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Abstract 
Laminar flow and heat transfer in different protruding-edged plate systems are modelled and 
analyzed in the present work. These include the Parallel Flow (PF) and the Counter Flow (CF) pro-
truding-edgedplate exchangers as well as those systems being subjected to Constant Wall Tempera-
ture (CWT) and Uniform Heat Flux (UHF) conditions. These systems are subjected to normal free 
stream having both power-law velocity profile and same average velocity. The continuity, mo- 
mentum and energy equations are transformed to either similarity or nonsimilar equations and 
then solved by using well validated finite difference methods. Accurate correlations for various 
flow and heat transfer parameters are obtained. It is found that there are specific power-law in-
dices that maximize the heat transfer in both PF and CF systems. The maximum reported en-
hancement ratios are 1.075 and 1.109 for the PF and CF systems, respectively, at Pr = 100. These 
ratios are 1.076 and 1.023 for CWT and UHF conditions, respectively, at Pr = 128. Per same friction 
force, the CF system is preferable over the PF system only when the power-law indices are smaller 
than zero. Finally, this work demonstrates that by appropriately distributing the free stream ve-
locity, the heat transfer from a plate can be increased up to 10% fold. 
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1. Introduction 
Conversion and utilization of energy often involve heat transfer process. This process is encountered in many 
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engineering applications. These applications include steam generation and condensation in power plants; sensi-
ble heating and cooling of viscous fluids as in thermal processing of pharmaceutical, agricultural and hygiene 
products; evaporation and condensation of refrigerants in refrigeration and air-conditioning systems; cooling of 
engine and turbomachinery systems; and cooling of electrical appliances and electronic devices. It is well known 
that improving heat transfer over that in the typical practice results in significant increases in both the thermal 
efficiency and the economics of the plant operation. Improving heat transfer is a terminology that is frequently 
referred to it in the literature as heat transfer enhancement or augmentation [1]. 

Heat transfer enhancement mechanisms basically reduce the thermal resistance in a conventional thermal sys-
tem by promoting higher convective heat transfer coefficient that can be accompanied with surface area increase. 
Consequently, the size of a thermal system can be reduced, or the heat duty of an existing thermal system can be 
increased, or the pumping power requirements can be reduced [1]-[4]. These enhancement mechanisms are clas-
sified into passive and active methods [3]. Of special interest to this work is the passive enhancement method. 
These methods are primarily comprised of at least one of the following mechanisms: (a) increasing the surface 
area [5]; (b) interrupting the boundary layer to promote the convective heat transfer coefficient [6]; (c) using of 
liquid-vapor phase change [7]; (d) using the surface coatings to increase velocity near boundaries [8] [9]; (e) us-
ing the liquid and gas additives to enhance thermophysical properties [6] [10]; (f) using the flow rate and veloc-
ity amplification devices [11] [12]; and (g) layering the immiscible flows [13]-[15]. In the present work, it is in-
terested to investigate heat transfer enhancement due to properly distributing a given flow rate before striking a 
plate having a protruding edge. This protruding edge is physically important to ensure one-directional stagnation 
flow along the plate so that heat transfer is maximized. 

When a normal free stream strikes a plate having a protruding edge at its inlet, stagnation flow occurs along 
the plate length which has its stagnation line coinciding with the plate inlet edge. This flow is characterized by 
having an increasing axial velocity in the vicinity of the plate from zero at the inlet to maximum at the exit 
[16]-[18]. In addition, it is characterized by having decreasing normal velocity from maximum at the free stream 
to zero at the plate. Allowing for most of the normal free stream flow rate to be near the inlet causes increases in 
both axial and normal velocities closing to the plate inlet which promote the average convective heat transfer 
coefficient. On the other hand, the heat transfer rate is expected to decrease when most of the normal free stream 
flow rate is considered to be near the plate exit. It is because the latter effect results significantly suppressing the 
local convective heat transfer coefficients in the upstream region while slightly promoting these coefficients 
downstream. It is therefore expected that there may be a specific normal free stream velocity profile that can 
maximize the heat transfer rate from a plate having a protruding edge at its inlet. To the author best knowledge, 
this proposal has not been investigated in the literature and accordingly it is considered as the motivation behind 
the present work. 

In the next section, the geometries of various analyzed systems composed of plates with protruding edges are 
explained. These systems include the Parallel Flow (PF) and the Counter Flow (CF) protruding-edged plate ex-
changers. These systems are exposed to normal free stream having both power-law velocity profile and same 
average velocity. The continuity, axial momentum and energy equations of the fluids adjacent to the plate are 
transformed to either similarity and nonsimilarity equations. Also, various similarity equations are obtained for 
protruding-edged plates subjected to either constant wall temperature or uniform heat flux conditions. The go-
verning equations are solved numerically and are validated against well-established special cases. Different ac-
curate correlations for flow and heat transfer parameters are obtained. An extensive parametric study has been 
conducted in order explore the influence of power-law index, Prandtl numbers and relative Reynolds numbers 
on Nusselt numbers and different heat transfer enhancement indicators. 

2. Problem Formulation 
The proposed two types of protruding-edged plate heat exchangers are shown in Figure 1. These are the Parallel 
Flow (PF) protruding-edged plate exchanger which is shown in Figure 1(a) and Figure 1(c) and the Counter 
Flow (CF) protruding-edged plate exchanger which is shown in Figure 1(b) and Figure 1(d). The PF system is 
formed from T-edged plate while the CF system is composed of Z-edged plate. In both PF and CF systems, the 
hot and cold fluids approach normally to the separating plate but from different faces. Consequently, hot and 
cold stagnation fluid flows are induced. These induced flows are forced to flow parallel to each other along the 
plate length in the PF system as shown in Figure 1(a) and Figure 1(c). The side protrusions within the PF system  
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(a)                                                         (c) 

  
(b)                                                          (d) 

Figure 1. Schematic 2D diagram of the problem and the coordinates system for (a) Parallel Flow (PF) protruding-edged 
plate exchanger and (b) Counter Flow (CF) protruding-edged plate exchanger, and 3D isometric diagram for (c) PF and (d) 
CF systems. 
 
are at the plate entrances and they ban fluid flows in the opposite directions. In the CF system, the plate entrance 
of one face is opposing the entrance of the other face. Both entrances contain side protrusions so as to force the 
induced hot and cold fluid stagnation flows to have counter current directions as shown in Figure 1(b) and Figure 
1(d). 

2.1. Modeling of Laminar Flows in the Fluid Volumes in Vicinity of the Plate 
Consider that the normal streams approaching the faces of the protruding-edged plate have the following veloc-
ity profile along the face length L : 

( ) ( ) ( ) ,
, , , 1

m
h c

h c avg h c

x
V x V m

L
 

= +  
 

                            (1) 

where hx  and cx  are the axial distances of the hot and cold fluids from the plate entrances, respectively, as 
shown in Figure 1(a) and Figure 1(b). ,avg hV  and ,avg cV  are the average free stream normal velocities of the 
hot and cold fluids, respectively. m  is the power-law index for both normal streams. The conservation of mass 
principle requires that the free stream axial velocities for the hot and cold fluids be equal to: 
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where ( ) ( ) ,, , , , h co h c avg h cu V L H= . hH  and cH  are the displacements between the normal free stream of the hot 
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fluid and the plate and that between the normal free stream of the cold fluid and the plate, respectively. The di-
mensionless continuity and axial momentum equations of the hot and cold fluids in vicinity of the plate are giv-
en by [16] [17]: 

, ,

,

0h c h c

h c

u v
x y
∂ ∂

+ =
∂ ∂

                               3(a, b) 
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where ,h cu , ,h cv , ,h cx , y , and ( ), ,L h cRe  are given by: 
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where hρ  and hµ  are the density and dynamic viscosity of the hot fluid, respectively. Those for the clod fluid 
are cρ  and cµ , respectively. The boundary conditions are given by: 

( ) ( ), , , ,, 0 0, ,0 0h c h c h c h cu x v x= =                       7(a-d) 

( ) ( ), ,, , ,h h h c c cu x y u u x y u∞ ∞→ ∞ = → −∞ =                  7(e, f) 

2.2. The Similarity Equations for the Laminar Flow in Vicinity of the Plate 
Define the following independent and dependent variables: 

( )
2

, , , ,
m

h c h c L h cyx Reη =                                   8(a, b) 
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Equations 4(a), 4(b) are transformed to the given similarity equations when Equations (8) and (9) are used: 
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The transformed boundary conditions are equal to: 
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The average skin friction coefficient denoted by fC  is equal to: 
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2.3. The Energy Equation for the PF and CF Systems 
If hθ  and cθ  are defined as 
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then, the energy equations of the hot and cold fluids are given by (Bejan, 2013): 
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where 1hT  and 1cT  are the far stream hot and cold fluid temperatures, respectively. hPr  and cPr  are the 
Prandtl number for the hot and cold fluids, respectively. The boundary conditions are given by: 

( ) ( ), 0, , 0h h c cx y x yθ θ→∞ = → −∞ =                     16(a, b) 

( ) ( )1 , 0 , 0h h c cx y x yθ θ− = = =                               16(c) 
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                                 16(d) 

where c hx x=  for the PF system and 1c hx x= −  for the CF system. The heat transfer rate between the hot and 
cold fluids per unit width denoted by q′  can be computed from the following equation: 

( ) ( )
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Define the enhancement ratio λ  as the ratio of the heat transfer rate to that quantity when 1m = − . when 
1m = − , the flow in vicinity of the plate surface becomes no more stagnation flow and it will be an external flow 

parallel to flat plate. Mathematically, λ  is equal to: 

1m
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q

λ
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′
=

′
                                      (18) 

2.4. The Similarity Energy Equation for the PF System 
Invoking the similarity variables given by Equations (8) and (9), Equations (15) and (16) for the PF system re-
duce to the following similarity equations and boundary conditions: 
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( ) ( )0, 0h h c cθ η θ η→∞ = → −∞ =                            21(a, b) 

( ) ( )1 0 0h h c cθ η θ η− = = =                                      21(c) 
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The dimensionless heat transfer rate per unit width denoted by Θ  is equal to the following for this case: 
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,
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2.5. The Nonsimilarity Energy Equation for CF System 
Invoking the following nonsimilarity variables: 

, ,h c h cxξ =                                  23(a, b) 

to Equations (14) and (15) for the CF system where 1c hx x= − , the following nonsimilarity equations and 
boundary conditions are found: 

[ )
2

2

1 1 , 0,
2

h h h h
h h h

h h h hh

fm f
Pr

θ θ θ
ξ η

η η ξη
  ∂ ∂ ∂ ∂ + + = ∈ ∞    ∂ ∂ ∂∂   

                 (24) 

( ]
2

2

1 1 , ,0
2

c c c c
c c c

c c c cc

fm f
Pr

θ θ θ
ξ η

η η ξη
  ∂ ∂ ∂ ∂ − + = − ∈ −∞    ∂ ∂ ∂∂   

               (25) 

( ) ( ), 0, 1 , 0h h h c h cθ ξ η θ ξ η→∞ = − → −∞ =                      26(a, b) 

( ) ( )1 , 0 1 , 0h h h c h cθ ξ η θ ξ η− = = − =                                26(c) 
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Θ  for this case is equal to: 

1 1
,2 2

,0 0, 0 , 0

d d
h h c c

L cm mh c c
h h c c

h h L h c

Rek
k Re

ξ η ξ η

θ θ
ξ ξ ξ ξ

η η
= =

    ∂ ∂   Θ = =     ∂ ∂    
∫ ∫             (27) 

The average skin friction coefficient ,f HEC  for the PF and CF systems is calculated from the following equa-
tion: 
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2.6. The Similarity Energy Equation for Constant Wall Temperature (CWT) Condition 
When ,L cRe →∞ , the plate temperature approaches 1cT . Thus, Equations (19)-(21) reduce to the following: 
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( ) ( )0 1, 0h h h hθ η θ η= = →∞ =                       30(a, b) 

For this case, the local Nusselt number is defined as: 
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where hh  is the local convection heat transfer coefficient for the hot fluid flow. The average convective heat 
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transfer coefficient hh  given by 
1

0
dh h hh h x= ∫  can be computed from the average Nusselt number relation 

which is equal to: 

,
0

d2
2 d

h

h h
L L h

h h

h L
Nu Re

k m
η

θ
η

=

 = =  + 
                      (32) 

2.7. The Similarity Energy Equation for Uniform Heat Flux (UHF) Condition 
When the plate is generating uniform heat flux ( )sq′′  at the surface facing the cold fluid, the dimensionless cold 
fluid temperature can be redefined as follows: 
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This is in order to reduce the energy equation given by Equation 15(b) to a similarity equation. This similarity 
equation is given by: 
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The boundary conditions for this case are given by: 
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For this case, the local Nusselt number is defined as: 
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The average Nusselt number relationship is given by: 
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2.8. The Relation between Heat Transfer in PF and CF Systems and Nusselt Numbers 
In terms of average convection heat transfer coefficients, the energy balance given by Equation (17) can be re-
duced to one equation given by: 
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The definition of average Nusselt number can be used to show that Θ  is equal to: 
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3. Numerical Methodology, Validations, Accurate Correlations and Results 
3.1. Numerical Methodology 
Equation (10) was discretized using three points center differencing after substituting d dh hG f η= . This re-



A. R. A. Khaled 
 

 
52 

sulted in having tri-diagonal system of algebraic equations, which was then solved using the Thomas algorithm 
[19]. Iterations were implemented in the solution of Equation (10) because the second and third terms on the left 
of Equation (10) are non-linear. The following linearization models are used to linearize these terms [20]: 
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2 2 dd

nh
h h

hh

fm m Gf f
ηη

−   + = +   
   

                      (40)  

( ) ( )( )
2

21 1d
1 1 1 2 1

d
n nh

h

f
m m G G G

η
− −

       + − = + − −        
               (41) 

where 1nG −  and ( ) 1n
hf

−  are the values of G  and hf  at the previous iteration, respectively. The values of 
0.0005 and 610−  were selected for hη∆  and the convergence criterion for the maximum relative difference in 
calculating G  between two consecutive iterations. Next, the differential equation d dh hG f η=  is solved us-
ing the trapezoidal rule [21]. Note that the relationship between ( )h hf η′  and ( )c cf η′  is given by: 

( ) ( ) ,c c h cf fη η η η′ ′= − = −                           (42) 

Also, Equations (19), (20), (29) and (34) were discretized using three points center differencing quotients and 
the resulted tri-diagonal system of algebraic equations have been solved using the Thomas algorithm without 
iterations. The left side of Equations 21(d) and 26(d) were discretized using two points difference quotients. 

Under assumed plate temperatures, the solutions of the discretized forms of Equations (24) and (25) were ob-
tained using the Thomas algorithm [19] and they were marched from , 0h cξ =  to , 1h cξ =  using two-points 
backward difference quotients for the first derivatives in the ,h cξ -direction. , 0h cξ =  and , 1h cξ =  are located 
in the numerical mesh at lines 1,i M=  and ,1i M= , respectively, where M  is the total number of discre-
tized points along ,h cξ  direction. N  is the total number of discretized points along ,h cη  direction. The step 
sizes ,h cξ∆  and ,h cη∆  are taken to be , 0.001h cξ∆ =  and , 0.0125h cη∆ = , respectively. Then, the plate tem-
perature was modified using the discretized form of Equation 26(d). This discretized equation can be rearranged 
in the following form: 
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The marching procedure used for solving Equations (24) and (25) were repeated by letting the assumed plate 
temperatures ( ) 1

, 0
n

h h hθ ξ η
−

 =   equal to those modified by Equation (43). This process is continued until the 
maximum relative error between the assumed and modified plate temperatures is less than 410− . Note that 
( ) , 1c i N
θ

−
 and ( ) ,2h i

θ  are the dimensionless cold and hot fluids temperatures at c cη η= −∆  and h hη η= ∆ , 
respectively. 

3.2. Validations and Numerical Results 
When 1m = −  and 0m = , the flows become laminar flow parallel to flat plate and stagnation flow with uni-
form normal free stream velocity, respectively. The solution for these two cases is well documented in literature 
[17]. The comparisons between the present numerical method solutions and the reported values of the average 
Nusselt numbers for CWT condition when 1m = −  and 0m =  and the average Nusselt number for UHF con-
dition when 1m = −  are shown in Table 1. Excellent agreements between both results are shown in this table. 
This lead to increased confidence in the results of the present work. 

3.3. Accurate Correlations 
Correlation for transformed axial velocity and the average skin friction coefficient 

( )h hf η′  can be shown to be correlated to hη  and m  according to the following correlation: 

( )
2 3 4 5

1 2 3 4 5
2 3 4 5

6 7 8 9 101
h h h h h

h h
h h h h h

a a a a a
f

a a a a a
η η η η η

η
η η η η η
+ + + +′ =

+ + + + +
                    (44) 
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where 
2 3 4

,1 ,2 ,3 ,4 ,5
2 3 4 5

,6 ,7 ,8 ,9 ,10

, 1, 2, ,10
1

i i i i i
i

i i i i i

b b m b m b m b m
a i

b m b m b m b m b m
+ + + +

= =
+ + + + +


              (45) 

The coefficients ,i jb  where 1, 2, ,10i =   and 1,2, ,10j =   are given in Table 2(a) and Table 2(b). 
These coefficients produce maximum relative error in computing ( )h hf η′  less than 0.213% when 1 5m− ≤ ≤  
and 43.2 10 5.0hη

−× ≤ ≤ . Also, ,f L hC Re  is correlated to m  through the following correlation: 
 

Table 1. Comparisons between the numerical solutions and those presented in Bejan (2013) at Prh = 1. 

m Condition L LNu Re  (Bejan, 2013) L LNu Re  Present Study (% Difference) 

−1 CWT 0.664 0.66412 (0.0181%) 

−1 UHF 0.458 0.45897 (0.211%) 

0 CWT 0.495 0.49587 (0.175%) 

 
Table 2. (a) Coefficients bi,j of the correlation given by Equation (44), i = 1, 2, 3, 4, 5; (b) Coefficients bi,j of the correlation 
given by Equation (44), i = 6, 7, 8, 9, 10. 

(a) 

i 1 2 3 4 5 

bi,1 1.23348 −0.160569 0.129839 −2.10319 × 10−3 1.28401 × 10−2 

bi,2 1.41036 −2.80954 × 10−2 0.243632 8.37931 × 10−4 2.98980 × 10−2 

bi,3 −5.34578 × 10−2 0.139322 0.131941 −3.06229 × 10−3 2.03408 × 10−2 

bi,4 −0.357418 1.25455 × 10−2 −5.29649 × 10−3 −2.78334 × 10−3 −2.15775 × 10−7 

bi,5 −5.53362 × 10−2 −1.37009 × 10−2 −2.11865 × 10−2 1.60357 × 10−3 −3.02098 × 10−3 

bi,6 0.67520 0.768542 0.670481 −4.18399 × 10−2 −0.294328 

bi,7 −0.250973 −9.8122 × 10−2 −0.244653 −0.213869 −1.70334 × 10−3 

bi,8 −0.1949221 −6.34351 × 10−2 −2.71828 × 10−2 3.91614 × 10−2 −1.94741 × 10−3 

bi,9 −6.87427 × 10−3 4.37413 × 10−4 1.46370 × 10−3 −5.01454 × 10−3 2.67294 × 10−4 

bi,10 9.26946 × 10−5 −4.44071 × 10−6 −6.14264 × 10−5 2.58304 × 10−4 −1.45535 × 10−5 

(b) 

i 6 7 8 9 10 

bi,1 0.281228 0.199668 6.23405 × 10−2 4.14688 × 10−3 1.26094 × 10−2 

bi,2 0.536739 0.394869 0.155267 5.53394 × 10−3 2.95620 × 10−2 

bi,3 0.106061 0.196443 0.119232 −4.20443 × 10−3 1.98301 × 10−2 

bi,4 −5.88725 × 10−2 −3.17318 × 10−2 6.82691 × 10−3 −3.37330 × 10−3 −5.98251 × 10−4 

bi,5 −8.59925 × 10−3 −1.78048 × 10−2 −1.95314 × 10−2 1.56172 × 10−3 −3.25532 × 10−3 

bi,6 0.625636 0.703080 0.673154 −8.60474 × 10−2 −0.309082 

bi,7 −8.96274 × 10−2 −0.101322 −0.242239 −0.18175 −6.22788 × 10−3 

bi,8 −5.10059 × 10−2 −5.28074 × 10−2 −2.59353 × 10−2 3.11246 × 10−2 −9.47830 × 10−4 

bi,9 −1.63201 × 10−3 5.28279 × 10−5 1.42072 × 10−3 −3.97059 × 10−3 1.28336 × 10−4 

bi,10 1.80196 × 10−5 2.89120 × 10−6 −6.01733 × 10−5 2.02796 × 10−4 −6.65839 × 10−6 
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2 3

2 3
,

1.23216 1.58170 0.43713 0.013475
1 1.56631 0.69415 0.072026

f

L h

C m m m
m m mRe

+ + +
=

+ + +
                (46) 

Correlation (46) has maximum relative error less than 0.026% when 1 5m− ≤ ≤ . 
Correlation for the transformed boundary layer thickness 
The edge of the transformed boundary layer δη  that produce ( ) 0.99h hf δη η′ = =  can be shown to be cor-

related to m  according to the following correlation: 

( ) ( ) ( )0.7757 0.01031exp 4.6924 0.4094exp 1.2779 1.1838exp 0.2630m m mδη = + − + − + −      (47) 

Correlation (47) has maximum relative error less than 0.031% when 1 5m− ≤ ≤ . 
Correlations for average Nusselt number for CWT and UHF conditions 
The average Nusselt number for CWT and UHF conditions can be shown to be correlated to m  and ,h cPr  

according to the following correlations: 

( )

2 3
1 2 , 3 , 4 ,

2 3
5 , 6 , 7 ,, , 1

h c h c h cL

h c h c h cL h c

c c Pr c Pr c PrNu
c Pr c Pr c PrRe
+ + +

=
+ + +

                   48(a, b) 

where 
2 3

,1 ,2 ,3 ,4
2 3

,5 ,6 ,7

, 1, 2, ,7
1
i i i i

i
i i i

d d m d m d m
c i

d m d m d m
+ + +

= =
+ + +

                 49(a, b) 

The coefficients ,i jd  where 1,2, ,7i =   and 1,2, ,7j =   are given in Table 3(a) and Table 3(b) for the 
CWT condition and Table 4(a) and Table 4(b) for the UHF condition. These coefficients produce maximum  
relative error in computing LNu  less than 0.935% for the CWT condition and less than 0.996% for the UHF  
condition when 1 5m− ≤ ≤  and 0.5 100hPr≤ ≤ . 

 
Table 3. (a) Coefficients di,j of the correlation given by Equation 48(a) for CWT condition, i = 1, 2, 3, 4, 5; (b) Coefficients 
di,j of the correlation given by Equation 48(a) for CWT condition, i = 6, 7. 

(a) 

i 1 2 3 4 5 

di,1 0.237089 0.701739 9.62241 × 10−2 9.97888 × 10−4 0.777659 

di,2 0.262489 0.7666 0.105549 1.09794 × 10−3 0.883683 

di,3 5.1566 × 10−2 0.144598 1.97739 × 10−2 2.05205 × 10−4 0.111896 

di,4 1.03331 × 10−3 2.75865 × 10−3 3.7421 × 10−4 3.87755 × 10−6 −7.7778 × 10−2 

di,5 1.3379 1.30361 1.30382 1.30552 1.15327 

di,6 0.451707 0.425895 0.423815 0.42372 0.152245 

di,7 3.1727 × 10−2 2.8567 × 10−2 3.81949 × 10−2 2.81163 × 10−2 −0.102728 

(b) 

i 6 7 

di,1 4.42076 × 10−2 1.59237 × 10−4 

di,2 4.93237 × 10−2 1.67905 × 10−4 

di,3 6.00407 × 10−3 9.89797 × 10−6 

di,4 −4.27051 × 10−3 −1.88004 × 10−5 

di,5 1.13872 1.08047 

di,6 0.146785 7.30291 × 10−2 

di,7 −0.100184 −0.123036 
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Table 4. (a) Coefficients di,j of the correlation given by Equation 48(b) for UHF condition, i = 1, 2, 3, 4, 5; (b) Coefficients 
di,j of the correlation given by Equation 48(b) for UHF condition, i = 6, 7. 

(a) 

i 1 2 3 4 5 

di,1 0.237089 0.70174 9.62241 × 10−2 9.97887 × 10−4 0.777658 

di,2 0.208973 0.619674 8.5159 × 10−2 8.84996 × 10−4 1.11645 

di,3 8.74216 × 10−3 2.31176 × 10−2 3.18616 × 10−3 3.35662 × 10−5 0.417543 

di,4 −1.08765 × 10−4 −2.50112 × 10−4 −3.53111 × 10−5 −3.82297 × 10−7 4.47731 × 10−2 

di,5 1.42369 1.3712 1.3635 1.36176 1.46612 

di,6 0.561028 0.510083 0.503006 0.501575 0.575081 

di,7 5.27399 × 10−2 4.44569 × 10−2 4.32554 × 10−2 4.31231 × 10−2 6.7219 × 10−2 

(b) 

i 6 7 

di,1 4.42076 × 10−2 1.59239 × 10−4 

di,2 6.30676 × 10−2 1.46677 × 10−4 

di,3 2.3008 × 10−2 −1.05239 × 10−5 

di,4 2.34532 × 10−3 −4.9774 × 10−6 

di,5 1.468 0.968052 

di,6 0.572198 −3.28294 × 10−2 

di,7 6.598905 × 10−2 −4.01647 × 10−2 

 
Correlations for maximum average Nusselt numbers and critical power-law indices 
The maximum average Nusselt numbers for CWT and UHF conditions can be shown to be correlated to 

,h cPr  according to the following correlations: 
0.3323

,max 0.3328

0.06477 0.7453 , CWT

0.03711 0.9595 , UHF
h

L
c

Pr
Nu

Pr

− += 
− +

                50(a, b) 

These correlations have maximum relative error of 0.202% and 0.233% for the CWT and UHF conditions, 
respectively, when ,0.5 100h cPr≤ ≤ . These maximum values are obtained when the power-law index m  is set 
to be equal to a critical value denoted by crm . This critical value is correlated to the Prandtl number according  
to the following correlations: 

( )
( )

0.3643

0.3621

0.7667 0.2607 1 6.8451 , CWT

0.9133 0.1302 1 9.2193 , UHF

h
cr

c

Pr
m

Pr

−

−

− − += 
− − +

             51(a, b) 

These correlations have maximum relative error of 0.0355% and 0.0309% for the CWT and UHF conditions, 
respectively, when ,0.5 100h cPr≤ ≤ . 

Correlations for exit Nusselt number and critical power law index for UHF condition 
The maximum Nusselt number at the plate exit for the UHF condition can be shown to be correlated to cPr  

according to the following correlation: 
0.3329

,max 0.1048 0.67921 , UHFL cNu Pr= − +                     (52) 

This correlation has maximum relative error of 0.583% when 0.5 100cPr≤ ≤ . The critical power-law index 
crm  that produces ,maxLNu  is correlated to the cPr  according to the following correlation: 



A. R. A. Khaled 
 

 
56 

( ) 0.32561.256 1.66 1 2.7548 , UHFcr cm Pr −= − +                    (53) 

This correlation has maximum relative error of 0.631% when ,0.5 100h cPr≤ ≤ . 

4. Discussion of the Results 
4.1. Discussion of Flow and Thermal Aspects for CWT and UHF Conditions 
In Figure 2, the dimensionless velocity hu  at the plate exit which is given by ( )h hf η′  is noticed to increase as 
both hη  and m  increase. The subfigure within this figure shows that the average skin friction coefficient has 
one local maximum of value ,max , 1.5538f L hC Re =  at critical power-law index of 0.818crm = − . The aver-
age Nusselt numbers as functions of Prandtl numbers for both CWT and UHF conditions are shown in Figure 3. 
By analyzing the CWT data of this figure, it can be shown that ,L L hNu Re  is proportional to n

hPr  where 
the minimum value of n  is 0.3376n = when 100hPr =  and 1m = −  while the maximum value of n  is 

0.4068n =  when 0.5hPr =  and 5m = .Also by analyzing the UHF data in Figure 3, it can be seen that 
,L L cNu Re  is proportional to n

cPr  where the minimum value of n  is 0.3355n =  when 100hPr =  and 
1m = −  while the maximum value of n  is 0.4349n =  when 0.5hPr =  and 5m = . Figure 4 shows that 

there is always local maximum value for the average Nusselt number when 1 0.78m− ≤ ≤ −  for both CWT and 
UHF conditions. 

The heat transfer rate per same friction force is proportional to L fNu C . This quantity is shown from Figure 5 
to have local minimum when 1 0.78m− ≤ ≤ −  for the CWT condition while it decreases as m  increases for 
the UHF condition. This means that the flow parallel to flat plate gives more heat transfer rate under UHF con-
dition when the operation requires same friction force. However, stagnation flow with larger non-negative pow-
er-law indices gives more heat transfer rate under the CWT condition when the operation requires same friction 
force. The plots of maximum average Nusselt numbers and critical power-law indices producing these values are 
shown in Figure 6. Both the maximum average Nusselt numbers and critical power-law indices increase as Prandtl 
numbers increase however, the increases in the critical power-law indices becomes asymptotically for large Prnadtl 
numbers. Notice that themaximum average Nusselt numbers for the UHF condition are always larger than those 
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Figure 2. Effects of m on ( )hf η′  and fC . 
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Figure 3. Effects of Prh,c on LNu  for CWT and UHF conditions. 
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Figure 4. Effects of m on LNu  for CWT and UHF conditions. 
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Figure 5. Effects of m on L fNu C  for CWT and UHF conditions. 
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Figure 6. Effects of Prh,c on ,maxLNu  and mcr for CWT and UHF conditions. 
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corresponding to the CWT condition while it is vice versa for the critical power-law index plots. It is shown in 
Figure 7 that the local Nusselt number at the plate exit for the UHF condition has local maximum value when 
0 1.02m< <  as clearly seen in Figure 8. This means that stagnation flow with power-law index between 
0 1.02m< <  under UHF condition results in coldest plate condition. 
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Figure 7. Effects of m on NuL for UHF condition. 
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Figure 8. Effects of Prc on NuL,max and mcr for UHF condition. 
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4.2. Discussion of Flow and Thermal Aspects for PF and CF Systems 
Figure 9 shows that both hot and cold fluid temperatures increase as ,h cη  increase, respectively, for the PF 
protruding-edged plate exchanger. For the CF protruding-edged plate exchanger and as shown in Figure 10, the 
plate temperature is noticed to decrease as hξ  increases when 0m < , while it increases as hξ  increases when 

0m > . When 0m = , Equations (24) to (26) become similarity equations and physically PF and CF systems 
have same performance as the boundary layers at this case have fixed thicknesses ( ) ( ), , , ,h c h c L h cReδδ η=  as 
dictated from Equations (8). It is shown in Figure 11 that the heat transfer rates between the hot and cold fluids 
for both PF and CF systems are maximized at critical power-law indices laying between 1 0m− < < . The per-
formance of the PF system is well modeled by Equation (39) and the Correlation (48) for the CWT condition as 
seen in Figure 11 on the plot given by , , 4L c L hRe Re = . This is because that the PF system has always constant 
separating plate temperature. The plot indented by , , 4L c L hRe Re =  for the CF system shows that the perfor-
mance of the CF system can be accurately modeled by Equation (39) and the Correlation (48) for the UHF con-
dition when 0.2 1.5m− < < . 

It is shown in Figure 12 that the maximum heat transfer enhancement ratio is equal to max 1.0449λ =  and 
max 1.0785λ =  for the PF and CF systems, respectively. These values are for , , 0.25L c L hRe Re =  plots. Also, 

Figure 12 shows that the CF system has higher enhancement ratios than the PF system when m  is quite below 
0.2m = −  while the PF system has higher enhancement ratios than the CF systems when m  is quite above 
0.15m = − . The heat transfer rates per same friction forces that is proportional to ,f HECΘ  are seen in Figure 

13 to be larger for the PF system than those for the CF system when 0m >  while it is vice versa when 0m < . 
Also, this figure shows that ,f HECΘ  is maximized for the CF system when m  laying between 1 3m< <  
while it is almost increasing linearly as m  increases for the PF system. In Figure 14, the heat transfer en-
hancement ratio is noticed to increase as Prandtl numbers increase for both PF and CF systems. Using crm m=  
for the CWT condition (i.e. obtained from correlation 51(a)) with CF system is noticed to produce larger en-
hancement ratios than those obtained using crm m=  for the UHF condition (i.e. using Correlation 51(b)). The 
maximum enhancement ratios shown in Figure 14 are equal to max 1.075λ =  and max 1.109λ =  for the PF and 
CF systems, respectively, with m given by Correlation 51(b) and at , 100h cPr = . 
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Figure 9. Effects of m on temperature profile for PF system. 
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Figure 10. Effects of m on plate temperature for CF system. 
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Figure 11. Effects of m on dimensionless heat transfer rate for CF and PF heat exchangers. 
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Figure 12. Effects of m on heat transfer enhancement ratio for CF and PF systems. 
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Figure 13. Effects of m on ,f HECΘ  for CF and PF systems. 
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Figure 14. Effects of m on heat transfer enhancement ratio for CF and PF systems. 

5. Conclusion 
Laminar flow and heat transfer in various protruding-edged plate systems are modeled and investigated in the 
present work. These systems include the Parallel Flow and the Counter Flow protruding-edged plate exchangers 
as well as those systems being subjected to CWT and UHF conditions. These systems are exposed to normal 
free stream having both power-law velocity profile and same average velocity. The continuity, axial momentum 
and energy equations are transformed to similarity equations for CWT and UHF conditions as well as for the 
Parallel Flow system while they are transformed to non-similarity equations for the Counter Flow system. These 
equations are solved by using an accurate finite difference method. Excellent agreement is obtained between the 
numerical results and reported solutions of well-established special cases. Accurate correlations for different 
flow and heat transfer parameters are generated by using modern regression tools. It is found that there are al-
ways local maximum values for Nusselt numbers for both CWT and UHF conditions at specific power-law in-
dices. Also, it is found that there are specific power-law indices that can maximize the heat transfer rate in the 
Parallel and Counter Flow systems. The maximum enhancement ratios for the Parallel and Counter Flow sys-
tems that are identified in this work are 1.075 and 1.109, respectively, which occur at Pr = 100. These ratios are 
1.076 and 1.023 for CWT and UHF conditions, respectively, at Pr = 128. Per same friction force, the counter 
flow system is found to be preferable over the Parallel Flow system only when the power-law indices are small-
er than zero. Finally, this work paves a way for new passive heat transfer enhancement method that can enhance 
heat transfer from a plate by a magnitude of 10% fold which is by appropriately distributing the free stream ve-
locity. 
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Nomenclature 

fC  average skin friction coefficient, Equation (13) 

,f HEC  average skin friction coefficient for heat exchanger, Equation (28) 
f  dimensionless stream function, Equation (9) 

H  displacement between the free stream and the plate [m] 

( ), Lh h  (local, average) convection heat transfer coefficient [W∙m−2∙K−1] 

Lh  local convection heat transfer coefficient at plate exit [W∙m−2∙K−1] 

k  fluid thermal conductivity [W∙m−1∙K−1] 

L  plate length [m] 
m  power-law index for normal velocity profile, Equation (1) 

( ), LNu Nu  (local, average) Nusselt number { } { }( ), ,L LNu Nu h h L k=  

LNu  local Nusselt number at plate exit ( )L LNu h L k=  

q′  heat transfer rate per unit width [W∙m−1] 

Pr  fluid Prandtl number ( )pPr c kµ=  

LRe  Flow Reynolds number ( )L oRe u Lρ µ=  

( ),u v  (axial, normal) fluid velocity in vicinity of the plate [m∙s−1]  

ou  axial free stream velocity at the plate exit [m∙s−1] 

( ),u u∞ ∞  (dimensional, dimensionless) axial free stream velocity ( )1m s , ou u u−
∞ ∞ ⋅ =   

( ),u v  dimensionless (axial, normal) fluid velocity ( ), , ou v u v u=  

( ), avgV V  (local, average) free steam normal velocity [m∙s−1] 

( ),x y  (axial, normal) fluid position [m]  

( ),x y  dimensionless (axial, normal) fluid position ( ), ,x y x y L=  

Greek Symbols 
η  similarity transformation variable, Equation (8) 

λ  heat transfer enhancement ratio ( )1mq qλ =−′ ′=  
µ  fluid dynamic viscosity [kg∙m−1∙s−1] 

Θ  dimensionless heat transfer rate, Equation (22) 
ρ  fluid density [kg∙m−3] 

θ  dimensionless temperature field, Equation (13a), (13b) 
ξ  non-similarity transformation for x  variable ( )xξ =  

Subscripts 

1 plate entrance 

c cold fluid 

h hot fluid  
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