
Applied Mathematics, 2015, 6, 724-736 
Published Online April 2015 in SciRes. http://www.scirp.org/journal/am 
http://dx.doi.org/10.4236/am.2015.64068   

How to cite this paper: Yuan, Z.Q., Guo, L. and Lin, G.G. (2015) Global Attractors and Dimension Estimation of the 2D Ge-
neralized MHD System with Extra Force. Applied Mathematics, 6, 724-736. http://dx.doi.org/10.4236/am.2015.64068  

 
 

Global Attractors and Dimension Estimation 
of the 2D Generalized MHD System with 
Extra Force 
Zhaoqin Yuan, Liang Guo, Guoguang Lin* 
Department of Mathematics, Yunnan University, Kunming, China 
Email: yuanzq091@163.com, *gglin@ynu.edu.cn 
 
Received 16 March 2015; accepted 26 April 2015; published 29 April 2015 

 
Copyright © 2015 by authors and Scientific Research Publishing Inc. 
This work is licensed under the Creative Commons Attribution International License (CC BY). 
http://creativecommons.org/licenses/by/4.0/ 

    
 

 
 

Abstract 
In this paper, firstly, some priori estimates are obtained for the existence and uniqueness of solu-
tions of a two dimensional generalized magnetohydrodynamic (MHD) system. Then the existence 
of the global attractor is proved. Finally, the upper bound estimation of the Hausdorff and fractal 
dimension of attractor is got. 
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1. Introduction 
In this paper, we study the following magnetohydrodynamic system: 

( ) ( ) ( )

( ) ( ) ( )

( )( ) ( )( )
( ) ( )

2

2

0 0

0
, ,0 ,

, , 0.

u u u v v A u f x
t
v u v v u A v g x
t
u v

u v x u v x
u x t v x t

α

β

γ

η

∂Ω ∂Ω

∂ + ⋅∇ − ⋅∇ + = ∂
∂ + ⋅∇ − ⋅∇ + = ∂

∇ = ∇ =
 =
 = =

                          (1.1) 
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here 2RΩ ⊂  is bounded set, ∂Ω  is the bound of Ω , where u is the velocity vector field, v is the magnetic  

vector field, , 0, ,
2
nγ η α β> >  are the kinematic viscosity and diffusivity constants respectively. ( )A = −∆ . 

Let ( ) ( )2 ,L L∞Ω ∞ Ω
⋅ = ⋅ ⋅ = ⋅ . 

When 1α β= = , problem (1.1) reduces to the MHD equations. In particular, if 0γ η= = , problem (1.1) 
becomes the ideal MHD equations. It is therefore reasonable to call (1.1) a system of generalized MHD equa-
tions, or simply GMHD. Moreover, it has similar scaling properties and energy estimate as the Navier-Stokes 
and MHD equations. 

The solvability of the MHD system was investigated in the beginning of 1960s. In particular in [1]-[4] the 
global existence of weak solutions and local in time well-posedness was proved for various initial boundary 
value problems. However, similar to the situation with the Navier-Stokes equations, the problem of the global 
smooth solvability for the MHD equations is still open. 

Analogously to the case of the Navier-Stokes system (see [5]-[8]) we introduce the concept of suitable weak 
solutions. We prove the existence of the global attractor (see [9]) and getting the upper bound estimation of the 
Hausdorff and fractal dimension of attractor for the MHD system. 

2. The Priori Estimate of Solution of Problem (1.1) 
Lemma 1. Assume ( ) ( ) ( ) ( ) ( )( ) ( ) ( )2 2 2 2

0 0, , , ,u v L L f x g x L L∈ Ω × Ω ∈ Ω × Ω  so the smooth solution  
( ) ( )( ), , ,u x t v x t  of problem (1.1) satisfies 

( ) ( ) ( )2 22 2 2 2
0 0 2

1e .atu v u v f g
a

−+ ≤ + + +  

Proof. We multiply u with both sides of the first equation of problem (1.1) and obtain 

( ) ( ) ( )( )221 d , , , ,
2 d

u u u u v v u A u f x u
t

αγ+ ∇ − ∇ + =                     (2.1) 

We multiply v with both sides of the second equation of problem (1.1) and obtain 

( ) ( ) ( )( )221 d , , , ,
2 d

v u v v v u v A v g x v
t

βη+ ∇ − ∇ + =                     (2.2) 

According to ( ) ( ), , , , ,b u u v b u v u= −  we obtain 

( ) ( ) ( ) ( ), , , , 0, , , , , ,b u u u b u v v b v v u b v u v= = = −                      (2.3) 

According to (2.1) + (2.2), so we obtain 

( ) ( )( ) ( )( )2 22 21 d , , ,
2 d

u v A u A v f x u g x v
t

α βγ η+ + + = +                 (2.4) 

According to Poincare and Young inequality, we obtain 
2 22 22 2

1 1, ,A u u A v vα α β βλ λ≥ ≥                           (2.5) 

( )( )
2

2 21
2

1

1, ,
4

f x u u f u f
α

α

γλ
γλ

≤ ≤ +                        (2.6) 

( )( )
2

2 21
2

1

1, ,
4

g x v v g v g
β

β

ηλ
ηλ

≤ ≤ +                        (2.7) 

From (2.5)-(2.7), we obtain 

( )
2 22 22 2 2 21 1

2 2
2 2 2 21 1

2 2
1 1

1 d
2 d 2 2 2 2

1 1 ,
4 4

u v A u u A v v
t

u f v g

α β
α β

α β

α β

γλ ηλγ η

γλ ηλ
γλ ηλ

+ + + + +

≤ + + +
 



Z. Q. Yuan et al. 
 

 
726 

( )
2 2

2 2 2 2 2 21 1
2 2

1 2

d 2 2 ,
d 2 2

u v u v f g
t

α β

α β

γλ ηλ
γλ ηλ

+ + + ≤ +  

Let 
2 2

1 1min ,
2 2

a
α βγλ ηλ 

=  
 

, according that we obtain 

( ) ( ) ( )2 2 2 2 2 2d 1 .
d

u v a u v f g
t a

+ + + ≤ +  

Using the Gronwall’s inequality, the Lemma 1 is proved.   
Lemma 2. Under the condition of Lemma 1, and ( ) ( ) ( )2 2

0 0, ,u v H Hα β∈ Ω × Ω   

( ) ( )( ) ( ) ( )2 2,f x g x L L∈ Ω × Ω , 
2
nα > , 

2
nβ > , so the solution ( ),A u A vα β  of problem (1.1) satisfies 

( ) ( ) ( )2 2 2 2 2 2

0 0 102

1 2e .atA u A v A u A v A f A g C
aa

α β α β α β−+ ≤ + + + +  

Proof. For the problem (1.1) multiply the first equation by 2A uα  with both sides, for the problem (1.1) mul-
tiply the second equation by 2A vβ  with both sides and obtain 

( ) ( ) ( )

( ) ( ) ( )

2 22 2 2 2

22 2 2 2

1 d , , , ,
2 d
1 d , , , .
2 d

A u u u A u v v A u A u f A u
t

A v u v A v v u A v A v g A v
t

α α α α α

β β β β β

γ

η

 + ∇ − ∇ + =

 + ∇ − ∇ + =


               (2.8) 

( ) 4 4
2 2 2, d ,L Lu u A u u u A u x u u A uα α α

Ω
∇ ≤ ∇ ≤ ∇∫  

According to the Sobolev’s interpolation inequalities, 

4 4

4 41 1
16 16 16 160 1, ,

n n n n

L Lu C u u u C u uα α α α
+ +

− −≤ ∆ ∇ ≤ ∆                    (2.9) 

4 4

4 41 1
16 16 16 162 3, ,

n n n n

L Lv C v v v C v vβ β β β
+ +

− −≤ ∆ ∇ ≤ ∆                   (2.10) 

According to (2.9)-(2.10), we have 

4 4

2 2 222 2 28 8 84

21 22 28
5 6 ,

16

n n n

L L

n

u u A u u u A u C u A u

C A u A u C

α α αα α α

α αα γ

+ + +
−

+
+

∇ ≤ ∆ ≤ ∆

≤ ≤ +
               (2.11) 

Here 
8 2
8 2

6 5 ,
n
nC C

α
α
+ +
− −≥  

In a similar way, we can obtain 

( ) 4 4

2 222 2 28 8

22
2 2 2 887 8

2 222 28 4

2 22 2
9

,

4
16

,
16 12

n n

L L

nn

n

v v A u v v A u v v A u

C v A u C A u A v

C
A u A v

A u A v C

α α αβ β

α α β ββ

α β β

α β

γ
γ

γ η

+ +
−

++

+

∇ ≤ ∇ ≤ ∆

≤ ∆ ≤

≤ +

≤ + +

                 (2.12) 

Here 
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( )
( )

( )( )

28 8
24 8 4 8 4
8

9

3 4 48 4 ,
8 2

n n nn CnC

β β
β ββ

β βη γ

−
+ − − − −+   − −

≥    
   

 

( ) 4 4

4 41 12 2 216 16 16 16

44 12 2 216 1616 1610 11

16 4 322 2 22 2 2 216 32
12 13

,

,
16 16 12

n n n n

L L

n nn n

n
n

u v A v u v A v u u v v A v

C u v A v C A u A v

A u C A v A u A v C

β β βα α β β

β α βα βα β

β α
α β α ββ αγ γ η

+ +
− −

++ +

+ +
−

∇ ≤ ∇ ≤ ∆ ∆

≤ ∆ ∆ ≤

≤ + ≤ + +

        (2.13) 

Here 
( )
( )

232
32 32

32
12 11

32 ,
32 2

n n
nn nC C

α
α α

αα
α γα

−
−

−  −
≥  

 
 

( )
( )

( )
( ) ( )

( )

( )( )
( ) ( )( )

232
16 4

16 4 16 4
32

13 12

32 12 16 4
,

16 4 32

n
n n

n n n
nn n

C C
n n n

α β
βα β α

α β βα β α
α βα β α β

βα β α ηβ α

−
−− − +

+ + − − +
−  − + +

≥   − − + − 
 

( ) 4 4

4 41 12 2 216 16 16 16

44 12 2 216 1616 1614 15

16 322 2 22 2 2 216 32 4
16 17

,

,
16 16 12

n n n n

L L

n nn n

n
n

v u A v v u A v v v u u A v

C v u A v C A u A v

A u C A v A u A v C

β β ββ β α α

β α βα ββ α

β α
α β α ββ αγ γ η

+ +
− −

++ +

+
− −

∇ ≤ ∇ ≤ ∆ ∆

≤ ∆ ∆ ≤

≤ + ≤ + +

       (2.14) 

Here 
( )

( )( )

232
32 4 32 4

32 4
16 15

32 4 4 ,
32 2

n n
nn nC C

α
α α

αα
α γα

−
+ − −

− −  − − +
≥  

 
 

( )
( )

( )
( ) ( )

( )

( )( )
( ) ( )( )

232 4
16 4

16 16 4
32 4

17 16

32 4 12 16
,

16 4 32 4

n
n n

n n n
nn n

C C
n n n

α β
βα α β

α β βα α β
α βα β α β

βα α β ηβ α

− −
−− − +

+ − − +
− −  − − +

≥   − − + − − 
 

According to the Poincare’s inequalities 
2 2 2 22 2 2 2

1 1,A u A u A v A vα α α β β βλ λ≥ ≥                       (2.15) 

( )( )
2 2 22 1

2
1

1, ,
4

f x A u A u A f A u A f
α

α α α α α
α

γλ
γλ

≤ ≤ +                 (2.16) 

( )( )
2 2 22 1

2
1

1, ,
4

g x A v A v A g A v A g
β

β β β β β
β

ηλ
ηλ

≤ ≤ +                 (2.17) 

From (2.12)-(2.17), we have 

( )
2 22 2 2 2 2 22 21 1

2 22 2 2 21 1
182 2

1 1

1 d
2 d 4 2 4 2

1 1 ,
4 4

A u A v A u A u A v A v
t

A u A f A v A g C

α β
α β α α β β

α β
α α β β

α β

γλ ηλγ η

γλ ηλ
γλ ηλ

+ + + + +

≤ + + + +
 

Here 
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18 6 9 13 17 ,C C C C C≥ + + +  

So 

( ) 2 22 2 2 2 2 21 1
182 2

1 1

1 d 1 1 .
2 d 4 4

A u A v A u A v A f A g C
t

α β
α β α β α β

α β
γλ ηλ

γλ ηλ
+ + + ≤ + +  

We obtain 

( ) ( ) ( )2 2 2 2 2 2

18
d 1 2 .
d

A u A v a A u A v A f A g C
t a

α β α β α β+ + + ≤ + +  

Using the Gronwall’s inequality, the Lemma 2 is proved.   

3. Global Attractor and Dimension Estimation 
Theorem 1. Assume that ( ) ( )( ) ( ) ( )2 2,f x g x L L∈ Ω × Ω  and ( ) ( ) ( )2 2

0 0, ,u v H Hα β∈ Ω × Ω  so problem (1.1)  
exist a unique solution ( ) ( )( ) ( ) ( )( )2 2 2, , , 0, ; .w u x t v x t L H Hα β∈ ∞ Ω × Ω  

Proof. By the method of Galerkin and Lemma 1-Lemma 2,we can easily obtain the existence of solutions. 
Next, we prove the uniqueness of solutions in detail. 

Assume ( ) ( )1 1 1 2 2 2, , ,w u v w u v  are two solutions of problem (1.1), let ( ) ( ) ( )1 1 1 2 2 2, , ,w u v w u v w u v= − , Here 
1 2 1 2, ,u u u v v v= − = −  so the difference of the two solution satisfies 

( ) ( ) ( )

( ) ( ) ( )

( )( ) ( )( )
( ) ( )

21
1 1 1 1 1

21
1 1 1 1 1

1 1

1 1 10 10

1 1

,

,

0,
, ,0 , ,

, , 0.

u u u v v A u f x
t
v u v v u A v g x
t
u v

u v x u v x
u x t v x t

α

β

γ

η

∂Ω ∂Ω

∂ + ⋅∇ − ⋅∇ + = ∂
∂ + ⋅∇ − ⋅∇ + = ∂

∇ = ∇ =


=
 = =

                        (3.1) 

( ) ( ) ( )

( ) ( ) ( )

( )( ) ( )( )
( ) ( )

22
2 2 2 2 2

22
2 2 2 2 2

2 2

2 2 20 20

2 2

,

,

0,
, ,0 , ,

, , 0.

u u u v v A u f x
t

v u v v u A v g x
t
u v

u v x u v x
u x t v x t

α

β

γ

η

∂Ω ∂Ω

∂ + ⋅∇ − ⋅∇ + = ∂
∂ + ⋅∇ − ⋅∇ + = ∂

∇ = ∇ =


=
 = =

                       (3.2) 

The two above formulae subtract and obtain 

( )( ) ( )( )
( ) ( )

2
1 2 1 2

2
1 2 1 2

0 0

0,

0,

0,
, ,0 , ,

, , 0.

u u u u u v v v v A u
t
v u v u v v u v u A v
t
u v

u v x u v x
u x t v x t

α

β

γ

η

∂Ω ∂Ω

∂ + ∇ + ∇ − ∇ − ∇ + = ∂
∂ + ∇ + ∇ − ∇ − ∇ + =∂

∇ = ∇ =
 =
 = =

                        (3.3) 

For the problem (3.3) multiply the first equation by u with both sides and obtain 

( )
22

1 2 1 2
1 d , 0,
2 d

u u u u u v v v v u A u
t

αγ+ ∇ + ∇ − ∇ − ∇ + =                    (3.4) 

For the problem (3.3) multiply the second equation by v with both sides and obtain 
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( )
22

1 2 1 2
1 d , 0,
2 d

v u v u v v u v u v A v
t

βη+ ∇ + ∇ − ∇ − ∇ + =                    (3.5) 

According to 

( ) ( ) ( ) ( )2 2 2 2, , , , 0, , , , , .b u u u b u v v b v v u b v u v= = = −                     (3.6) 

According to (3.1) + (3.2), we have 

( ) ( ) ( )
2 22 2

1 1 1 1
1 d , , 0,
2 d

u v u u v v u u v v u v A u A v
t

α βγ η+ + ∇ − ∇ + ∇ − ∇ + + =           (3.7) 

According to Sobolev inequality, when n < 4 
4

14 419 20 20 1 ,
n n

u C u u C u C A uα αλ
−

−
∞
≤ ∆ ≤ ∆ ≤                      (3.8) 

4
14 421 22 22 1 ,

n n
v C v v C v C A vβ βλ

−
−

∞
≤ ∆ ≤ ∆ ≤                      (3.9) 

According to (3.8)-(3.9),we can get 

( )
22 223

1 1 23
3

, ,
12

C
u u u u u u C u A u A u uα αγ

γ∞
∇ ≤ ∇ ≤ ≤ +               (3.10) 

( )
22 224

1 1 24
3

, ,
12

Cv v u v u v C v A u A u vα αγ
γ∞

∇ ≤ ∇ ≤ ≤ +                (3.11) 

( )
22 225

1 1 25
3

, ,
12

C
v u v v v u C v A v A v vβ βη

η∞
∇ ≤ ∇ ≤ ≤ +                (3.12) 

( )
22 226

1 1 26
3

, ,
12

C
u v v u v v C u A v A v uβ βη

η∞
∇ ≤ ∇ ≤ ≤ +                (3.13) 

From (3.10)-(3.13), 

( )
2 22 22 2 2 21 1

2 2 2 22 2
1 1

1 d
2 d 2 2 2 2

.
4 4

u v A u u A v v
t

A u A v u v

α β
α β

α β α β

γλ ηλγ η

γ η γλ ηλ

+ + + + +

≤ + + +
 

Here 
2 2 22

2 223 26 2524
1 1

3 3 33, .C C CCα βγλ ηλ
γ η γ η

≥ + ≥ +  

So, we have 

( )
2 22 22 2 2 21 11 d .

2 d 4 4 2 2
u v A u A v u v

t

α β
α β γλ ηλγ η

+ + + ≤ +  

( )2 2 2 22 2
1 1

d .
d

u v u v
t

α βγλ ηλ+ ≤ +  

Let { }2 2
1 1max ,b α βγλ ηλ= , so we obtain 

( ) ( )2 2 2 2d .
d

u v b u v
t

+ ≤ +  

According to the consistent Gronwall inequality, 

( ) ( )2 2 22 2
0 0 e 0.btu v u v+ ≤ + =  

So we can get 0,u v= =  the uniqueness is proved.   
Theorem 2. [9] Let E be a Banach space, and ( ){ } ( )0S t t ≥  are the semigroup operators on E.  
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( ) ( ) ( ) ( ) ( ): , , 0 ,S t E E S t S S t S Iτ τ→ ⋅ = + =  here I is a unit operator. Set ( )S t  satisfy the follow conditions 
1) ( )S t  is bounded. Namely 0R∀ > , u R

∞
≤ , it exists a constant ( )C R , so that  

( ) ( ) [ )( )0,
E

S t u C R t≤ ∈ +∞ ; 
2) It exists a bounded absorbing set 0 ,B E⊂  namely ,B E∀ ⊂  it exists a constant t0, so that  
( ) ( )0 0S t B B t t⊂ > ; 
3) When 0t > , ( )S t  is a completely continuous operator A. 
Therefore, the semigroup operators ( )S t  exist a compact global attractor. 

Theorem 3. Assume ( ) ( ) ( )2 2
0 0, ,u v E H Hα β∈ = Ω × Ω  ( ) ( )( ) ( ) ( )2 2, ,f x g x L L∈ Ω × Ω  

2
nα > , 

2
nβ > . 

Problem (1.1) have global attractor ( ) ( )0 0
0

.
s t s

A w B S t B
≥ ≥

= =


 

Proof. 
1) When ( ) ( )2 20 0 1 2 .H Hu v R Rα βΩ Ω

+ ≤ +  From Lemma 1, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )2 2 2 22 20 0 27 0 0 27 1 2 .H H H HH H
S t u S t v u v C u v C R Rα β α βα β Ω Ω Ω ΩΩ Ω

+ = + ≤ + ≤ +  

So ( )S t  in E is uniformly bounded. 
2) ( ) ( )( ) ( )( )0 0, ,u t v t S t u v=  has E in a bounded absorbing set 

( ) ( ) ( ){ }2 20 0 0 1 2, : .H HB u v E u v R Rα βΩ Ω
= ∈ + ≤ +  

From Lemma 2, when ( ) ( )2 20 1 0 2, ,H Hu R v Rα βΩ Ω
≤ ≤  there is 

( ) ( ) ( ) ( )( ) ( )2 2 2 2
2 2

28 0 0 28 1 2 .H H H HA u A v u v C u v C R Rα β α β
α β

Ω Ω Ω Ω
+ = + ≤ + ≤ +  

Since E E→  is tightly embedded, so 0B  is ( )S t  in the tight absorbing set in E. 
3) So the semigroup operator ( ) :S t E E→  is completely continuous.   
In order to estimate the Hausdorff and fractal dimension of the global attractor A of problem (1.1), let prob-

lem (1.1) linearize and obtain 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

2

2

0 0

0,

0,

0 , 0 .

U U u u U V v v V A U
t

V U v u V V u v U A V
t

U U V V

α

β

γ

η

∂ + ⋅∇ + ⋅∇ − ⋅∇ − ⋅∇ + = ∂
∂ + ⋅∇ + ⋅∇ − ⋅∇ − ⋅∇ + =
∂

= =


                (3.14) 

Assume ( ) ( ) ( )2 2
0 0, ,U V H Hα β∈ Ω × Ω  ( ) ( )( ),U t V t  is the solutions of the problem (3.14). We know  

( ) ( ) ( )( )2 2, 0, ;u v L H Hα β∞∈ ∞ Ω × Ω . It is easy to prove the problem (3.14) has the uniqueness of solutions  

( ) ( )( ) ( )( )( )2 2, 0, ;U t V t L H Hα β∞∈ ∞ Ω× Ω . 
To prove ( )S t  in ( )0 0,u v  has differential, let ( ) ( )( ) ( )( )0 0, , ,u t v t S t u v=  so there has 

( )( )( )( ) ( ) ( )( )0 0 0 0, , , .DS t u v U V U t V t=  

Theorem 4. Assume 3 4 5 6, , ,R R R R  and T are constants, so it exists a constant ( )23 29 3 4 5 6, , , , ,C C R R R R T=  
and 0 0 0 0, , , ,u u v v t′ ′∀  has ( )20 3 ,Hu Rα Ω

≤  ( )20 4 ,Hu Rα Ω
′ ≤  ( )20 5 ,Hv Rβ Ω

≤  ( )20 6 ,Hv Rβ Ω
′ ≤  ,t T≤  so there 

is 

( )( ) ( )( ) ( )( )( )( )
( ) ( )

( ) ( )( )
2 2

2 2

2

0 0 0 0 0 0 0 0 0 0

2 2
29 0 0

, , , ,

.

H H

H H

S t u u v v S t u v DS t u v u v

C u v

α β

α β

Ω × Ω

Ω Ω

′ ′ ′ ′+ + − −

′ ′≤ +
          (3.15) 

Proof. Meet the initial value problem (3.14) of respectively for ( )0 0,u v , ( )0 0 0 0,u u v v′ ′+ +  solutions for 
( ),u v , ( )1 1,u v , let 1 1u uθ = − , 2 1v vθ = − . So 1θ , 2θ  satisfies 
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( ) ( )

21
1 1 1 1 1

22
1 1 1 1 2

1 0 2 0

0,

0,

,0 , ,0 .

u u u u v v v v A
t

u v u v v u v u A
t
x u x v

α

β

θ
γ θ

θ
η θ

θ θ

∂ + ∇ − ∇ − ∇ + ∇ + = ∂
∂ + ∇ − ∇ − ∇ + ∇ + =
∂

′ ′= =



                    (3.16) 

Here 

1 1 1 1 1 1 1 2 1 2 ,u u u u v v v v u u v vθ θ θ θ∇ − ∇ − ∇ + ∇ = ∇ + ∇ − ∇ − ∇                 (3.17) 

1 1 1 1 1 1 2 2 1 1,u v u v v u v u v u u vθ θ θ θ∇ − ∇ − ∇ + ∇ = ∇ + ∇ − ∇ − ∇                 (3.18) 

For the problem (3.16) multiply the first equation by 1θ  with both sides and for the problem (3.16) multiply the 
second equation by 2θ  with both sides and obtain 

( )

( )

22
1 1 1 1 2 1 2 1 1

22
2 1 1 2 2 1 1 2 2

1 d , 0,
2 d
1 d , 0,
2 d

u u v v A
t

v u u v A
t

α

β

θ θ θ θ θ θ γ θ

θ θ θ θ θ θ η θ

 + ∇ + ∇ − ∇ − ∇ + =

 + ∇ + ∇ − ∇ − ∇ + =


              (3.19) 

Then 

( ) ( )2 2 2 2
1 2 1 2

d 2 ,
d

a
t

θ θ θ θ+ ≤ +                          (3.20) 

Here 
2 2

1 1min ,
2 2

a
α βγλ ηλ 

=  
 

. 

For the problem (3.16) multiply the first equation by 2
1A αθ  with both sides and for the problem (3.16) mul-

tiply the second equation by 2
2A βθ  with both sides and obtain 

( )

( )

2 22 2
1 1 1 1 2 1 2 1 1

2 22 2
2 1 1 2 2 1 1 2 2

1 d , 0,
2 d
1 d , 0,
2 d

A u u v v A A
t

A v u u v A A
t

α α α

β β β

θ θ θ θ θ θ γ θ

θ θ θ θ θ θ η θ

 + ∇ + ∇ − ∇ − ∇ + =

 + ∇ + ∇ − ∇ − ∇ + =


            (3.21) 

According to the Sobolev’s interpolation inequalities 
2 4 2
4 430 ,

n n
u C A u u

α
α α α

+ − −

∞
∇ ≤                            (3.22) 

2 4 2
4 431 ,

n n
v C A v v

β
β β β

+ − −

∞
∇ ≤                            (3.23) 

According to (3.22)-(3.23), we have 

( )
2 4 2

2 2 24 41 1 1 1 1 1 30 1 1 1 1

22 22 2 32
32 1 1 1 1

,

2
,

8

n n
u A u A C A u u A

C
C A A

α
α α α αα α

α α

θ θ θ θ θ θ

γθ θ θ θ
γ

+ − −

∞
∇ ≤ ∇ ≤

≤ ≤ +
           (3.24) 

In a similar way, we can obtain 

( )
2 4 2

2 2 24 41 1 1 1 30 1 1

22 22 2 33
33 1 1 1 1

,

2
,

8

n n
u A u A C A u u A

C
C A A

α
α α α αα α

α α

θ θ θ θ θ θ

γθ θ θ θ
γ

+ − −

∞
∇ ≤ ∇ ≤

≤ ≤ +
            (3.25) 
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( )
2 4 2

2 2 24 42 1 1 2 1 1 31 2 1 1 1

22 22 2 34
34 2 1 1 2

,

2
,

8

n n
v A v A C A v v A

C
C A A

β
α α β αβ β

α α

θ θ θ θ θ θ

γθ θ θ θ
γ

+ − −

∞
∇ ≤ ∇ ≤

≤ ≤ +
              (3.26) 

( )
2 4 2

2 2 24 42 1 2 1 31 2 1

22 22 2 35
35 2 1 1 2

,

2
,

8

n n
v A v A C A v v A

C
C A A

β
α α β αβ β

α α

θ θ θ θ θ θ

γθ θ θ θ
γ

+ − −

∞
∇ ≤ ∇ ≤

≤ ≤ +
                (3.27) 

( )
22 22 2 2 2 34

1 1 2 1 1 2 34 1 2 2 1
2

, ,
8

C
v A v A C A Aβ β β βηθ θ θ θ θ θ θ θ

η∞
∇ ≤ ∇ ≤ ≤ +         (3.28) 

( )
22 22 2 2 2 33

2 2 2 2 33 2 2 2 2
2

, ,
8

C
u A u A C A Aβ β β βηθ θ θ θ θ θ θ θ

η∞
∇ ≤ ∇ ≤ ≤ +         (3.29) 

( )
22 22 2 2 2 32

2 1 2 2 1 2 32 2 2 2 2
2

, ,
8

C
u A u A C A Aβ β β βηθ θ θ θ θ θ θ θ

η∞
∇ ≤ ∇ ≤ ≤ +        (3.30) 

( )
22 22 2 2 2 35

1 2 1 2 35 1 2 2 1
2

, ,
8

C
v A v A C A Aβ β β βηθ θ θ θ θ θ θ θ

η∞
∇ ≤ ∇ ≤ ≤ +          (3.31) 

So, we can get 

( ) ( )2 2 2 2 2 2 2 22 2 2 2
1 2 1 2 1 2 1 2

1 d ,
2 d 2 2

A A A A A A c
t

α β α β α βγ ηθ θ γ θ η θ θ θ θ θ+ + + ≤ + + +  

Here 
2 2 2 2 2 2 2 2
32 33 34 35 32 33 34 352 2 2 2 2 2 2 2

max ,
C C C C C C C C

c
γ γ η η η η γ γ

  = + + + + + + 
  

, we obtain 

( ) ( )2 2 2 2
1 2 1 2

d 2 ,
d

A A c
t

α βθ θ θ θ+ ≤ +  

According to the Poincare’s inequalities 
2 22 2

1 1 2 22 2
1 1

1 1, .A Aα β
α βθ θ θ θ

λ λ
≤ ≤                         (3.32) 

Let 2 2
1 1

max ,c cd α βλ λ
 

=  
 

, 

( ) ( )2 2 2 2

1 2 1 2
d 2 ,
d

A A d A A
t

α β α βθ θ θ θ+ ≤ +  

According to Gronwall’s inequalities, we obtain 

( ) ( )2 2 2 2 2
1 2 0 0 e .dtA A A u A vα β α βθ θ ′ ′+ ≤ +                       (3.33) 

Let ( ),U V  be the solutions of the linear Equation (3.14), and satisfies ( ) ( )( ) ( )0 00 , 0 ,U V u v′ ′= , Assume 

( ) ( )
( )( ) ( )( ) ( )( )( )( )

1 2 1 1

0 0 0 0 0 0 0 0 0 0

, ,

, , , , ,

w w u u U v v V

S t u u v v S t u v DS t u v u v

= − − − −

′ ′ ′ ′= + + − −
            (3.34) 

So, we can get 
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( ) ( )

2
1 1 1 1 1 1

2
2 1 1 1 1 2

1 2

d 0.
d
d 0.
d

,0 0, ,0 0

w u u u u v v v v U u u U V v v V A w
t

w u v u v v u v u U v u V V u v U A w
t

w x w x

α

β

γ

η

 + ∇ − ∇ − ∇ + ∇ − ∇ − ∇ + ∇ + ∇ + =

 + ∇ − ∇ − ∇ + ∇ − ∇ − ∇ + ∇ + ∇ + =


= =


          (3.35) 

Here 

1 1 1 1

1 1 1 1 2 2 2 2

u u u u v v v v U u u U V v v V
w u u w w v v wθ θ θ θ

∇ − ∇ − ∇ + ∇ − ∇ − ∇ + ∇ + ∇
= ∇ + ∇ + ∇ − ∇ − ∇ − ∇

                    (3.36) 

1 1 1 1

1 2 1 2 2 1 2 1.
u v u v v u v u U v u V V u v U

w v u w w u v wθ θ θ θ
∇ − ∇ − ∇ + ∇ − ∇ − ∇ + ∇ + ∇

= ∇ + ∇ + ∇ − ∇ − ∇ − ∇
                    (3.37) 

For the problem (3.33) multiply the first equation by w1 with both sides and for the problem (3.33) multiply the 
second equation by w2 with both sides and obtain 

( )

( )

22
1 1 1 1 1 2 2 2 2 1 1

22
2 1 2 1 2 2 1 2 1 2 2

1 d , 0
2 d
1 d , 0
2 d

w w u u w w v v w w A w
t

w w v u w w u v w w A w
t

α

β

θ θ θ θ γ

θ θ θ θ η

 + ∇ + ∇ + ∇ − ∇ − ∇ − ∇ + =

 + ∇ + ∇ + ∇ − ∇ − ∇ − ∇ + =


         (3.38) 

According to (3.8)-(3.9), then 

( )
22 236

1 1 1 1 1 1 36 1 1 1 1
5

, .
10 2

C
w w C A A w A w Aα α α αγθ θ θ θ θ θ

γ∞
∇ ≤ ∇ ≤ ≤ +            (3.39) 

( )
22 237

1 1 1 1 37 1 1 1 1
5

, .
10 2

C
w u w w w u C w A w A w wα αγ

γ∞
∇ ≤ ∇ ≤ ≤ +                (3.40) 

( )
22 238

2 2 1 2 2 1 38 2 1 1 2
5

, .
10 2

C
w w C A A w A w Aβ α α βγθ θ θ θ θ θ

γ∞
∇ ≤ ∇ ≤ ≤ +          (3.41) 

( )
22 239

2 1 2 1 39 2 1 1 2
5

, .
10 2

C
w v w w w v C w A w A w wα αγ

γ∞
∇ ≤ ∇ ≤ ≤ +                (3.42) 

( )
22 240

2 1 1 2 40 1 2 2 1
5

, .
10 2

C
v w w w w v C w A w A w wβ βη

η∞
∇ ≤ ∇ ≤ ≤ +                (3.43) 

( )
22 241

1 2 2 1 2 2 41 2 2 2 2
5

, .
10 2

Cw w C A A w A w Aβ β β βηθ θ θ θ θ θ
η∞

∇ ≤ ∇ ≤ ≤ +          (3.44) 

( )
22 242

1 2 1 2 42 1 2 2 1
5

, .
10 2

Cw v w w w v C w A w A w wβ βη
η∞

∇ ≤ ∇ ≤ ≤ +                (3.45) 

( )
22 243

2 1 2 2 1 2 43 1 2 2 1
5

, .
10 2

C
w w C A A w A w Aα β β αηθ θ θ θ θ θ

η∞
∇ ≤ ∇ ≤ ≤ +          (3.46) 

( )
22 244

2 2 2 2 44 2 2 2 2
5

, .
10 2

Cw u w w w u C w A w A w wβ βη
η∞

∇ ≤ ∇ ≤ ≤ +               (3.47) 

( )
22 245

1 2 2 1 45 1 2 1 2
5

, .
10 2

C
v w w w w v C A w w A w wα αγ

γ∞
∇ ≤ ∇ ≤ ≤ +                (3.48) 

According to, we obtain 
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( )
( ) ( )

2 22 2
1 2 1 2

2 2 2 2 2 2
1 2 1 2 1 2

1 d
2 d

.
2 2

w w A w A w
t

A w A w e w w k

α β

α β

γ η

γ η θ θ

+ + +

≤ + + + + +
 

Here 
2 2 2 2 2 2 22 2 2
37 40 39 45 36 43 3842 44 415 5 5 5 5 5 55 5 5

max , , max , ,
2 2 2 2 2 2 2 2 2 2
C C C C C C CC C Ce k
γ η η γ γ η γ η γ η

      = + + + + = + +   
      

 

( ) ( ) ( )2 22 2 2 2 2 2
1 2 1 2 1 2 1 2

1 d .
2 d 2 2

w w A w A w e w w k
t

α βγ η θ θ+ + + ≤ + + +  

We obtain 

[ ]
( ) ( ) ( )( )2 2

2 22 2 2
1 2 0 0

0,
sup e dt

H H
t T

w w u vα βΩ Ω
∈

′ ′+ ≤ +  

So 

( )( ) ( )( ) ( )( )( )( )
( ) ( )

( ) ( )( )
2 2

2 2

2

0 0 0 0 0 0 0 0 0 0

2 2
29 0 0

, , , ,

.

H H

H H

S t u u v v S t u v DS t u v u v

C u v

α β

α β

Ω × Ω

Ω Ω

′ ′ ′ ′+ + − −

′ ′≤ +
           (3.49)   

Let ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 2, , , , , ,N NU t V t U t V t U t V t  be the solutions of the linear Equation (3.33) correspond- 

ing to the initial value ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )1 1 1 1 2 2 2 20 , 0 , , 0 , 0 , , , 0 , 0 , ,N N N NU V U V U Vζ ξ ζ ξ ζ ξ= = =  so there 
is 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )

( ) ( )( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )

2

1 1 2 2

2

1 1 2 2

d , , ,
d

2 , , , , 0.

N N

N N N

U t V t U t V t U t V t
t

tr L u t v t Q U t V t U t V t U t V t

∧ ∧ ∧

+ ⋅ ∧ ∧ ∧ =





      (3.50) 

( ) ( )( ) ( )( )( )0 0, ,L u t v t L S t u v=  is linear mapping that is defined in the problem (3.34), ∧  represents the outer 
product, tr represents the trace, QN is the orthogonal projection from ( )2L Ω  to the span  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ){ }1 1 2 2, , , , , , .N NU t V t U t V t U t V t  
Theorem 5. Under the assume of Theorem 3, the global attractor A of problem (1.1) has finite Hausdorff and 

fractal dimension, and 
0 0, 2 ,H Fd J d J≤ ≤  

Here J0 is a minimal positive integer of the following inequality 

( )
( ) ( )( ) ( )

1
2 22

0 492

1 16 ,
2

l
lJ C C C C

C
γ η γ η γ η

γ η

   ′ ′ ′= + + + + + +   ′ +   
 

Proof. By theorem [8], we need to estimate the lower bound of ( ) ( )( )( ), .Ntr L u t v t Q⋅  Let  
( ) ( ) ( )1 1 2 2, , , , , ,N Nϕ ψ ϕ ψ ϕ ψ  be the orthogonal basis of subspace of ( )2 ,NQ L Ω  

( ) ( )( )( ) ( )( )( ){ } ( )( )( ){ }

( ){ }

( ){ }

( ){ }
( ){ }

1 1

2

1

2

1

2

1

2

1

, , ,

,

,

,

,

N N

N j j j j
j j

N

j j j j j j
j

N

j j j j j j
j

N

j j j j j
j

N

j j j j j
j

tr L u t v t Q L u t L v t

u u v v A

v u u v A

u v v A

v u v A

α

β

α

β

ϕ ϕ ψ ψ

ϕ ϕ ψ ψ γ ϕ ϕ

ϕ ψ ψ ϕ η ψ ψ

ϕ ψ ψ ϕ γ ϕ

ϕ ψ ϕ ψ η ψ

= =

=

=

=

=

⋅ = +

= ∇ + ∇ − ∇ − ∇ +

+ ∇ + ∇ − ∇ − ∇ +

= ∇ − ∇ − ∇ +

+ ∇ − ∇ − ∇ +

∑ ∑

∑

∑

∑

∑

          (3.51) 
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According to (3.8)-(3.9), we can get 

( )
22 246

46, .
4j j j j j j j j j j

C
u u A u A C A Aα α α αγϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

γ∞
∇ ≤ ∇ ≤ ≤ ≤ +       (3.52) 

( )
2

2 247
47, .

4j j j j j j j j
C

v v C γψ ϕ ψ ϕ ψ ϕ ϕ ψ
γ∞

∇ ≤ ∇ ≤ ∇ ≤ ∇ +                       (3.53) 

( )
2

2 247
47, .

4j j j j j j j j
C

v v C ηψ ϕ ψ ϕ ψ ϕ ψ ϕ
η∞

∇ ≤ ∇ ≤ ∇ ≤ ∇ +                      (3.54) 

( )
2

2 247
47, .

4j j j j j j j j
C

v v C ηϕ ψ ϕ ψ ϕ ψ ψ ϕ
η∞

∇ ≤ ∇ ≤ ∇ ≤ ∇ +                       (3.55) 

( )
22 248

48, .
4j j j j j j j j j j

Cu u A u A C A Aα β β βηψ ψ ψ ψ ψ ψ ψ ψ ψ ψ
η∞

∇ ≤ ∇ ≤ ≤ ≤ +    (3.56) 

( )
2

2 247
47, .

4j j j j j j j j
C

v v C γϕ ψ ϕ ψ ϕ ψ ϕ ψ
γ∞

∇ ≤ ∇ ≤ ∇ ≤ ∇ +                       (3.57) 

Under the bounded condition, select ( ) ( )( ) 1 2, , , eik x ik y
j jx y x yϕ ψ +=  is the standard eigenfunction of u uλ−∆ = , 

v vλ−∆ =  and the corresponding eigenvalues are ( )1, 2, ,j jλ =   and 

2 2 2 2 2 22, , 1,j j j j j j j jϕ ψ λ ϕ ψ λ ϕ ψ∇ = ∇ = ∆ = ∆ = = =  

( )
21

222 22 2 1
, , 1 .

2
n

j j j j j

j
A A C jα α β βϕ λ ϕ λ λ

 − = = ≥ − ⋅ 
  

  

Let 
2 2 2 2
46 47 47 48

49
2 2C C C C

C
γ η
+ +

≥ + . Therefore, we can get 

( ) ( )( )( ) 2 2 2 2
49

1 1 1 1 1

2 2
49

1 1 1

,
4 4 2 2

3 3 ,
4 4 2 2

N N N N N

N j j j j j
j j j j j

N N N

j j j
j j j

tr L u t v t Q NC

NC

α β α β

α β

γ η γ ηγ λ η λ λ λ λ

γ η γ ηλ λ λ

= = = = =

= = =

 ⋅ ≥ + − − − + − 
 

 ≥ + − + − 
 

∑ ∑ ∑ ∑ ∑

∑ ∑ ∑
 

Let { }min ,l α β= . 

( ) ( )( )( ) 2
49

1 1

3 3, ,
4 4 2 2

N N
l

N j j
j j

tr L u t v t Q NCγ η γ ηλ λ
= =

   ⋅ ≥ + − + −   
   

∑ ∑  

By 
2
n

j C jλ ′≥  and 2,3n =  

( )( )4 3
2

1 1

1 2 1
,

6 3

lN N
n

j j

N N N Nj j
= =

+ +
≥ = >∑ ∑  

( ) 2

1

1
,

2 2

N

j

N N Nj
=

+
= >∑  

So, we can obtain 

( )
( ) ( )( ) ( )

1
2 22

49 02

1 16 ,
2

l
lN C C C C J

C
γ η γ η γ η

γ η

   ′ ′ ′> + + + + + + =   ′ +   
 

We have 
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( ) ( )( )( ), 0.Ntr L u t v t Q⋅ >  

Therefore 

0 0, 2 .H Fd J d J≤ ≤    
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