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Abstract

Closed-form and asymptotic solutions are derived for the steady, fully-developed hydromagnetic free and
forced convection flow in a rotating horizontal parallel-plate channel under the action of an inclined mag-
netic field and constant pressure gradient along the longitudinal axis of the channdl. The magnetic field is
strong enough to generate Hall current effects and the magnetic Reynolds number of sufficient magnitude
that induced magnetic field effects are also present. Secondary flow is present owing to the Hall current &f-
fect. The channel plates are also taken to be electrically-conducting. The conservation equations are formu-
lated in an (X, y, 2) coordinate system and non-dimensionalized using appropriate transformations. The re-
sulting non-dimensional coupled ordinary differential equations for primary and secondary velocity compo-
nents and primary and secondary induced magnetic field components and transformed boundary conditions
are shown to be controlled by the dimensionless pressure gradient parameter (py), Hartmann number (M?),
Grashof number (G), Hall current parameter (m), rotational parameter (K?), magnetic field inclination (q),
and the dectrical conductance ratios of the upper (f 1) and lower (f,) plates. Solutions are derived using the
method of complex variables. Asymptatic solutions are also presented for very high rotation parameter and
Hartmann number of order equal to unity, for which Ekman-Hartmann boundary layers are identified at the
plates. A parametric study of the evolution of velocity and induced magnetic field distributions is undertaken.
It is shown that generally increasing Hall current effect (m) serves to accentuate the secondary (cross) flow
but oppose the primary flow. An increase in rotational parameter (K?) is also found to counteract primary
flow intensity. An elevation in the Grashof number i.e. free convection parameter (G) is shown to aid the
secondary induced magnetic field component (H,); however there is a decrease in magnitudes of the primary
induced magnetic field component (H,) with increasing Grashof number. Increasing inclination of the ap-
plied magnetic field (q, is also found to oppose the primary flow (u;) but conversely to strongly assist the
secondary flow (w;). Both critical primary (Gg) and secondary (G.;) Grashof numbers are shown to be re-
duced with increasing inclination of the magnetic field (q), increasing Hall parameter (m) and rotational pa-
rameter (K?). Applications of the study arise in rotating MHD induction power generators and also astro-
physical flows.

K eywords. Hydromagnetic Flow, Hall Current, Electrical Conductance, Free And Forced Convection,

Critical Grashof Number, Rotation, Complex Variables, Asymptotic Analysis, Ekman-Hartmann
Boundary Layers, Astronautics
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1. Introduction

Magnetohydrodynamic (MHD) convection flows consti-
tute amajor field of interest in many areas of engineering
and the physical sciences. Both trandational and rota-
tional flows are of significance in various aspects of as-
tronautical propulsion [1,2], nuclear energy systems [3,4],
electro-chemica engineering [5], astrophysics [6], plasma
physics [7,8], magneto-lubrication [9,10] and geophysics
[11]. Numerous complex phenomena have been ad-
dressed for a diverse range of geometries incduding Hall
currents[12], three-dimensional flow [13], wall-conduc-

tance effects [14] and impulsive motion [15]. Rotational
hydromagnetic flows in particular have attracted consid-
erable attention in the context of MHD energy systems
operations and magnetic materials processing. Many
techniques have also been employed to render solutions
to these boundary-value problems. Takhar et al. [16] ob-
tained numerical solutions for the trangent Von Karman
swirling magnetohydrodynamic flow from a spinning
disk. Bestman and Adjepong [17] studied buoyancy-
induced transient compressible rotating MHD convection
from a vertical plate with thermal radiation present, using
asymptotic methods. Kumari et al. [18] investigated the
unsteady vortex magneto-hydrodynamic flow at a Sagna-
tion point numerically. Ram and Takhar [19] used a com-
plex variables to study the natural convection rotating
hydromagnetic flow from a plate with Hall currents and
iondip effects. Takhar et al. [20] examined Strouha and
Hartmann number and Hall current parameter effects on
transent dusty hydromagnetic flow in a rotating channd.
Singh et al. [21] obtained exact solutions for rotating
Hartmann- Couette hydromagnetic flow in a paralld plate
channd with one of the plates has been set into uniformly
accelerated motion. They found that the primary velocity
is enhanced with magnetic field i.e. Hartmann number,
but reduced with rotation, with the converse response
computed for the secondary velocity. Ghosh and Bhat-
tacharjee [22] further studied hydromagnetic convection
flows in rotating channels, again presenting closed-form
solutions for the effects of rotation parameter and Hart-
mann number. Asymmetrical wall heating effects on hy-
dromagnetic trandational channel flow were considered
by Ghosh and Nandi [23]. Vempaty and Satyamurty [24]
analyzed the effects of Elsasser magnetic number on hy-
dromagnetic rotating flow in a region bounded by three
eectrically insulating rigid walls for both antisymmetric
and symmetric cases, obtaining analytical solutions for
both the trangtion field regime and strong magnetic field
regime. They showed that a separate magnetic boundary
layer does not exig, contrary to the case when the rotation
vector and applied magnetic field are aligned. They also
found that the transtion field regime is characterized by
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the Stewartson double layer boundary layer structure al-
though the outer Stewartson layer is weak and also
sub-boundary layers with an axia scale equa to the cor-
responding boundary layer scale develop at specific loca
tions. Chakraborti et al. [25] studied the rotating hydro-
magnetic viscous flow and heat transfer past a porous
plate rotating with a uniform angular velocity about an
axis normal to the plate but with the fluid at infinity ro-
tating with the same angular velocity about a non-
coincident parald axis. They found that a uniform mag-
netic fidd applied parallé to the axis of rotation reduces
the boundary-layer thickness with an increasein either the
plate suction or magnetic parameter, and temperature
increases with increasing magnetic field, but decreases
with suction. Bég et al. [26] used the implicit Blottner
difference method to study hydromagnetic convection
boundary layer flow from a spinning sphere with impul-
sive effects. Further studies using finite dement, Laplace
transform and network smulation methods on rotating
magnetohydrodynamic convection flow have been pre-
sented respectively by Naroua et al. [27], Ghosh et al. [28]
and Bég et al. [29]. In MHD generator systems the con-
fining walls may exert a considerable role on the flow
dynamics and heat transfer processes. Guria et al. [30]
therefore analyzed the influence of wall conductance on
hydromagnetic channd flows under asymmetric heating
boundary conditions. The above studies al considered the
applied magnetic fidd to be either aligned with the flow
or transverse to the principal flow direction. However in
actua practica systems, the magnetic fiedld may be in-
clined. Inclination can exert a substantial role on the per-
formance of MHD generator systems. Seth and Ghosh
[31] obtained exact solutions for the transient MHD flow
in arotating channe with periodic pressure gradient and a
uniform magnetic field indined with the axis of rotation.
They found using asymptotic anaysis that for large
Hartmann, rotation or oscillation frequency values, the
flow is demarcated into two digtinct regimes, namey a
boundary layer region and a central core region. With
large rotation and frequency, flow reversal in the direc-
tion of the pressure gradient are generated. Ghosh [32]
further studied incdined magnetic fidd effects on both
steady and unsteady hydromagnetic flow with pressure
gradient for dowly rotating systems with low frequency
of oscillation with low conductivity and weak applied
magnetic fidd. Further studies of magnetic fidd inclina-
tion on hydromagnetic rotating flows were subsequently
presented by Ghosh and Bhattacharjee [33] and Pop et al.
[34], the latter considering Hall currents. Bég et al. [35]
studied the effects of porous drag on rotating MHD flow
in a channd under an inclined magnetic field. Bég et al.
[36] used the Sparrow-Quack-Boerner local nonsimilarity
method to study numerically magnetic Prandtl number
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effects on two-dimensional, steady forced convection
MHD boundary layers, discussing in detail the evolution
of the induced magnetic field, temperature and velocity
profiles. Ghosh et al. [37] also investigate andytically the
magnetohydrodynamic natural convection boundary layer
and Rayleigh flow with magnetic induction. In the present
study we study the induced magnetic fidd and velocity
digributions in a rotating two-dimensional channd sys-
tem under an inclined magnetic field with Hall current
effects. Using complex variables, exact solutions are de-
rived for the non-dimensiondized flow and magnetic
induction equations, subject to prescribed boundary con-
ditions at the plates. We examinein detail theinfluence of
Hartmann number (M?), Grashof number (G), Hall cur-
rent parameter (m), rotational parameter (K%), magnetic
field inclination (q) on primary and secondary velocity
and induced magnetic fidd component distributions.
Furthermore we present detailed asymptotic solutions for
very high rotation parameter and Hartmann number of
order equal to unity, for which Ekman-Hartmann bound-
ary layers are shown to form at the plates. The results are
tabulated and presented graphically. We also consider for
the firg time the variation of the critica Grashof number
for both the primary (G,) and secondary flow (G,) fields.
G is minimized with strong rotation and for the case of
an applied magnetic field aigned with the positive
x-direction (q =p/2). G is aso reduced both with arise
in Hall current parameter (m). A similar trend is observed
for G, which is dso shown to be reduced with an in-
creasein inclination, Hall parameter (m) and also rotation
(K?). The present study reveals new interesting observa-
tions for hydromagnetic phenomena in rotating channels
and has thus far not appeared in the scientific literature.
The reallts are relevant to rotating MHD induction en-
ergy devices.

2. Mathematical M odél

We consider the steady, fully developed magnetohydro-
dynamic flow of a viscous, incompressble, electri-
cally-conducting Newtonian fluid between parallel plates
under the action of a constant pressure gradient, in an (x’,
y’, Z’) coordinate system. The system rotates with uni-
form angular velocity, W, about the y’ axis perpendicular
to the plane of the flows (x’-z’), in the presence of a uni-
form magnetic fidd, Hy, which is indined with the posi-
tive direction of the axis of rotation in the x -y’ plane. The
regime is illustrated in Fig. 1 below. Both the fluid and
the channel rotate in unison asarigid body with the same
congtant angular velocity of rotation. The channd plates
are both dectricaly-conducting with conductivities s;
(upper plate) and s, (lower plate). The applied magnetic
field, H,, is strong enough to generate Hall current effects,
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as discussed by Sato [12] and a secondary flow is thereby
mobilized in the regime. Magnetic Reynolds number is
also of sufficient magnitude that magnetic induction ef-
fects become important. Since the plates are infinite along
the x and z directions, al physical quantities with the ex-
ception of pressure will be functions of the independent
variable, y, only. Following Cramer and Pai [38] and
Sherdliff [39], we take the following vectorid fidd defi-
nitions:

g=(u'o,w') H :(H'x +Hosinq,Hocosq,H'Z) 1)

E=(E.E,.E); 1=(3,.0.3))

where g, H, E, J are, respectively, the velocity vector, the
induced magnetic fied vector, the dectric field vector
and the current dendty vector. The equations of motion
with buoyancy incorporated, for the flow in a rotating
frame of reference may be presented as follows:

(aN)g+2wk” g=- in+vN2q+EJ' H
r r

+ggl- b (T- T)pk @)

Ohm’s law for a moving conductor incorporating Hall
current takes the form:

3+ e g +We—te(JH) =s[E+maH] (3
HO HO

where r isthe fluid dendty, n is kinematic viscosity,
m, is the magnetic permeability, p is pressure, s is
fluid dectrical conductivity, w, is the cyclotron fre-
quency, t. istheédectron collision time, b is the coeffi-
cient of volume expansion, T is fluid temperature, T,
is the temperature in the reference date, H, is the ap-
plied magnetic flux dendty and k isthe unit vector di-
rected along the y-axis (rotation axis). The equation of
continuity (mass conservation), N>q= 0, gives v=0.
The solenoidal relation, NxH =0. The conservation of
éectric charge (Gauss’s law) gives NxJ =0, so that
J, =0 throughout the fluid regime. The Maxwell elec-
tromagneti c equations therefore reduce to the following:

N B=mJ (4a)
N E=0 (4b)

where B=mH . Under assumptions (1), Equations (2)
and (3) may therefore be presented in component form,
as.

Tp, fPuc TH,
2r Wwe=- — H —x 5
r ﬂx+mﬂ_y2+nl 0 €0sq ©)

Ty
M. CH U
X+H, —2q, (6
Ty ﬂyH()

0=- P g. nlg(H;+H09r1Q))
iy &
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. .
-ZrM':m%;;/ +n1Hocosq% (7)
21" 21" 1

ﬂﬂ;x +mcosq ﬂﬂ;z :sanocosq% (8)
ﬂZH' ﬂZH' ﬂWI

Z .- mco X =smH, cosq — 9
ﬂyz Sq ﬂyZ nl 0 Sq ﬂyl ( )

Assuming uniform axial temperature variation along
the plates of the channel, the temperature of the fluid can
be written as:

(T- T, ) =Nx+j (y) (10)
where N denotes the uniform temperature gradient at the

plate and the other terms have been defined earlier. The
equation of dtateis:

r=r,@-b(T-T,)d (11)

Using (10) and (11) and integrating Equation (6) we
obtain:
p=-r,98- b (Nx+j (y))Hy
' ' ' (12
- %nl(Hf +H:)— mH,sing H, + F(x)

Now using (12), Equation (4) may be written as:
2Wivt=
Pu¢ 1

- L0 T L (a1, comg
ro dx W r,

TH,
—*_abN
)ﬂy P

(13

Equations (13), (7), (8) and (9) may further be simpli-
fied by casting into non-dimensiona form which leadsto:

2
dul+mzcosq%-2K2Wl:Gh-l (14)

dh? dh

2

W m?co %+2K2 =0 15
dh? = dh Y (15)
dsz_ meo 0|2HZ+CO d_ul_o (16)
dh? = dh? = dh
d?H d?H dwy

Z + mco: —=0 17

dh? = dh2 o dnh 7

where h :% is the dimensionless distance along the

_u¢ is dimensionless pri-

rotationa axis, u, =
gn Px (7]
. &L . .
mary velocity, w = ¢ +WG is dimensionless secon-
en Py (7]
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dary velocity, H,=——>— is dimensionless

smn H,p,

x-direction (primary) induced magnetic field component,
, - M is dimensionless z-direction (secon-
Srrm HO ><

gb NL*
n’p,

2
the Grashof (free convection) number, K? W isthe
n

is

dary) induced magnetic field component, G =

rotation parameter i.e. reciprocal of the Ekman num-
ber, M? =sH?L?/rn is the Hartmann hydromag-
netic number and m=w  isthe Hall current parameter.
The corresponding velocity (no-dip) boundary conditions
attheplatesare

u=w=0ath==1 (18)

The generalized boundary conditions for the induced
magnetic field take the form:

%+$:O;dHZ+HZ—O aa h=1 (19
dh j, dh  j,

%-&:O;dHZ H—Z:O at h=-1 (19b)
dh I dh )2

where j, =

ﬂ and j, :ﬂ are the dimension-
sL sL

less eectrical conductanceratios, L is plate separation, h;
and h, are the upper and lower plate thicknesses and all
other parameters have been defined earlier.

Inspection of (19) indicates that the induced magnetic
field depends on the individua values of the conductance
ratios, f, and f, Since the plates are eectrically con-
ducting, following Mazumder [14], the following condi-
tion issatisfied:
f,andf, =0 (20)

3. Complex Variable Solutions

Equations (14) to (17) under conditions (18) and (19(a),
(b)) constitutes a two-point ordinary differential equation
boundary value problem. The linearity of the equations
permits a complex variable solution which is now de-
scribed. Introducing the complex variables:

u +iw =F (214)
H, +iH,=h (21b)

Using (21), Equations (14) to (17) reduce to the fol-
lowing pair of coupled, linear ordinary differentia equa-
tions
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d’F 2 dh _.
+M“cosq—+2iK°F=Ch-1 22

dh? > dh (22)

2
ST @)
dh® 1+imcosq dh
Thetransformed boundary conditions become:

F=0 a h=%1 (24)

The generaized boundary conditions for the induced
magnetic field take the form:
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N6 & h=1 (259)
dh j,
by o4 h=a (25b)
dh j,

Combining Equations (22) and (23) together with the
boundary conditions (24) and (25(a), (b)), the solutions
for the velocity and induced magnetic field distributions
can be rendered asthe following:

F(h)—A (1+imcosq ) m cothm U coshmh6, G € sinhmh ¢ (26
g(1+|mcosq)ml cothm, - (mlcothml-l)Mzcosque coshm 4 mfg snhm @&
h(h)=2 cosq 8¢ (1+imcosq) m cothm esnhmh 6
&1+imcosq ag(1+imcosq ) m’ cothm - (m cothm - 1)M? cos’q gm coshm
. G %2 2c:oshmlhou é (m cothm - 1)cosq u +(200thml—ml)Gcosq o
2m? & mlsmhml,zg @(1+|mcosq)ml cothm - (m cothm - 1)M?cos’q g 2m?® (1+imcosq)

The solutions (26) and (27) are valid for non- conduct-
ing plates with reference to (20). Equations (22) and (23)
can be solved with the help of boundary conditions (24)

F(h)=2

% coshmh o eSlnhI’Qh

and (25). This leads to the generation of the following
expressionsin whichd,, d, and d, areindependent of
h but are dependenton f, and f,:

hy

g

_a& cosq o6€d, esinhmh

coshm g esmhml

(28)
am’
2coshmh &0

5
_+G 2.

§1+imcosq pgm’ &m coshm

(1+imcosq)m?®(j , +j , +2)cothm

. «t+dh +d, (29)
2m? h
g <M e msin leﬂ

~ g(L+imcosq)m?(j , +j , +2)cothm, - 2(m cothm -

2(m cothm - 1)co

u
=1+M?c co
)m? coszqu =

u

S(1+|mcosq) (i

€a2 cothm,

L +i ,+2)cothm - (m cothm -

1)2Mzcoszq5

) U
- 1-cosq

2 a

1,. . a
d, :-E(j iy 2)C+Gee

&
€
e

2m? (1+imcosq)
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4. Special Cases

1) Forced Convection

S.K.GHOSH ET AL.

In the absence of buoyancy forces (G ® 0) the solu-
tions (26) and (27) reduce to the case for pure forced
magnetohydrodynamic convection:;

(1+imcosq) m cothm Ueg coshmh 8 (31)

F(h):g

(h):% Ccosq

(1+imcosq ) m® cothm - (mlcothml-l)Mzcosqug coshm g

(1+imcosq) m cothm @sinhmh &

P -hy
81+imcosq;'z;%(lﬂmcosq)nfcothml-(mmthm- 1)M? cos’q gm coshm ;ag

é

(m cothm - 1) cosq Eh 32)

@(1+|mcosq)ml cothm - (mlcothml— 1)M?cos’q

I) Forced Convection with a Transverse Magnetic

Field

With g ® 0, theapplied magneticfield, H, will

F(h):g

become orientated aong the y-axis i.e. a exactly 90
degrees to the x-z plane of flow. The corresponding solu-
tionswill then reduce from (31) and (32) to:

(1+im)m cothm Uze coshmh 6

with:

- - 33
(1+imcosq)mfcothml—(mlcothml—l)Mzag coshm g 33
(h)=2 1 92 (1+im)m cothm, a@sinhmh hi.uu
&1+imgg(1+im)m? cothm - (m cothm - M2 gmcoshm o4
(m cothm - 1) U
Y 34
‘1+im)mfcothml-(mlcothml-l)Mzbjh &9
dZullz L‘11/2
M* & mm? > M2 U
+G +2K +y o+ ¢
(Leme) g(Lem?) E’i; 1+mZ§
4 e 2 dzullz 2 L'juz
Mo MM kel - M E (35)
(1+rr12) g(1+m) _b 1+m8

5. Shear StressDistributions

engineering design point. The shear stress at the upper
and lower plates can be derived by taking the first gradi-

Let usnow consder the important flow quantities from an ent of the velocity function, F, viz.:

e u
é . 2 |
< 1+ p
(;_E :ig_ (1+imcosq ) m _ +chothml igu (36)
h=1 ml@ (1+imcosq) - 12Mzcoszq € mlﬂz
e m g o}
e u
dF 18 (1+imcosq ) m? 1 Ouu
s :—g - +chothml =\ (37)
h=-1 mlifi‘( i 12M20052q e mlﬂz
e m g o}
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From (36) and (37) it is evident that the shear stresses
due to the primary and secondary flows vanish neither on
the upper plate or the lower plate. There will therefore not
be any flow reversal i.e. backflow generated for G = 0
when the plates are assumed non-conducting. These shear

G, =-

(a2+b2)(ay1+by 2)

stresses are however strongly affected by rotation (K ?),
Hall current (m), and theinclination of the magnetic fidd
(g). The shear dress due to the primary flow, however,
will vanish at the lower plate (h =-1) when the following
condition prevails.

(38)

cX

Therefore there will be an incipient flow reversal at the

lower plate due to the primary flow when:

a{A(a®+b?)-a}>-b{B(a®+b?)- b} (39

(a2+b2)(by1- ay ,)

(Ao o) ofafaren) o

Similarly the shear stress due to the secondary flow
will vanish at the lower plate (h = -1) when the following
condition is attained:

G. =

cz

Equation (40) indicates that flow reversal will arise in
the secondary flow dueto a decrease in temperature at the

lower plate when:
by, >ay, (41)

G. =

oAl o)) afo sl

(a2+b2)(ayl+by2)

(40)

And
b{A(a®+b?)-a} >a{b- B (a?+b?)} (42

Proceeding exactly the same way, the primary flow
reversa at the upper plate (h = 1) occurs when:

(43)

cX

Similarly the secondary flow reversa arises at the up

(a2+b2)(by1- ay,)

@A) o) b{afaen) o

per plate (h = 1) when:

G, =

in which:
e?-1
A. —_—

(44)

yggb{ﬁl(a2+b2)- a} +a{Bl(a2+b2)- b}H

22 sn2b

" g% - 2¢% cos2b +1

T e% - 2e% cos2b +1

ylzaMzcoszq(Mzcoszq +2mK%osq)

+2K2(a2+b2)(Bl+Ameosq)(Mzcoszq +2mK%osq)

- 2bK*M? cos’q +4K4(a2+b2)(AL— Bmcosq )

y,=2aK*M?*cos’q +4K4(a2+b2)(Bl+Ameosq)

+szcoszq(Mzcoszq +2mK%osq)

- 2K2(a2+b2)(Al- Blmcosq)(Mzcoszq +2mK%osq)

y s =M*cos'q +4K4(a2+b2)(Af+Bf)(1+mzcoszq)

(45)

+4K*M?cos’q(a B, - bA +a Amcosq +b Bmcosq)
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The critical Grashof number given by Equations (43) and
(44) will be equivalent to numerically to those given by
Equations (38) and (40). We also note that the magnetic
boundary conditions (25) for non-conducting walls are in
agreement with H, = H, = 0 ath =+1. The solutions
derived for the velocity and induced magnetic field distribu-
tions given in (26) and (27) produce the same results for
u =w =0at h=%1 andH, =H,=0 ath =+1.

6. Asymptotic Solutions

We now consider asymptotic solutions. Of course these
are regricted to extremely low or high values of certain

parameters. We consider here the case for K2 21 and
~ O (1). Such conditions will correspond to bound-

2
ary-layer flow. K? W dtherefore K221 will
n

physically imply very high rotation parameters and cor-
respond to very high Coriolis forces compared with
weak viscous forces. M?~ O (1) implies weak magnetic
field (applied). In the MHD rotating induction motor [8]
very rapid rotation will therefore occur i.e. thisis extreme
end of operating conditions. At the upper plate,h =1,
using x = 1- h, from (26) and (27) we obtain:

ul—igl e % coshxf+e* sinbx g_* a8 28 (46)
EXs 2K%
_Xz_G(l'X) -ax éG_X_L,jﬁ-aX'
1—73 e +e cosbxgﬁ X H Xse sinbx (47)
H, =- Yw%ge'ax (A cosbx - B sinbx)- (1- x)g+ Yw%ge'ax (A sinbx +B, cosbx )y
SKS(ELCr?Fchoszq)e(l moosq ){2A +(x* - 2xa - 26 cosbx} (48)
- (1+mcosq){281- (x*- 2¢)b- 2e'axsinbx}g
H, =- Yw%ge'ax (A sinbx - B, coshx )g- YZC%ge'ax(ﬁicosbx— B sinbx) - (1- x)§
GCOSQ 4 2 -ax o
- 8K3(1+mzcoszq)gl_ mcosq){281+(x - 2x)b— 2e smbx} (49)
+(1+ mcosq){ZAL— (x?- )a - 2e™ cosbx}fd
where: € (1- mcosq)M?2 cos’q Y
2 b =KE& 50b
a:Kgl (1+mcosq )M ? Cosqu(SOa) Kgl 4K (1P co%q) E( )
& 4K2(1+m coszq) ¢
with:
={(Aa +Bb)- m(Ba - Ab) cosq}{(ALa +Bb) (2K m- M cosq)cosq+Mzcoszq} -
-{m(Aa +Bb)cosq +Ba - A {2 Aa +Bb)K?+ Ab)(M?cos’q - 2K2mcosq)}
={(Aa +Bb)- m(Ba - Ab)cosq {2 (Aa +Bb)K*+(Ba - Ab)(M?cos’q - 2K2mcosq)}
(52)
+{m(Aa +Bb)cosq +Ba - A }{(Ala +Bb)(2K’m- M cosq)cosq +Mzcoszq}
X, :{(Ala +Blb)(2K2m- mzcosq)cosq +Mzcoszq}2+
, (53)
{2(Ala +Bb)K*+(Ba - Aib)(Mzcoszq— 2K2mcosq)}
Copyright © 2011 SciRes. WIM
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Y1:2K{(Ai' B,)- m(A&JfBl)COSQ}Jf(Aa +Bb - )M?cos’q (54)

YZZZKS{(Ai+Bl)+m(Ai' Bl)COSQ}'(Bla' Ab)M?cos’q (55)
Y, =@K*{(A- B))- m(A +B)cosq} +(Aa +Bb - YM? cos’q |

+§2K{(A +B)+m(A - B)cosa} - (Ba - Ab)M?cos’qf

Inspection of expressions (46) to (49) with the incdu-
sion of (50a,b) to (56) reveals that there exids a thin
boundary layer of thickness O(a) which we indentify as
the Ekman-Hartmann boundary layer. Clearly the bound-
ary layer thickness is dependent on the rotation, Hall cur-
rent and the indination angle of the applied magnetic
field but independent of the Hartmann number. Con-
versdly the boundary layer thicknessis independent of the
Hall current and Hartmann number for the case of a lon-
gitudinally applied magnetic field for which g= p/2. For

(56)

this special case the boundary layer thickness will be a
function soldy of the rotation parameter. The exponential
terms in Equations (46) to (49) damp out quickly as x
increases when

x 3 a™'. For this scenario we have

u, » % (57)
3
W, » % - 2?22 (58)
3

5 Yhcosq Gcosq &1 2
et Y 8K3(1+mzcoszl1)gl mcosq){281+(h 1)a} (59)
-(1+mcosq){281-(h2-l)b}8
»Yzhcosq i Gcosq &1 (2
" Y 8K3(1+mzcoszq)g(l mcosq){zBl (h 1)b} (60)

+(1+mcosq){281— (h?- 1)a}8

Expressions (57) to (60) demonstrate that the primary
and secondary flows are affected by Hall current (m),
rotation (K?) and Hartmann number (M ) due to the
magnetic field inclination (q); however the secondary
flow exhibits buoyancy effects with the variation in the
width of the channd (i.e. plate separation). The flow per-
sistsin the direction of the longitudinal pressure gradient.
The primary and secondary induced magnetic field com-
ponents, H, and H,, as defined by (59) and (60) are
clearly affected by the rotation, Hall current, and Hart-
mann number and depend on channel width. The Grashof
number clearly appears as a numerator in both (59) and
(60); the coefficient is however negative so that buoyancy
force therefore will inhibit magnetic induction. We also
note that the induced magnetic field components will
change direction while passing through the central section
of the channd (h =0) for G 0 (free convection).
G >0 will correspond to coaling of the plates by free
convection currents and G <0to heating of the plates.
Inspection of (57) and (58) shows that while both primary
velocity and secondary velocity are influenced by the
angle of inclination of the magnetic field, only the latter is

affected by buoyancy, viathe - term.

2K 2

Copyright © 2011 SciRes.

Of course the complex nature of the functions
X, L X, and Y, LY, necessitates much more detailed
analysis to reveal the exact influence of the physical pa-
rameters on the magnetofluid dynamic behaviour, which
we shall now discuss.

7. Results and Discussion

In Figures 1 to 11 we have presented computations for
the variation of primary and secondary velocity compo-
nents (u,, w;) and primary and secondary induced mag-
netic field components (H, ,H, ) with dl key parameters
in the modd. Figures 2(a) and (b) present the velocity
digributions for weak buoyancy (G = 2), weak magnetic
fidd (M2 =10), Hall currents pressnt (m=0.5) and
strong rotation (K? = 4) with only magnetic field indli-
nation (g ) varied. It isimportant to note from the gener-
alized induced magnetic field boundary conditions (25(a),
(b)) that three cases can be assessed for the plates. When
f,=f, =0 the walls are dectrically non-conducting.
For f, =f, =¥, the walls are perfectly conducting. For
operational conducting walls, f, =f, =1. We shall prin-
cipally consider the flow and induced magnetic fidd cha-
racterigtics at the centre line of thechannd i.e. h = 0 .
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Upper plate

y=+L
Secondary
flow due to g
Hall  cur-

Inclined magnetic field, Ho

q

Primary flow

Lower plate

Figure 1. Physical model and coor dinate system.
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Figure 2. Primary (u;) and secondary velocity (w;) distribu-
tion for various values of g.
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M =10, m=0.5,
G=2,0"=4

02 WI

03

0.3+ M=10,m=0.25,
G=2,0=0

n
(b)
Figure 3. Primary (u;) and secondary velocity (w;) distribu-
tion for various values of K? with 8 = 0.
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Figure 4. Primary (u;) and secondary velocity (w;) distribu-
tion for various values of K2 with 6 = /4.
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Figure 5. Primary (u;) and secondary velocity (w;) distribu-
tion for various values of G.
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Figure 6. Primary (u;) and secondary velocity (w;) distribu-
tion for various values of m.
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Figure7. Primary (H,) and secondary (H,) induced magnetic
field distribution for various values of 6.
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K=4,6,2 M=10,m=0.5,
G=2,0=0

- = —0.6\-04 02 0.2 0.4 0.6 1
—0.01

—0.02 -

-0.04

K=4,6,2 0.06
M=10,m=0.5,

G=2,0=0

(b)
Figure 8. Primary (H,) and secondary (H,) induced magnetic
field distribution for various values of K?with 6 = 0.
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Figure9. Primary (H,) and secondary (H,) induced magnetic
field distribution for variousvalues of K* with 8 = n/4.
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Figure 10. Primary (H,) and secondary (H,) induced mag-
neticfield distribution for various values of G.
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Figure 11. Primary (H,) and secondary (H,) induced mag-
neticfield distribution for various values of m.
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Inspection of Figure 2(a) indicates that primary veloc-
ity is generally positive in the lower haf of the channel
(i.e. for -1 < h <0) and except in close proximity to the
channd centreline (h = 0) is negative for the majority of
theregion in the upper half of the channd (i.e. for 0.2< h
< 1). Anincrease in inclination, g, from 0 to p/6 (30 de-
grees to the vertical rotation axis) initially increases pri-
mary flow veocity, u;; however with a subsequent in-
crease in indination to p/4 (45 degrees) and then p/3 (60
degrees), the primary velocity isinfact reduced.

In Figure 2(b) a different response is observed for the
secondary flow velocity; for the transverse magnetic field
case (i.e. the case of a magnetic fidd aligned with the
y-axis, q = 0) the primary velocity in the lower half of the
channd is minimized; however only for this scenario is
there no backflow throughout the width of the channel
(the q = 0 profile remains positive for all h). With an in-
crease in inclination from to p/6 the secondary flow ve-
locity rises at the lower section of the channel and then
increases again for q = p/4; however with subsequent
increase in incination to p/3, secondary velocity is re-
duced a trend sustained with the highest inclination i.e.
for the case of the aligned magnetic fidd (q = p/2). Sec-
ondary backflow (i.e. flow reversa) does not occur for g
= p/2; however for all other intermediate inclinations
flow reversa is caused in upper sections of the upper
halfspace of the channd (0.4 < h <1). Therefore we con-
clude that flow is maximized in the lower halves of the
channd section for both primary and secondary distribu-
tions, for the former the maximum response is achieved
for q = p/6; for the latter it is attained for q = p/4. The
worst case i.e. most deceleration of the flow is attained
again in the lower channd section for both primary and
secondary regimes for g = p/3 and g = O; the practical
implications of these deductions are important in opera-
tional conditions of rotating MHD induction devices.

Figures 3(a) and (b) illugtrate the velocity component
digtributions for the case of a transverse applied magnetic
field (q = 0) for the effect of various rotation parameters,
K 2. The digtributions over the ssmerangeof K? values,
for the case of an indlined applied magnetic fidd (H, at
45 degrees to the y-axis) are provided in Figure 4(a) and
(b). The primary velocity response (Fig. 3a) iscomplex in
that although the minimal velocity in the lower sections of
the channd corresponds to the weakest rotation case
(K?=2) and is infact negative for -1 < h < —0.65, a
completely opposite response is observed in the upper
channd half space where the velocity is maximum for this
value of K2. As such an undulating profile is computed
throughout the channe width. An increase in K? to 4
accelerates sgnificantly the primary flow in the lower
channd half space (-1 < h <0) which becomes positive
throughout this range, peaking in the vicinity of h = -0.7
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after which it descends gradually becoming negative
(back flow onset) at h ~0.3 and attaining the minimum at
h ~0.75. With further increase in K? to 6, the primary
flow is however srongly deceerated in the lower channel
but less so in the upper channd half space. The parameter,
K2, isan inverse Ekman number. It expressestheratio of
Coriolis force to viscous force. Increasing Coriolis force
sucks momentum away from the positive longitudinal
direction and this is channded into the negative
x-direction (a “tornado effect”) and also spread laterally
into the direction normal to the x-axis in the horizontal
plane i.e. the zdirection. As a result the secondary flow
will be accelerated a the channd centre i.e. h = 0 a-
though only up to a critical point. Inspection of Figure 3b
indeed confirms this where we observe that the channel
centerline velocity is boosted from 0.12 for K? = 2 to
0.15 for K? = 4; however for K? = 6 the secondary
velocity fallsto 0.08 at h = 0. For K? > 2 no back flow
arises anywhere across the channd. The peak secondary
velocity is obtained for K?= 4 at h ~ —0.65; the mini-
mum secondary velocity arises for K?> =2 a h ~-0.8.
As such the results indicate that primary flow can be in-
hibited in an MHD rotating induction system at the chan-
nd centre, with increasing the rotational velocity of op-
eration, whereas secondary flow can be enhanced, al-
though in the latter case, only up to an optimum level
after which the further increase in rotational velocity is
counter-productive. For the case of indined magnetic
field (q = p/4), Figures 4(a) and (b) we observe that pri-
mary velocity, is further reduced at the channd centre
with indination of the applied fidd. The primary flow is
therefore both reduced by increasing rotational velocity,
W, and also by inclination of the field, . Secondary flow
(Figure 4(b)) however isfurther boosted by inclination of
the applied magnetic field; values of w; increase at the
channd centre for K? = 4 from 0.15 approximately to 0.22.
Converse to the case for g = 0O, there is a backflow in-
duced in the secondary flow with q = p/4, but thisisre-
stricted to the lowest part of the channd for K?= 2 and to
the uppermost regions of the channd for K* = 4 and 6.
For the vast mgjority of the channd width however sec-
ondary flow reversal isnot ingtigated.

The effects of the free convection parameter i.e. Gra
shof number (G) on u; and wy, again for the inclined ap-
plied magnetic field case (Hy at 45 degrees to the y-axis)
are presented in Figures 5(a) and (b). The effects of an
increase in the free convection parameter on u; and wy,
indicate that an increase in G has no effect on the velocity
values at the channd centre which remain fixed at 0.04
and 0.21, respectively. However throughout the channel
domain, especially in the vicinity of the plates(h =+ 1) a
substantial change in velocities is observed. For the
forced convection case (G = 0) velocities are significantly
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lower in the primary flow throughout the channd width,
although backflow never occurs. The profile for this case
isaflattened plateau across the channd width. With arise
in G to 2 (free convection), primary velocity is boosted in
the lower haf of the channd but decreases in the upper
half of the channd, leading to significant flow reversal in
the latter regime. This trend is maintained with further
risein G to 4 and maximized with the largest value of G =
6. Primary flow is therefore increasingly accelerated in
the lower half section of the channed with the cooling of
the plates by free convection currents which adds thermal
energy to the fluid regime (G > 0); it is consistently de-
celerated in the upper half region of the channd. Secon-
dary flow is aso dgnificantly enhanced in the lower half
of the channel with arisein G from 0 through 2, 4 to 6;
reversal does occur in the secondary flow but thisis con-
fined to the uppermost section of the channd and isagain
intensified with an increase in G. Magnitudes of the sec-
ondary velocity, w; are conssently greater for all G
compared with the primary velocity. Increasing free con-
vection effects therefore strongly accelerate primary and
secondary flows in the lower channd half space but de-
celeratethese velocitiesin the upper channd half space.
Figures 6(a) and (b) depict the variation of u; and wy
with the Hall current parameter, m. Without Hall currents
(m = 0), backflow is strong in both the primary and sec-
ondary velocities in the lower half section of the plate in
the upper haf flow reversal is absent for m = 0. An in-
creasein meliminatesthereversd in the primary (u,) and
secondary (w;) flow in the lower half of the channel but
induces backflow in the upper half of the channd. Both
primary and secondary flow are accelerated therefore in
the lower channd section (-1.0 < h < 0) but retarded in
the upper channedl section (0 < h < 1.0). With increasing
m, the primary velocity at the channd centreis increased
consigently from m = 0 through m= 0.5, to m= 1.0, a-
taining a maximum of 0.04 for m= 1.5. The peak primary
velocity across the channel width however does not arise
at the centre but again as in the earlier figures, at h ~
—0.65. A similar trend occurs for the secondary flow ve-
locity at the channel centre, however the magnitudes of
velocity are much larger in the lower channd half space
for secondary flow since the Hall current effect is strong-
ly associated with secondary flow in magnetohydrody-
namics. Conversely the backflow velocities for the pri-
mary flow are much greater in the upper channd half
space than for the secondary flow. We also note that
backflow is initiated closer to the channel centre line for
m= 1.5 for primary flow then for the secondary flow.
Figures 7 to 11 illustrate the variation of primary and
secondary induced magnetic field components (H,, H,)
with all key parameters in the model. In Figure 7(a) we
observe that the primary induced magnetic field compo-
nent, Hy is strongly decreased with an increase in the in-
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clination of the applied magnetic fidd, q. For g = 0, p/6
values are positive only for a short range (-1 < h < -0.6);
for q = p/4, p/3, values are dways negative. A reversal in
the primary magnetic fied lines is therefore induced with
increasing inclination of magnetic field. Thistrend is sus-
tained throughout the upper half space of the channel for
all values of g. Secondary induced magnetic field com-
ponent, H,, (Figur e 7(b)) however remains positive in the
lower half of the channd (-1.0 < h <0) for dlq and
positive for the entire channel width for g = p/3, g = p/4.
H,, is consistently increased with a rise in g. Magnetic
field reversal is caused only for g = 0, p/6 in the upper
half space of the channdl. Peak secondary induced mag-
netic fidd component therefore arises for q = p/4 a h ~
—0.7 and the minimal H, value occursfor q=0at h ~0.5.

Figures 8(a) and (b) show that an increase in rotation
parameter, K2, with g = 0, causes an escalation in pri-
mary induced magnetic field component, H,; for K* =2, 6,
values are negative throughout the entire channd width;
with intermediate K? (= 6) magnitudes are however posi-
tive for a short extent from the lower plate into the lower
half space (-1 < h< -0.55). Generally therefore primary
magnetic line reversa occurs throughout the channel
width except for the intermediate rotation parameter case.
Secondary induced magnetic field component, H, is also
reversed for K? = 2, but for the majority of the lower sec-
tion of the channel, values become positive for K? = 4 and
K? = 6. Peak H, and H, both correspond therefore to K? =
4 and attain values of 0.014 (primary) at h ~ -0.8 and
0.06 at h ~-0.7; once again the secondary postive values
are much greater in magnitude than the primary field
values. Figures 9(a) and (b) (for q = p/4), indicate that
primary induced magnetic fiedd component, Hy; is nega-
tive for al K? values and secondary induced magnetic
field component, H, is negative across the entire channel
width only for K? = 2. The symmetry of primary profiles
about the centre line is evident in Figure 9(a). At the
centerline Hy values are lowered for the K? = 4 case from
-0.05 (for g = 0, Figure 8(a)) to-0.058 for q = p/4. With
K? = 4, H, is always positive; for K? = 6, H, is negative
only towards the centre of the channd and for the entire
upper half space region.

Figures 10(a) and (b) indicate that an increase in free
convection parameter i.e. Grashof number (G), causes a
reversa in the primary induced magnetic field component,
H,; for pure forced convection (G = 0) Hy is positive only
in the upper haf of the channel and negative in the lower
half. For G > 0, the magnitude of H, is significantly in-
creased but direction reversed. The profiles are symmet-
rical again about the channel centerline for the free con-
vection cases (G = 6, 4, 2). A markedly different response
is shown for the secondary induced magnetic field com-
ponent, H, (Figure 10(b)); for pure forced convection (G
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= 0) secondary induced magnetic field is dways positive
throughout the channd width. For G > 0, H, is however
completey positive only in the lower channd half space.
Flux reversal isproduced for G=6, 4, 2 for h >0.15, h >
0.21 and h > 0.55, respectively. Effectively free convec-
tion currents therefore aid the secondary magnetic induc-
tion fidd (mainly in the lower channd half) but inhibit
the primary magnetic induction field throughout the
channd.

Finally Figures 11(a) and (b) indicate that the presence
of Hall current (m) sustains a decrease in the primary in-
duced magnetic fiedld component, H,; magnetic line re-
versal is cond stently caused even without Hall current but
the effect is amplified in the absence of Hall current (m =
0) for which the leagt value of Hy (Figure 11(a)) is ob-
served to fall to —0.05 at h = 0.7. On the other hand, sec-
ondary induced magnetic fidd component, H, is reversed
only with Hall current absent (m = 0); for m > 0, values
are always positive. Therefore the Hall current assists the
secondary magnetic induction but opposes the primary
magnetic induction. We note that the Figures 11(a) and
(b) correspond to the inclined applied magnetic field case
of q = p/4. In Tables 1 to 6 the critica Grashof number
as computed in Equations (38) and (40) has been evalu-
ated for various values of the thermophysical parameters
for both the primary and secondary flow fields. We note
that the critica Grashof number for the primary flow, as
defined by

151

G =-

cX

(a2+b2)(ay1+sz)
ygga{ﬁi(a2+b2)— a}— b{Bl(a2+b2)- b}H

in Equation (38) in the absence of Hall current (m=0) is
observed in Table 1 to be consistently lowered with in-
creasing inclination of the magnetic field, g. With arise
in m, for each indination angle Table 1 shows that G is
progressively aso generally decreased, and the trend for
variation with g for a given m, aso remains the same.
Thereisno effect on G, for g = p/2 for any value of m, as
discussed earlier. Table 2 shows that G is reduced both
with arisein K? and also with arisein mvaue Increas-
ing angular velocity of rotation and Hall current therefore
reduces the threshold for G.,. Table 3 indicates that again
with increasing rotation parameter, K?, and applied mag-
netic fidd (H) inclination, g, G is gradually lowered.
Theleast value of G, therefore corresponds to the case of
strong rotation (K? = 6) and an applied magnetic field
aligned with the positive x-direction (q = p/2).

In Tables 4 to 6, the critical Grashof number for the sec-
ondary flow, as defined by (40), viz

(a2+b2)(by1- ay ,)
yggb{ﬁi(a2+b2)- a}— a{b - Bl(a2+b2)}g

G. =

cz

Table 1. Critical Grashof number for primary flow (G) with g and m variation.

M’=10,K*=2
me® 0.0 0.5 1.0 15
q N G Gex Gex Gex
0 2.66681 2.63788 2.41640 2.19590
p/6 2.34040 2.35454 2.21584 2.05543
pl4 2.00683 2.04139 1.98019 1.88595
p/3 1.67189 1.71052 1.69367 1.66515
p/2 1.34744 1.34744 1.34744 1.34744
Table2. Critical Grashof number for primary flow (Gg) with K? and m variation.
M?= 10, q =p/4
me® 0.0 0.5 1.0 15
K2~ G G G G
2 2.00683 2.04239 1.98019 1.88596
1.21008 1.31083 1.33561 1.3159
6 1.01110 1.01796 1.15839 1.16477
Table 3. Critical Grashof number for primary flow (G) with g and K2 variation.
M= 10, m=0.5
K*® 2 4 6
q- G G G
0 2.63788 1.67232 1.33308
p/6 2.35454 1.49315 1.21997
pl4 2.04239 1.31083 1.11181
p/3 1.70052 1.13400 1.01796
p/2 1.34744 0.99243 0.96577

Copyright © 2011 SciRes.

WIM



152 S.K.GHOSH ET AL.

Table4. Critical Grashof number for secondary flow (G, with g and m variation.

M?=10, K*=2

m® 0.0 1.0 15
q- G G G

0 18.340 7.5676 5.0489 4.1878
p/6 14.460 7.5308 5.2934 4.4323
pl4 10.875 7.3695 5.5582 3.7602
p/3 7.6644 6.5445 5.7061 5.1621
p/2 4.9316 4.9316 4.9316 4.9316

Table5. Critical Grashof number for secondary flow (G,) with K and m variation.

M?= 10, q =p/4
me 0.0 1.0 15
K2~ G Ge; Ge,
2 10.875 7.2695 5.5582 4.7602
4 47984 3.9618 3.3236 2.9355
6 3.0407 2.7590 2.4549 2.2371

Table6. Critical Grashof number for secondary flow (G,) with g and K? variation.

M?= 10, m=0.5

K?® 2 4 6
q- G, G, G,

0 7.5676 4.9540 3.5585
p/6 7.5308 45281 3.1911
pl4 7.2695 3.9618 2.7590
p/3 6.5445 3.2293 2.2667
p/2 4.9316 2.3439 1.7452

at which the shear stress due to the secondary  flow will
vanish at the lower plate (h = -1), istabulated for various
combinations of ¢, mand K2 Aswith the primary flow,
an increase in inclination, g for a given m, strongly re-
duces the value of G. An increase in m also reduces G,
values for any inclination. Similarly G, values reduce
asowith anincreasein mand K2

8. Conclusions

Asymptotic and complex variable solutions have been
derived for the rotating, magnetohydrodynamic free and
forced convection flow in a pardld plate channe with
Hall currents and inclined magnetic field present.
Damping behaviour and critical behaviour have been
examined. Our results have indicated that generaly Hall
currents boost secondary flow and inhibit primary flow;
rotation aso inhibits primary flow. Increasing Grashof
number (free convection) assists the secondary magnetic
induction field but opposes devel opment of the primary
magnetic induction field. Increasing inclination of the
applied magnetic field aso serves to inhibit primary flow
but aids the secondary flow. The present model finds
useful applications in for example hybrid designs for the
MHD induction motor. However only Newtonian effects
have been examined for steady state flow. Future inves-
tigations will extend the current work to consider mi-

Copyright © 2011 SciRes.

cropolar [40,41] and viscoelastic [42,43] non-
Newtonian fluids and a so transient effects [44].
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