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Abstract

In this paper, firstly, some priori estimates are obtained for the existence and uniqueness of solu-
tions of a two dimensional generalized magnetohydrodynamic (MHD) system. Then the existence
of the global attractor is proved. Finally, the upper bound estimation of the Hausdorff and fractal
dimension of attractor is got.
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1. Introduction

In this paper, we study the following magnetohydrodynamic system:

ou 20

E+(u VIu—(v-V)v+yA*u = f (x)

—H(u-V)v=(v-V)u+nA’v=g(x)

(1.1)
Vu=vv=0
( v)(x, ) (U5 v5) ()
X,t)] a0 = V(X,t)| 50 =0
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here Q c R? is bounded set, 6Q is the bound of Q, where u is the velocity vector field, v is the magnetic

vector field, y,7>0,a,8 >g are the kinematic viscosity and diffusivity constants respectively. A=(—A).

Let | =[leey [ =llrioy

When o= =1, problem (1.1) reduces to the MHD equations. In particular, if y =7 =0, problem (1.1)
becomes the ideal MHD equations. It is therefore reasonable to call (1.1) a system of generalized MHD equa-
tions, or simply GMHD. Moreover, it has similar scaling properties and energy estimate as the Navier-Stokes
and MHD equations.

The solvability of the MHD system was investigated in the beginning of 1960s. In particular in [1]-[4] the
global existence of weak solutions and local in time well-posedness was proved for various initial boundary
value problems. However, similar to the situation with the Navier-Stokes equations, the problem of the global
smooth solvability for the MHD equations is still open.

Analogously to the case of the Navier-Stokes system (see [5]-[8]) we introduce the concept of suitable weak
solutions. We prove the existence of the global attractor (see [9]) and getting the upper bound estimation of the
Hausdorff and fractal dimension of attractor for the MHD system.

2. The Priori Estimate of Solution of Problem (1.1)

Lemma 1. Assume (U,,V,) € L? (Q)x L? (Q),(f (x).9 (x)) e L2(Q)xL*(Q), so the smooth solution
(u(x,t),v(x,t)) of problem (1.1) satisfies

(Jalf + 1) < (Jeol” +l +a—12(|| f +laff )

Proof. We multiply u with both sides of the first equation of problem (1.1) and obtain
:(f(x),u), (2.1)

We multiply v with both sides of the second equation of problem (1.1) and obtain

——||u|| +(uvu,u)—=(vwv,u)+y||A%

||v|| +(uvv,v)- vVu,v)+77||Aﬂv||2=(g(x),v), (2.2)

According to b(u,u,v)z—b(u,v,u), we obtain
b(u,u,u)=b(u,v,v)=0, b(v,v,u)=-b(v,u,v), (2.3)
According to (2.1) + (2. 2) S0 we obtain

Aa

2dt (”u" #Vf7 )+ racul] < A = (1 (x).0) (9 (1)), (2.4)

According to Poincare and Young inequality, we obtain

Al = 22 Julf A = 22 (2.5)
(1 o< el 7o +— 41 )
(009 < vllel = 2"+ ol )
From (2.5)-(2.7), we obtain
Sy ) 2+ﬁ||un2+§||Aﬂv||2+%|vnz
<P e+

O,
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d bZ Ui
(o )+ 2l + T o < Mwn ﬂwmﬁ

2a 28
Let a= mm{ﬂ1 L } according that we obtain

(Il ) 2l <) < 211 o)

Using the Gronwall’s inequality, the Lemma 1 is proved. [
Lemma 2. Under the condition of Lemma 1, and (u,,v,) e H** (Q)xH* (Q),

(f(x).9(x))e?(Q)xL*(Q), a>g, ,B>%,so the solution (A*u, A’v) of problem (1.1) satisfies
(Jacuff + |2 )< 2+||Aﬁv0||2)e’at+é( At P

Proof. For the problem (1.1) multiply the first equation by A**u  with both sides, for the problem (1.1) mul-
tiply the second equation by A*v with both sides and obtain

A%u

a
A%u,

+||Aﬁg||2)+§Cm.

%% A*u (uVu,Az"u)—(vVv, AZ"’u)+;/| Azl :(f,AZ“u), 8
%%||Aﬂv"+(qu, AZ”V)—(vVu, Azﬂv)+77||A2ﬂv||2 =(g, Azﬂv).
(uvu, Au)| < [, Juvu] A*udx < ul« [Vul« [42u],
According to the Sobolev’s interpolation inequalities,
N 1—L A+n bﬂ
Jull.s = CollAufiec Jul s, |vule < C, fAulefu] 5o, (29)
n n 4+n 4+n
VIl = C favliss v 7507, [Vl < Cy lavfiss | ses (2.10)
According to (2.9)-(2.10), we have
ol [0l ] < sl JulF s e <, auf Ay
2 (2.11)
£C5|A “uf 8 §—|A “ufl +Cs,
16
Here
8a+2+n
C, > Cla-2n,
In a similar way, we can obtain
(v A%0) < Il [V A0 < v 7 a2
+ 2+
<C, ||Av||287n|A2“ <C |A2" Azﬂv||87n
SL|A2‘Z 2 4C ||A2ﬂv|| 4/} (212)
< 2| a2y l"Azﬂv" +C,,
16 12

Here
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8/)

B 72 _88
C,> 88-4-n [3(44_ n)} (4+n)(88-4-n) (4(;82 jeﬂ-A-n |
8p 2pn Y

L I,L 4+7n 1,4Ln
(wvv, A <l [¥]. Julf 55 o 105 | A2

- o 2 2 P l+4in
< Cypl|Aulfsa A ﬂv" <C,, |Azulje« 165 2.13)
+n a
16 A +C12 "AZﬁV" M B < e 16 A 2 + "AZﬂV” +Cy,
Here
v (e
2a-n ¢ N\ nGzan)
C12 T30, C11 " (2}/0!]
16 fa—Bn-a(4+n) ((32a-n)Y
(32a - n)ﬂ c @ams w a(165+4+n)(16 fa—pn—a(4+n))
# 7 16Ba - pn—a(4+n) nB(32a—n) '
2 2 SLU L den g A0
o 70 < ol <o o sl ol 5
<C, "AV"lGﬂ ”AU"lSa Azﬂv" <C [A*u 15(1 APy 1*@ (2.14)
o a5 < e e v,
Here
2a T
C, > 32a—-4-n Cgetn [ﬂj (4+n)(32a-4-n) |
32a 27/05

16 fa—an-p(4+n) ((32&—4—n)ﬂ)2
(326( —4-— n)ﬂ I (32a-4-n)p ( 12« (16[3 + n) J (165 +n)(16 fa—an-p(4+n))

Cy 2
Y 16pa—an-B(4+n) np(32a-4-n)

According to the Poincare’s inequalities

e S i 2 e PV (2.15)
(f (), Au)| <[ Aul]a ] < yﬂ?a At (2.16)
(000, a9 < |wllaral < Zfarff +—rwro] @1

From (2.12)-(2.17), we have
2 7/?1

S oA ) 2 A T L ”ﬂl T
2dt 2
g$ e +— At [+ % ||Aﬂv|| "A/’g” iC,,

Here

@)
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Cy2Cy+C,+C; +Cp,
So

f” Zﬁ |Aﬁg”2+C18'

1d{|a a
L G Ga e A e A

We obtain

A +an )+ af]au f +|argff ) +2c,

o )< 31
dt a

Using the Gronwall’s inequality, the Lemma 2 is proved. [

3. Global Attractor and Dimension Estimation

Theorem 1. Assume that (f(x),g(x))eL*(Q)xL*(Q) and (uy,V,) € H* (Q)xH?(Q), so problem (1.1)
exist a unique solution w(u(x,t),v(xt))eL® (O,oo; H* (Q)xH (Q))
Proof. By the method of Galerkin and Lemma 1-Lemma 2,we can easily obtain the existence of solutions.

Next, we prove the uniqueness of solutions in detail.
Assume W, (Uy,V; ), W, (u,,V,) are two solutions of problem (1.1), let w(u,v)=w, (u;,V;)—W, (u,,V,), Here
u=u,—u,,v=V, —V,, so the difference of the two solution satisfies

%+(ul~v)ul—(v1~v)vl+7A2“u1 = f(x),

N (0, V), (v, - v, =
+(u - V)V, = (v - V)u +n A%y, = g(x), (3.1)

Vu, = Vv, =0,

(U v) (%,0) = (Uyg, Vi ) (X

Uy (X 1)] a0 = Vi (X:1)] 0

),
0.

%ﬂuz VU, =(V, - V)V, + yA*u, = f(X),

N 4 (u, V), — (v, - v, =

at +(Uy - V)V, =(v, - V)u, +nA*v, = g(x), (3.2)
Vu, =Vv, =0,
(UZ,VZ)(X,O):(UZO'VZO)(
UZ(Xat) o) :Vz(x’t)|3ﬂ =

The two above formulae subtract and obtain

),
0.

ou
=+ uvu, +u,Vu—vVy, —v,Vv+yA*u =0,

ov 2

=4+ uVv, +u,Vv—vVu, —v,Vu + nA*?v = 0,
8t+ L +U, L —V,VU+7n (3.3)
Vu=Vv=0,

(u,v)(x,0) = (ug, 5 )(x),

U(X,t)|s0 =V(X.t)| s =0.

For the problem (3.3) muItipIy the first equation by u with both sides and obtain

A =0, (3.4)

||U|| (UYL, +U, VU ~VVY, —V,VV, )+

For the problem (3.3) multlply the second equation by v with both sides and obtain
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L+ v 40,9099 ) =,

According to
b(u,,u,u)=b(uy,v,v)=0, b(v,,v,u)=-b(v,,u,v).
According to (3. 1) +(3.2), we have

A%u

St (||u|| +Mf ) (UVU, —VWV,,u)+(UVY, —VVU V) + ¥
According to Sobolev inequality, whenn <4

n 4-n
o < Cus vl o+ < i< Coo A%

n 4-n
I, < CalaveM < <€y av] < G2 |40,

According to (3.8)-(3.9),we can get

(uvu,u) < ullvulliu], < Cafufffau] < A 2+%IIUI|5
(v, w)f < lIvullie], < Couylf]Acu] < 2 Al +ﬂIIVIIZ :
(vwu ) < MV, <Cs M} A*] < 5 ||AﬂV|| Es =M
(uvv,v) < ullv vl < Casful][ 4] <1 ||ABV|| Lo L

From (3.10)-(3.13),

2a 28
S (P )+ 2 eulf + il + A +
<Zlaal Gl ||u||2+nzfﬂ I
Here y&2“2ﬁ+ﬁ nﬂfﬂzﬁ+ﬁ.
n y oo
So, we have
L8 (ol )+ 2+ 2 < A+ A

d «
o+ ) < 72 22 I
Let b=max{y4**,n4 |, so we obtain
d
P+ 17 )< ol +[° )

According to the consistent Gronwall inequality,

2
(I + ) = (ol + ol )= =o.

Sowe canget u=v=0, the uniqueness is proved. [

nfef <o

(3.5)

(3.6)

(3.7

3.8)

(3.9)

(3.10)

(3.12)

(3.12)

(3.13)

Theorem 2. [9] Let E be a Banach space, and {S (t)} (t>0) are the semigroup operators on E.
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S(t):E—>E,S(t)-S(r)=S(t+7),S(0)=1, herelisaunitoperator. Set S(t) satisfy the follow conditions
1) S(t) isbounded. Namely WR>0, [uf <R, itexistsaconstant C(R), so that
IS (t)u. <C(R)(te[0,+x));
2) It exists a bounded absorbing set B, — E, namely VB c E, it exists a constant t,, so that
S(t)Bc By (t>ty);
3)When t>0, S(t) isacompletely continuous operator A.
Therefore, the semigroup operators S (t) exist a compact global attractor.

Theorem 3. Assume (uy,Vy)e E=H* (Q)xH>(Q), (f(x),g(x))e?(Q)xL*(Q), a>2, B>

Problem (1.1) have global attractor A=w(B,)={")JS(t)B,.

s>0t>s
Proof.
1) When  u,|

"S (t)u°| H2%(Q) +||S (t)VOHH”(Q) = "u|

So S(t) inE is uniformly bounded.
2) (u(t),v(t))=S(t)(up.V,) has E in abounded absorbing set

H24 () +||Vo||szs(Q) <R +R,. FromLemmal,

H2%(Q) + "V"HM(Q) < C27 ("u0| H2%(Q) + "vO"HZﬂ(Q)) < C27 (Rl + RZ)'

By ={(UV) € B Uollyze ) +Volln oy < R+ Re)-

He(q) < R, "Vo”HZ/f(Q) <R,, thereis
=l + Moy = Co ([l ol ) < Cao (R ).

Since E — E istightly embedded, so B, is S(t) in the tight absorbing set in E.

3) So the semigroup operator S(t): E — E is completely continuous. [

In order to estimate the Hausdorff and fractal dimension of the global attractor A of problem (1.1), let prob-
lem (1.1) linearize and obtain

From Lemma 2, when |u,|

||/\2alJ

+||A2”v

%+(u VYUV —(V -V (v-V)V +yA*U =0,
‘2—\:+(U VIVH(U-V)V =(V-V)u—(v-V)U +7A*V =0, (3.14)

U (0)=U,V (0)=V,.

Assume (U,,V,)e H* (Q)xH? (Q), (U(t),V(t)) is the solutions of the problem (3.14). We know
(uv)e L°°(0,oo; H2(Q)xH? (Q)) It is easy to prove the problem (3.14) has the uniqueness of solutions
(U ()Y (1)) e L (0,00, H (QxHY ().

Toprove S(t) in (uyV,) hasdifferential, let (u(t),v(t))=S(t)(upV,), so there has

(DS (t)(Uy: Vo)) (Ug. Vo) = (U ().V (1))

Theorem 4. Assume R,,R,,R;,R; and T are constants, so it exists a constant C,; =C,, (R;,R,, R, Ry, T),
and Wy, Ug, Vo, Vg, t has - Jug| <R,, ||u(',|H2a(Q) <R,, ||v0||H2,,(g) <R, ||v(')||Hzﬁ(g) <Rs, [t|<T, sothere
is

H2% ()

2
IS (00t 5% %)= €) (.0~ (DS (6) (000 %0)) 0% ) o
< Con (0 gy + )

Proof. Meet the initial value problem (3.14) of respectively for (uy,Vv,), (Uy+Ug,V,+Vy) solutions for
(uv), (u,vy),let =u-u, 6,=v,-v.So 6, 6, satisfies

(3.15)
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06,
El-i- U, VU, —uVu -V, Vv, + VWV + y A6, =0,

aati+u1Vvl —UVV-V,Vu, +VWWu+nA*¥6, =0, (3.16)

6,(x,0)=ug,6,(x,0)=v;.

Here
u,Vu, —uvu-v,Vv, +vWv=6Vu, +uve, -6,vv, -vvé,, (3.17)

u, Vv, —uvv-v,Vu, +vWu =6Vv, +uve, - 6,vu, —vvé,, (3.18)

For the problem (3.16) multiply the first equation by &, with both sides and for the problem (3.16) multiply the
second equation by 6, with both sides and obtain

%%"91"2 +H(O VU, +uv e, -6,V - 6,,6)+y|A6] =0, -
%%"92”2 +(GVY, +UV 6, ~,Vu, ~vV 6,,6,)+ 7|46, =0, '
Then
%("91"2 +|6:) < 2a(Jal" +e.l"). (3.20)

2

For the problem (3.16) multiply the first equation by A**@, with both sides and for the problem (3.16) mul-
tiply the second equation by A*’@, with both sides and obtain

2a 28
Here azmin{yﬂé ,Ml }

%% A6 +(65u, +uv 6, -0,y ~wV 6, A6, + y |6 =0, o
3.21
%%"Aﬂeznz +(6Vv, +uv e, - ,Vu, - 8, A0, )+ | A7 6, ||2 =0,
According to the Sobolev’s interpolation inequalities
[Vul, <Cpo AU Juf 5" (3.22)
Zen o 48=2on
[VV], <Ca|AV]* V] 4, (3.23)
According to (3.22)-(3.23), we have
(avu, A6,) <[6][Vui], |46, < Coo L] A%, % Jus] 2 ) |A*a)
) . et (3.24)
<C, ||.91||||A2“01 | < §||A2"‘¢91| + 732 le .
In a similar way, we can obtain
2+n o—2—
(uve, A6, <[afIvul, A6 < Cx o] A7) ||u||4zTn |A*a)
., oc2 (3.25)
<Cyla|a<a]<|aa] + el

Q,
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(0,9v,, A0 < weg <A uf 5 [Aq,
we (3.26)
<Cul|aa] < Aol + = e I
(vwo, A6, < rg <, |6, ||||Aﬂ‘v||ﬁ M a2,
(3.27)
<Cylo|wa < LA 2035 6.,
(5w, A7, ) <[ [7u]. A0, < .ol [5 .| < L|ara) + 2C34 laff . (3.28)
(uve, A%6,)| <[e.]|vul, |46, < C.s[l6, ]| A7, ||<’7||A2ﬂe [+ 2C33 l6,[ . (3.29)
(6,Vu, A76,) <[, [Vu], | A6, < Cy, |J6s ]| A6, | < ’7||A2ﬁ9 [+ 2C32 6. (3.30)
(v, 70,) <[alvl. 47 < . a7 e < 2| v + ZCSS laJf . (3.31)
So, we can get
;jt( 0, )+7 N[+ Ao, ||2<7 peg + ’7||A2ﬂe [ +c(laff +le.F).
Here c= max{zcg2 + 2Cs, + 2C,, + 2Cs , 2C, + 2Cs, + 2Cs, + 2C3 } , We obtain
y v n nm n n y 7
%( rgf +||Aﬂ¢92||2) <2c(|af +|ef).
According to the Poincare’s inequalities
I < zleeal . lof < vl 332
Let d :max{%,%},
llwal o )<za(jxaf +|wal)
According to Gronwall’s inequalities, we obtain
( A +|a6,| ) ( AU, 2+||Aﬂvf;||2)e2d‘. (3.33)

Let (U,V) be the solutions of the linear Equation (3.14), and satisfies (U (0),V (0))=(u,V; ), Assume
(w,w,)=(u—u-U,v, -v-V)

=S (1) (U + U5,V +V5) =S (1) (g, Yy ) — (DS (1) (Up. Vo ) ) (U5, V5 ). (3.34)

So, we can get

)
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iWl +U, VU, —UVU =V, VV, +VWV—=UVU-uVU +VVV+VVV +y A*w, =0.
dt

iW2 +U,VV, —uVV -V, VU, + WU -UVV—-UVV +VVu +vVU +7A*w, = 0. (3.35)
dt

W, (x,0)=0,w,(x,0)=0

Here

u,Vu, —uvVu—-v,Vv, +vWv-UVu-uvU +VVv+vVvV (3.36)
=0,V O, +W,Vu+uvw, — 6,V é, —w,Vv—vVw, '
u, Vv, —uvv-v,vu, +vwWu-UVv-uvV +VVvu +vwU (337)
=0,V O, + WV +UVW, — G,V 8, —W,VU —-VvVW,. '

For the problem (3.33) multiply the first equation by w; with both sides and for the problem (3.33) multiply the
second equation by w, with both sides and obtain

%di"Wl"2 +(6V 6, +WVU+UVW, — 6,V 6, —W,VV —VVW,, W, ) + 7 | A“W, |2 =0 635
1 d || W, [ +(6,V 8, + W,V +uvw, -6,V 6, — W, Vu —vVw,,w, ) +77||A W2|| =0 |
According to (3.8)-(3.9), then
(66w <lalIvallw], <Cx A a|aw]< 2 |awf + 55;6 aof (339)
()| < 7, < Co oA < Zof g+ 5y | (3.40)
(e:v 6, w)| <01V lw], < Co |20, | 4w < T aw += Cy ||Af’92||2- (3.41)
(w9, )| < [ 9w ], < g e [ A | 17;) AW |2 Xo " w. (3.42)
[(vvw, w ) < g [] v ], < Cao o [ Aws | < T AP | =2 Ko = Il (3.43)
(@5 6w )| <6V el < Can 06 | 4] < 5 |0 wa +&|IA% I (3.44)
(v )< vl < Co il < Z[a0w |+ S (3.45)
(096, w ) <[V alw, < Co|Aaaw] < T|Aw] += 5C‘” walf (3.46)
(o0 ) < 5w, <ol a2 (347)
(v ) < o[V, < o 7w < L+ 55;5 e (3.49)

According to, we obtain

©,
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2 2
s
A A

Sl + el )+ 7

<ZJmw+ 2 aow ] e + oo )+ k(6 +o. )

Here e= max{scé " 5Cfo " 5sz 5C§9 i 5Cj4 5C45} k = maX{SC;s i 5Cja 5C§8 5Cf1}

2r 2y 27 2 2y 2y 2r 22y 2y

Zdt Sl + el )+ LA + A <e(fwf + el )+ (JelF +e I )

We obtain

R (e T A (Y e 7 O

So

2
3 (6) (o +u5, 5 +V5) =S () (U Vo )~ (DS (£) (U %)) (45,6 ), e 20 049)
<Caug

Let (U, (t),V,(1)).(U,(t).V, ().~ (Uy (t).V (t)) be the solutions of the linear Equation (3.33) correspond-
ing to the initial value (U,(0),V;(0))=(£,£).U,(0).V,(0)=(£3.&,).+,(Uy(0),Vy(0))=(&y &y ), 50 there

is

2 12
H2%(Q) +||V0"H21’(Q))'

LU OV (0) AU (0¥ () a AU (Y5 ()
s2tr (L (u(t),v(1)-Q, )||(U1(t),V1 () A (U, (£).Va (1)) A (U 1),V (1) =0

L(u(t),v(t))=L(S(t)(uyVy)) is linear mapping that is defined in the problem (3.34), A represents the outer
product, tr represents the trace, Qy is the orthogonal projection from L2 (Q) to the span

(O ) U OV (1), Uy (1) V5 ()
Theorem 5. Under the assume of Theorem 3, the global attractor A of problem (1.1) has finite Hausdorff and
fractal dimension, and
1}

Proof. By theorem [8], we need to estimate the lower bound of tr(L(u(t),v(t))QN ) Let
(0.v1).(9:.%,),+.(¢y .y ) be the orthogonal basis of subspace of QL (Q),

tr(L(u(t),v(t))QN)=ZN:{(L(U('E))¢J-'¢7,-)}Jfg{(l-(v(t))'/’j"/’j)}

(3.50)

d, <J,, d. <23,

Here Jo is a minimal positive integer of the following inequality

[N

0=

1 , 2 2l
m{(7+n)c +[((7/+7])C) +16C (7/+77)+C49J

mz

1 ((p]VU+uV(/)] YV =Wy, +7A2a¢)l ?i )}

+

M=

{(go WH+UVy,; —y;Vu-vVo, +77A2ﬂ1//J s )} (3.52)
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According to (3.8)-(3.9), we can get
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Under the bounded condition, select (goJ (X, y).7; (X, y)) e"**2¥ s the standard eigenfunction of —Au = Au,

—Av=2v and the corresponding eigenvalues are 4, (] 12, ) and
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So, we can obtain
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We have
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tr(L(u(t),v(t))-Qy)>0.

Therefore

d, <J,,d. <23,. O
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