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Abstract

We have made a preliminary study on a possibility to build a device, which could measure three-
phase alternating current at a distance. This report gives a brief look at the theoretical back-
ground related with such a device and derives several mathematical results associated with the
theory and the structure of the device. Our results suggest that such a device can be built, assum-
ing the distances between the three current-carrying wires and the two sensors of the device are
known accurately enough. There are ways to measure these distances, but this article does not
concentrate on them.
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1. Introduction

For energy companies, it is important to know if the transmission lines are working as they should or not. Fur-
ther, they need this information all the time. They also want to know about the quality of the electric current
flowing in the lines. Naturally, they have meters to find out the characteristics of the alternating current in their
interest, but installation of a meter to a transmission line requires cutting off the current in the line. This is time-
consuming and requires more work than the mere installation.

In our recent paper, we discussed the use of a toroidal coil in measuring alternating current flowing in one
wire [1]. We wanted to increase the challenge, and decided to consider three-phase alternating current flowing in
three wires. In addition, we wanted to consider a meter, which could measure all three currents as functions of
time—and so that such a meter could be installed to the transmission line safely without cutting off the current
in the line. We decided to concentrate on the typical 20 kV transmission line, which is shown in Figure 1.

Since the geometry shown in Figure 1 is not the only possible one, we need to build our model so that the
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Figure 1. A typical 20 kV transmission line with three current-conducting wires.

locations of the three wires are not restricted in any way. This means that we need to introduce a system of co-
ordinates fixed to the device, relative to which the locations of the wires are specified. An illustration of the de-
vice is added to Figure 1.

2. The Numerical Model

Let us consider three straight and parallel conductors, which carry sinusoidally oscillating currents. We assume
that the positions of the wires are not known, and that the phase differences between the three currents are un-
known, as well. Further, we assume that the currents may have different amplitudes, and that we do not know
these amplitudes beforehand. Thus, the only thing we do know about the case is that the currents are sinusoidal
in shape, and that they oscillate at a given frequency. In addition, our analysis is built so that the number of cur-
rents is known to be three.

Our task is to find the three currents as functions of time. This means that we have altogether 9 unknowns (if
the phase angles @1, ¢, and ¢ are ignored in the analysis): the x and the y coordinates of each wire, and the am-
plitudes of the three currents. For an unequivocal solution, we would thus need at least 9 equations in terms of
these 9 variables. Solving such a set of equations seems too time-consuming, and we see that the only practical
way to find the currents is to start with more initial information about the system.

In our opinion, the easiest way to obtain more information about the system is to locate the three wires by
measuring the distances between these three and some known reference points. With these lengths, one can eas-
ily calculate the x and the y coordinates of each wire relative to one of the reference points, and relative to some
chosen directions for the x and the y axes.

It appears that only two such points are needed. One point serves as the origin of the Cartesian system of co-
ordinates, and the other shows the direction of, e.g., the x axis. Hence, it would be wise to place two sets of in-
duction coils (or Hall sensors) at two points in the vicinity of the wires, and locate the wires relative to these
two.

Using a laser-beam-based device, one can measure the distances between the two reference points—at which
the induction coils (or Hall sensors) are placed—and the three wires to a reasonable accuracy. In the following
analysis we assume that these lengths have been measured on the installation of the induction coils, and that
these lengths are determined accurately enough. We also assume that the distance between the two reference
points is known precisely enough.

Relative to the chosen system of coordinates, the measured lengths and the coordinates of the wires are de-
fined according to Figure 2. In this figure, we have also illustrated the magnetic field vectors corresponding to
the field generated by the current Il(t) at points P1 and P2, By; and By, respectively. Similarly, we have illus-
trated the magnetic field generated by the second current, I, (t) at the two points, B,; and B,,, and the field
produced by the third current, Is(t), at points P1 and P2, B;; and Bs,, respectively. The vectors are drawn by
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Figure 2. The two sets of induction coils measure the induced emfs generated by the three sinusoidally
oscillating currents.

assuming, as an example which does not restrict the generality of our analysis, that t = 0 and that the currents are
given by:

()= I, cos(ot-¢) (=0
1, (t)=1,cos(wt—g,);{p, =120°
I, (t) =T, cos(wt—¢,) |05 =240°

The figure was drawn somewhat slanted to remind the reader about the fact that the x axis does not necessar-
ily have to be horizontal; it only needs to point along a straight line passing through the two reference points. In
our analysis, we assume that all the wires are parallel to each other, and that they point along the z axis.

For a case of this kind, we need to use two induction coils at both reference points. One of these is directed
along the x axis, while the other points along the y axis.

If the perpendicular distances ry;, o, Fa1, I, 3 and rs; are measured during installation of the induction coils,
for instance by using laser beam, one can determine the coordinates of the three wires by applying the Law of
Cosines, see Figure 3:

ri=rs+d*-2r,dcosf,
r2 =r;+d*-2r,d cos f3,
r2 =r2+d*—2r,d cos 4

These yield:
$, = cos™ (Hd_—rj ; {Xl = c05/,
2r,d y, =1h,sin g
B, =cos™ [M];{Xz =d - Tzz cos f3,
2ry,d Y, =, sin g,

()
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Figure 3. A simplified illustration of the geometry.

2 2 2
i +d*-r X, =d —r,,C0s S
ﬂgzcosl[sz 31}.{ 3 32 3

2r,,d |y, =1, sin B,

The emf induced in the x-directed coil at point P1 can be given in terms of the three currents, the calculated
wire coordinates and the angles defined in Figure 2:

€1x (t)z_le%{Alx : B11(t)+ Ay 821(t)+ A By (t)}

d
=—N, a{nrfX [ By, (t)cos 6, + By, (t)cos by, + By, (t)cos b, |}

I, (t I, (t I, (t
=—N1x1tr12xi Kol )c05¢911+ﬂ° 2 )005621+#° 1 )00931
dt | 2ar, 27y, 27y,

In this expression, Ny is the number of turns of wire in the induction coil oriented along the x axis and placed
at P1; ry, is the radius of this coil. According to Figure 2, the cosines of the angles in this result can be given as:

cosé, = L;cos 6,, = —ﬁ;cos 6, = Y
r11 r21 r31

Therefore, we can give the emf induced in the x-directed coil at P1 as:

2 I t— I t— I t—
. (t):_legxﬂo %{ L Cos(w (Pl)ﬁ_i_ 2 COS(@ ?’2)[_&}_’_ 3 C0S(@ %)(_ﬁj}

rll rll r.21 r21 r.31 r31

_ lerli,uoa) {

) % fl sin(wt—gol)—?/—z2 fzsin(wt—(pz)—z—gfgsin(wt—(ps)}

11 21 31

Similarly, we can show that the emf induced in the x-directed coil at P2 is given by:

2 ~ ~ ~
gZX(t):M{Lgulsin(wt_%)_f_g|Zsin(wt_¢2)_i’_;|Ssin(wt_¢3)}

2 r12 22 32

Here, N, is the number of turns of wire in the second induction coil oriented along the x axis and placed at P2;

G2
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Iy is the radius of this coil.
We can express these results more simply if we rewrite them in terms of factors k;,k,,---,k, as follows:

Kk — lerli,uoa)ﬁ
| = X0

2
2
e (D) =k, T. sin (@t — g, ) + kT, in (@t — 0, ) + Koy sin (t - ,); kzz_wg
21
k :_lerliﬂowﬁ
: 2

K = N2xr22xﬂowﬁ
4 2

2 I,
~A ~ ~ N, r?
&5 (1) =Kyl sin (ot — g )+ kgl sin (ot — @, )+ kgl sin (ot — g, ); ksz—%ﬂowy—f
r22
K =_N2xr22xﬂow£
6 2
2 r

32

The difference in voltage across the two x-directed coils can be given as:

[ si _ 2 2
A‘9>< (t) =& (t)_glx (t) = luowylllsm (a)t (01) { NZXrZX _ lerlx }

2 2
2 rlZ r11

+ﬂ0wy2f2 Sin(wt_(pl){ N2xr22x + lerli}_'_ ﬂoa)y3f3 Sin(wt_(ol){ NZerZX + lerli}

2 2 2 2
2 r22 er 2 r32 r31

If we call the factors that multiply the current amplitudes as ks, kg and kg, this result can be given in a shorter
form as:

2 2

k _ luoa)yl ( N2xr2x _ lerlx
7 2 2
2 r‘12 rll

2 2
lerlx _ NZerX

2 2
r-21 r22

Aé, (t) =k, I, sin (@t - g, )+ Ky, sin (@t -, ) + kg Iy sin (t — g, ); kgzﬂoaz))’z(

2 2

Kk — Ho®Ys [ Ny I _ Ny Fox
1T, 2 2
31 2

Note that the current terms in this result are the actual currents flowing in the three wires, except for the phase

difference of g radians. This means that we can find out the time-dependent currents 1, (t), 1,(t) and I,(t)

—with the phase difference of g—by solving the following matrix equation:

Here, the primed symbols refer to the currents, which differ from the real ones by the phase difference of g

rad.
Following a similar approach, one can derive the following result for the y-directed coil at P1:

G2
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&y (t)=- 1ydt{A1y 11(t)+A1y'821(t)+A1y'831(t)}

d T oL oL
-N,, a{nrfy {Bll (t)cos(;— 911) +B,, (t)cos(@21 _Ej +B,, (t)cos(e31 —EH}

In this expression, N, is the number of turns of wire in the induction coil oriented along the y axis and
placed at P1; r, is the radius of this coil. According to Figure 2 and the fundamental rules of trigonometry,

the trigonometric terms in this result can be given as:

(L I .
cos[E—Hllj = cos(é’ll _Ej =sing, :%

005[6?21 —%J =sing,, =—sin(2n—6,,)=—sina,, = —:—2

21

X

3

j sin@,, =—sin(2n -6, ) =—sinay, = —
31

cos (931 -

NI:I

These results yield:

, d {uo A (t )ﬁ_ﬂo'z(t)ﬁ_ﬂo's(t)ﬁ}

&, (t)=-N, =,
2 (1) YUY dt| 2, n, 2w, r, 2w, r,

2 11 21 31

N ~ ~
1yr1ytu0d {x1| COS(a)t (/)1) 2 |2COS(a)t—wz)—:—g|3COS(a)t—§03)}

Ny, iy 24 ~ X, ~ . X,
M{X; I sin (ot —g,) -2 1, sin (@t - @,) ——> 1, sin (ot - gos)}
2 11 r-21 r31
Again, we can express this result more simply if we rewrite it in terms of factors p,, p, and p; as follows:
ler.:Ly/qu X1
R
. . . Ny, 5 0@
&y, ()= plysin(at—p)+ p,l,sin(ot—g,)+ pyl,sin(at— ;)1 p, =—%r—§
21

_ le rli/:uow X3
e

5
Similarly, we can show that the emf induced in the y-directed coil at P2 is given by:

52y(t):_N2yi{A2y'Blz(t)+A2y'Bzz( )+A2y 32( )}
=—N, mr;, — d {ﬂo it )003(2_912j+”OIZ(t)COS((;ZZ__j ﬂ°|3(t)cos(632—£j}
dt 2 2, 2 2mry, 2

2mr,

Here, N,, is the number of turns of wire in the induction coil oriented along the y axis and placed at P2;
is the radius of this coil. According to laws of trigonometry and Figure 2, the cosines of the angles in this

Ly
result can be given as:
cos(f—alzjzsin 6, _9-x
2 P
005[4922 —Ej = cos(z—ezzj =5in6,, =—sin(6,, —n)=—sina,, = - d-%
2 2 2
d

32

003[032 —gj = cos(%—@zj =sin6;, =sin(n—6,,) =sina,, =
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Thus, we can give the emf induced in the y-directed coil at P2 as:

~ Ny d {flcos(a)t—(pl) d-x I, cos(a;t—wz)[_d —x2j+ I, cos(wt—p, ) x3—d}

t)=
22y (1) 2 dt

ri.Z r.12 r22 r22 r-32 r-32

N, o d=x ~ . d—x, ~ . d—x, ~ .
= 2“2V 0 {— le I,sin(ot-g,)+ rzz|25'“(a’t—<ﬂz)+ r23|35'n(a’t_¢3)
12 22 32
:Nzyrzzyyoa)
2

d—x » . d—x, ~ . d—X; ~ .
2X1 I sin(wt—g,)- = 21,sin(ot—g,)- 2 3 I3S|n(a)t—¢3)}

12 22 32

Let us rewrite this result in terms of factors p,, ps and ps:

_ NZyrZZy/an) d-x

4 2
2 r;

. . . Ny oy o d — X
&, (1) = p,I;sin(wt—g,)+ psl,sin(wt -, )+ pslysin(at— g, );q py = ——L22——2

2
2 r,
2
_ Noy Doy o d — X,
6 — 5 .2
2 r,

The difference in voltage across the two y-directed coils can be given as:

K wl, sin wt—@ d-
Ag, (t)ZSZV(t)_gly(t): — 2( 1){NZyrZZy rzﬁ_lerlirﬁz}

12 11

Hool, sin (ot - g, ) 2 X —d 2 X, | Hoolysin(at-g,) 2 X —d 2 X
+ 2 N2yr2y r2 + lerlyr_z + 2 N2yr2y r2 + lerly r2
22 21 32 31

This result can be given in a shorter form as:

A N N X, —d X
Agy(t)= p,l,sin( @t — @)+ pgl,sin(wt—g, )+ pgl;sin(wt—e,);< P =ﬂ°w{N2yr22y2r_2+ lerfyr—gj

2 22 21
—th® N p2 XS_d+N r2 %s
Py = 5 2yl2y T 2 1y 72
I3 a1

Note that the current terms in this result are the actual currents flowing in the three wires, except for the phase

difference of g radians.

We can find out the time-dependent currents 1 (t), 1,(t) and 1,(t)—with the phase difference of g—

by solving the following matrix equation:
I (t
P, P, P 1( ) €1y (t)

P, Ps P Iz(t) = ‘EZy(t)
P Ps Pyl

Here, the primed symbols refer to the currents, which differ from the real ones by the phase difference of g

rad.
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3. Applying the Results

The device described in this article could be used so that both sensors, at P1 and at P2, measure the induced vol-
tage at least once in every millisecond. One measurement sequence could last for about 20 periods of current os-
cillations, and such sequences could be measured once in every 10 minutes, for example. The collected data
could then be transmitted wirelessly to a remote receiver. The received data could be analyzed in the office us-
ing software based on the matrix equations derived in this article.

The software could calculate the currents 1, (t)', 1,(t) and 1,(t) with both of the given matrix equations.
After this, one could compare the results with each other, and if they were close to each other within reasonable
accuracy, the final results could be found by calculating the average values of the two. Finally, the actual cur-

rents, I,(t), 1,(t) and 1,(t) would be obtained by shifting the sinusoidal functions of time by g rad.

The device should be equipped with two additional induction coils along the device’s z axis. On installation,
one should make sure that the voltage in these coils is zero. This ensures that the two sets of perpendicular coils
at P1 and at P2 are in the xy plane perpendicular to the three current-carrying wires.

4. Conclusion

Our analysis indicates that it is possible to build a device that can determine three sinusoidally oscillating cur-
rents as functions of time from a reasonable distance. The device can be installed safely to the measuring site
without turning the power off in the transmission lines. The next logical step in our process would be to build a
device explained in this article, and to make test runs with it and real transmission lines.
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