, =2550,t, (f')=46<7,, =82,
thus S%, ={L},S5, ={l}.

4) Since S'=S, US;, ={l,l;} =@, let H'=H°US'={l,,1,,I;,l,} and solve the restricted problem
7

Minz( ZaeEfo L (X)dx =101 +120f, + 3f43+17f4+(f4+f8)2+18(f4+f8)
+§ f)+15f, +§ fo +18f, + f; +18f; +§ fo +10f,

:10f13+120f1+§ f2+50f, +(f, +f,)’ +% f2 +18f, +g f2+461,

fi+f,=9
fo+f; =8
f,+ ;<5
10> >0,6>f,>09>f>0,7>f,>0

We obtain solutlon f2=
w2=(36), 72,=82.

5) After deleting saturated arc e, of flow f? in the network X. For O-D pair wl=(1,4), it is easy to
verify that the shortest path is 1, , whereas for O-D pair 2 =(3,6), the shortest path is ;. Note that

t,(f?)=124<7’ =600,t, (f*)=82=17, =82,

4,0,0,5,8,0,0,0)" € A. For O-D pair wl=(1,4), 7>, =600, and for O-D pair
wl

thus S2 ={l,},8%2,=9.
_6) Since $?=S2USZ ={l,} =@, let H*=H"US?={l,,1,,1,.I;,l;} and solve the restricted problem
Q*:

Minz Zaegfo L (X)dx =102 +120f, + §f43+17f4+(f4+f8)2+18(f4+f8)

+%( f,+f,) +15(f, + f4)+E f) +84f, +% fo+18f, + f, +18f, +§ fo +10f,

=10f7 +120f+ f2+50f, (f4+f8)2+%(f2+f4)3

+§ £} +99f, +§ fo +18f, +§ fo +46f,

fi+f,+f,=9
fo+f,=8

st. {f,+f, <11
f,+f, <5
10>f,>0,8>f,>06>f,>09>f>07>f>0

We obtain solution f*=(1.44,3.64,0,3.92,6.92,0,0,1.08)" € A. For O-D pair wl=(1,4), 7% =182.20,
and for O-D pair ®2=(3,6), 7, =65.89.

7) After deleting saturated arc e, of flow f* inthe network X.For O-D pair el= (1,4), itis easy to ve-
rify that the shortest path is I,, whereas for O-D pair w2=(3,6), the shortest path is I;. Note that

t,(f°)=182.20=12, =182.20,t, (f*)=65.89 =1, =65.89, thus S}, =,5, =
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8) Because S°=S%,US3, =, the equilibrium flow is f°=(1.44,3.64,0,3.92,6.92,0,0,1.08), hence

stop.
Note that

[, (x)dx = [ (4x? +17)dx _4 17, =f( fy4 £,) +17(f,+ f,),

0

x)dx = jof” 3x? +18)dx_f +18f, =(f,+f,)° +18(f, + f,),

0

t,, (X)
[, (x)dx= [ (30x" +120)dx =102 +120f, =101 +1201,,
t, (X)

x)dx = jof“ 2x2+84)dx—3f +84f, =§f23+84f2,

(
(
(
[t (x)dx= jofes(x2+112)dx__f +112f1, :%f33+112f3,
(
(
(
(

(x)

0

"t (x)dx = [ (2x+18 dx = f2 +18f,_ =(f, +f 2118(f, + f,),
0 % 0 8 4 8
[, (x)ax=[" 8x2+62)dx——f +62f, =§f63+62f6,

ot (x)dx = [ (6% +65)dx = 2 +65f, =21 +65f,,

jof t,, (x)dx = jofeg x2+18)dx_—f +18f, :§f53+18f5,

[, (x)dx = [ (x® +15)dx =3 fefo +15f, :%( £+ ,) +15(f, + f,),
jofq1t811 (X)dX _ J‘Ofel1 (ZX2 +10)dX :g fefl +10 feu = %( fo+ 3 )3 +10( fo + fg).
Thus the generalization of Beckmann’s formula Q is:
Minz(f)=2(f,+ 1, +17(f,+ f,)+(f, + f,)° +18(f, + f,)+103 +1201,
3
+% f) +84f, +% f2 41126, +(f, + f,)" +18(f, + f8)+§ fo+62f,

+2f7+65f, +% f53+18f5+%(f2+ f4)3+15(f2 + f4)+§(f6+ f8)3+10(f6 +f5)

fi+f,+f,+f,=9

fo+fo+f,+f,=8

f,+f, <11

f,+f,<6

st. qfg+f, <7

f,+f; <7

f,+ f; <5
10>1,>08>1f,>20,6>1f,>05>f, >0,
9>, 20,72 f;20,7>f,2052f; 20.

It is easy to verify that f = (1.44,3.64,0,3.92,6.92,0,0,1.08)T is the solution of the generalization of Beck-
mann’s formula Q (Minz( f ) = 1327.31) . Clearly, f is an equilibrium flow for the TEPCCA.

Note that g = (1.46,3.74,0,3.80,6.80,0,0,1.20)T is also an equilibrium flow for the TEPCCA, but it is not a
solution of the generalization of Beckmann’s formula Q, i.e., Theorem 3.1 is a sufficient condition only, not a

necessary condition.
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