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Abstract

It's created a canonical Lie algebra in electrodynamics with all the “nice” algebraic and geometri-
cal properties of an universal enveloping algebra with the goal of can to obtain generalizations in
quantum electrodynamics theory of the TQFT, and the Universe based in lines and twistor bundles
to the obtaining of irreducible unitary representations of the Lie groups SO(4) and O(3,1),

based in admissible representations of U (1), and SU (n). The obtained object haves the advan-

tages to be an algebraic or geometrical space at the same time. This same space of £-modules can
explain and model different electromagnetic phenomena in superconductor and quantum pro-
cesses where is necessary an organized transformation of the electromagnetic nature of the space-
time and obtain nanotechnologies of the space-time and their elements.
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1. Introduction: Construction of €®%®,with €,and 1B, £ -Modules
Let M, be the space-time whose causal structure [1] (Segal, 1974), is defined by the space

C ={o,(X,)End(T, (M))|te kX, €T, (M)]
Let the Lorentz group
£={¢eGL(r*)|g(¢p.¢0)=9(p.a) VP.q e R

where Vp e M , and to a local coordinates system {x,y, z} !
g(p)=ds* =dt* —(dx* +dy* +dz°)

Is the pseudo Riemannian metric of the manifold M . If we restrict o,, to a defined subspace by the light

Consider (light speed constant) ¢ =1.
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cone
C, :{Xp ETD(M)|gp(Xp’Xp):O}

Induced for the orientation of M, o, results to be an endomorphism of a subspace V , of T, (M), with
the property to be an affine connection in the space-time. Indeed, is the affine connection describes as:

o, (xp)=vm)x =exp, (tX)

Consider the electromagnetic field or Maxwell field defined as the differential 2-form of the forms space
Q? (R4) :
F=F,dx* Adx

a

Which can be described in the endomorphism space of M , by the matrix (where #, and °, are equal to

1,2,3):
o B* -B' E
-B> 0 B E?
B2 -B* 0 E®
-E' -E? -E® 0

where E (respectively B) the corresponding form of electric field (respectively magnetic field).

We want to obtain a useful form to define the actions of the group £, on the space of electromagnetic fields
F , which is resulted of generalize to the space Q? (M ) as an anti-symmetric tensor algebra through from in-
duce to the product A, inthe product ®, shape that will be useful to the localizing and description of the irre-
ducible unitary representations of the groups SO(4), O(1,3), and representations of spinor fields in the space-
time furthermore of their characterizing as principal G -bundle of M .

In the context of the gauge theories (that is to say, in the context of bundles with connection as the principal
G -bundles) we first observe that F , is an exact form and thus there exists a 1-form A" (electromagnetic po-
tential) that defines a connectionina U (1) -bundle on M , and such that?

Fab =aaA) _abAa

Consider the K -invariant G -structure Sg (M), of the differentiable manifold M =Rr*, with Lorentzian
metric (and thus pseudo-Riemannian) g, on R, with Diag(g)=(111-1), in the system of canonical coor-

dinates
${U,x,y,2,t}
And let the spaces €, %, two free R -modules (modules belonging to a commutative ring with unit r)
such that
QE:{E eX(r')E° =1§F}
And
%z{se%(&“)‘sb =—1§F}
t
where °, is Euclidean in R®, and =, is Loretzian in R*. Such ®r -modules are - -modules where

#£(M)=0(13), is the orthogonal group of range 4. The two modules in (10) and (11) intrinsically define all
The anti-symmetric nature of this form results obvious:

Fab :aaAu _abAa = _Fba = _(ahAa _aaA))
Likewise, the electromagnetic field is the 2-form given by (6) with the property of the transformation
Fa;a = a’ap\:’ —5;& =2a,8, (acAi _ad A&) =3a,8, ch

In R®, said 2-form match with the 3x3-matrixto B, . Remember that B=VxA.
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electric and magnetic fields E, and B, in terms of F. Thus also their tensor, exterior, and scalar products
between elements must be expressed in terms of F . To it we consider the tensor product of (10) and (11) free
R -modules elements, to know?,
E'@B° =1F®F
c

where c, is light speed and F *, is the dual electromagnetic tensor of F . Then, what mustbe E®B?
In the absence of sources, the Maxwell equations are symmetric under a duality transformation, which inter-
changes electric and magnetic fields.
Proposition 2.1. (F. Bulnes) [2]. Said R -modules are invariant under Euclidean movements of the group
0(1,3), and thus are £ -modules.
Proof. Using the definition of €,and v&e£(M) and F eQ?(M),® defined as the map
£ (M) > Q% (M)
With rule of correspondence
Fis & (F)
where the images of &"(F), in R", are
& (F)=¢FeT
Then to a new coordinate system u’e S, (M) (local reference)
\b * * *—=b
(B) =0/’ F =& (~0fotF)=¢'E

where £°E®, are images in R®, for all E° e ¢ 1&3), under &e#£(M). Then these images correspond to
points in €. Thus £€=¢€. Then is a &£ -module. To demonstrate that %, is a % -module, we consider
the coordinate system transformation (B')b = zg*a/at(;*F =¢Ex(10/otF)=¢'B" @

Let (®€), be the tensor algebra generated by the elements F, ® F,—F, ® F,, VF,,F, € Q*(M). Let J, be
the two-seated ideal generated by the elements F, ® F,—F, ® F,—[F,F,], Let ¢, be the Lie algebra whose
composition rule is [,]. Its wanted to construct an associative algebra with unity element corresponding to e,
such that

[F.F,],=F®F,-F,®F
And such that the U (1) -connections in R*, are the Maxwell tensors F , such that
F=0/atnE" - (8/atAB")

which is completely equivalent to (8). But is enunciated in this moment because it legitimizes the Maxwell ten-
sor from the scalar and vector potentials and we have (12).
We consider the space of electromagnetic power where we will define the domain of electromagnetic space

transformation,® that is to say, the cross product of - -modules restricted in R®,

QEX%|R3 :{(Eb,Bb)‘y/beBb :S}

where S, is the Poynting vector in R®. To obtain the 4-tensor of stress energy from this Poynting vector,

®This is valid since tensor product of free r -modules is a free r -module [3]. Here E = Z E°dx, Adt, B= z B°dx, Adt .
b b

“The Levi-Civita tensor can be used to construct the dual electromagnetic tensor in which the electric and magnetic components exchange
roles (conserving the symmetry, characteristic that can be seen in the matrices of the electromagnetic tensor F , and their dual F ):

£ 1o P

= o C

where is the rank-4 Levi-Civita tensor density in Minkowski space.
*The map is automorphism on  Q*(M).
5This defines the hyperbolic paraboloid of the space-time region in a region of electromagnetic power.
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which represents the particular case of an electromagnetic energy flux vector, is necessary to apply a Lorentz
transformation to the £ -module QExJLa|R3 , to after apply the universal map property of ®, " having by pro-
perties of tensor product of free modules that is:

E(ER®M)=ECRBH =€RLH

forall £e-£(M) and where the new elements of the space €®¢B , are 1 E ® B ,® where in this case B,
isa 4x4 -anti-symmetric second rank tensor of magnetic field. Ho

We want describe energy flux in liquid and elastic media in a completely generalized diffusion of electro-
magnetic energy from the source view (particles of the space-time), which must be much seemed as a multi-ra-
diative tensor insights space or a electromagnetic insights tensor space. This will permits us to express and
model the flux of electromagnetic energy and any their characteristics.

The rate of energy transfer (per unit volume) from a region of space equals the rate of work done on a charge
distribution plus the energy flux leaving that region.

Of fact these are elements E” ® B®, that are constructed from the power space given in (18) and that conform
the electromagnetic energy flux vector space of Poynting, [4] can be extended tor*, conforming an electro-
magnetic multi-radiative space with inherence of the metric of the space-time g", having the stress-energy-
momentum tensor (or the Maxwell stress tensor)

; I
k
TV =F ) - g R F ™

Then a source inside the electromagnetic multi-radiative space is obtained with the divergence, to know:

k k .
Ty =FyR -FUR ‘EFp:quq

where F;, =(0F, / ox* ) g™ . After we use these tensors to characterize the affecting of the space for the super-
conductor fields having this multi-radiative effect to quantum level, that is to say, obtain a fermionic state in the

space-time [5] with anti-gravity created from the analogous tensors to T'JJ as sources.

2. Lie Algebra Properties

Proposition (F. Bulnes) 3.1. The electrodynamical space €®7, is a closed algebra under the composition
law [,] ofthe U (1)-connections.

Proof. [2] [6]. @

Due to that we are using a torsion-free connection (e.g. the Levi Civita connection), then the partial derivative
0, , used to define F, can be replaced with the covariant derivative V. The Lie derivative of a tensor is another
®This defines the hyperbolic paraboloid of the space-time region in a region of electromagnetic power.
"Let M, N and R, aring (with right R-module M_,aleft R-module N ) be as in the previous section. The tensor product over R,

M ®, N , is an Abelian group together with a bilinear map
& MxN->M® N

which is universal in the following sense:
MxN—5M®, N

f\ L
Z
For every Abelian group Z, and every bilinear map
f:MxN—>Z,
there is a unique group homomorphism
f:M® N->Z,
such that
fo®=f
Sr=Yu,.
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tensor of the same type, i.e. even though the individual terms in the expression depend on the choice of coordinate
system, the expression as a whole result in a tensor in R *.
Proposition (F. Bulnes) 3.2. The closed algebra (QE ® B, []) is a Lie algebra.

Proof.
[F.F]=V.A®V,A -V,A®V.A -[V,A®V,A-V,A®V,A]=0

Then the other properties of Lie algebra are trivially satisfied. Thus €® %, haves structure of Lie algebra
under the operation[,].

Proposition (F. Bulnes) 3.3. The closed algebra €® %, is a fibered vector bundle whose fibers are the tan-
gent vectors in each point of the lines of electromagnetic field (geodesics).

Proof. Since as Lie algebra, the space € ®%, satisfies that

ERB=T,(£(M)x£E(M))=T,£(M)xT,£(M)
veeO(31).Then VpeM,

U[T(£M)<£(M))] =T(£(M))

peM

Thus ERBH=T (f(M )) where by the proposition 2.1, €®7, is the fibred vector bundle of the tangent

vectors E”,and BP, which are vectors in r?, and fibers of the space T (f(M )) , whose sections are the E,
and Be X(R“).Q

3. Applications

Related €®7 with the superconductivity we have the following result;

Theorem (F. Bulnes) 3.1. The electro-anti-gravitational effects produced from superconductivity have that to
be governed by the actions of the superconducting Lie-QED-algebra €®7H .

Proof. [6]. 4

3.1. The Algebra €®% as QED-Lie Algebra of SO(4)

We want establish the electromagnetic principle that produce levitation or anti-gravity from the electro-anti-
gravitational source that include the proper movements in the space-time that are connected with the actions of
the group SU (2).

These proper movements are determined through elements of SO(4), that acts as “slices” (or orbits of
Spin(2)) by the proper object that is levitated, and that provoke iso-rotations (see the lemma [7]) through the

action of their Maxwell fields F, givenby F = (Hi H, —% H?%5, j/47wy, in the superconductor. Then can be

calibrate the gravitational elements through electromagnetic elements such that these last can change the gravi-
tational effects changing the spin characteristic of the affected region by these superconductor electromagnetic
fields.

The initial ideas to this respect are replace the Abelian group U (1), in the K -invariant G -structure of the
principal G -bundle of M, by the non-Abelian group SU (2), since we want realize an action through elec-
tromagnetic fields on a Cosmos representation given by the space SU (2)®T (due our lemma [7]) where
T =U (1), is a torus .We want an identification G =SU (2)®T=S0(4).

We want these identifications because our superconductivity theory establish the principles to risk the electro-
anti-gravitational flight of an object as a sidereal object in the space-time, such that a galaxy or a star. In these
sidereal objects, there are electromagnetic transformations explained MHD®, where the superconducting pheno-
mena go given form the accretion rings, and their rotation (see the Figure 1).

®Magneto-Hydrodynamics.
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3.2. €®% in the Superconducting Phenomena and Their Electro-Anti-Gravitational
Effects

Use through the model that consists of a complex scalar field ¢(x) % minimally coupled to a gauge field given
by 1-forms (U (1) -gauge field) “coupled to a charged spin 0 scalar field” and that satisfy:
1

1 * ~a * ab
L=2(Dag) D*¢-U(¢°9) -7 FuF

where F,,, has been defined in Section 2.1. We define to D,¢ =(0,¢—ieA,¢4), as the covariant derivative of
the field ¢, also e, is the electric charge and U (¢4,¢"), is the potential for the complex scalar field. This
model is invariant under gauge transformations parameterized by A(x), that is to say, are had the following
transformations to the fields:

¢!(X) _ eieﬂ(x)¢(x)’
A (x)= A, (X)+0,4(X).
If the potential is such that their minimum occurs at non-zero value of |g|, this model exhibits the Higgs me-
chanism. This can be seen studying the fluctuations about the lowest energy configuration, one sees that gauge
field behaves as a massive field with their mass proportional to the e, times the minimum value of |g| . As shown

by Nielsen and Olesen [8], this model, in 2+1, dimensions, admits time-independent finite energy configurations
corresponding to vortices carrying magnetic flux. The magnetic flux carried by these vortices is quantized (in units

fz_nll

0 ) and appears as a topological charge associated with the topological current [9]:

In a complex scalar field theory, the scalar field takes values in the complex numbers, rather than the real numbers. The action considered
normally takes the form

3= _% JoxexatL = [d*xat[ v, 69,6~V (of )]

Thishasa U (l) , or, equivalently SU (2) , symmetry, whose action on the space of fields rotates ¢+ e'“¢ , for some real phase angle « .

2If T <%, is away from of the borders and rounds to the hollow (see Figure 2) and suppose that is have applied a magnetic field to this
superconductor $ , then

| 3+ = Aldi=n2n
nne ne

T

But J =0, (inside the superconductor (or ring in the experimental Figure 2) there not are currents) then
¢ Adl = n
J e

For the Stokes theorem is had that

gSAdl:ﬂBds:qn

To it is necessary remember that the superconducting current J_, haves an unique value in each point, which is equivalent to that the density
of superconductor electrons is injective in each point. This bring as consequence that in a close circuit ', of length 2z, we have

p(2n)-p(0)=n2n

For the circulation around a close circuit T, and considering that

A=-Vp
we have that on the close circuit T,
qSVa(pdl =n2n
S
that in our case is
O =nd,
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Anﬁ_—&auitaﬁunal Virapping

Rotations object O
(b)

Figure 1. (a) The cloud energy is created by the superconducting fields in the formatting iso-rotations in a galaxy, this forms,
in condensed matter the sidereal objects with autonomous energy; (b) Artificial anti-gravitational wrapping created by su-
perconducting and magnetic rotations. The “spirit of the anti-gravitational effectisin €®% ”.

Figure 2. Circulation around a close circuit in a superconductor under a magnetic field. This brings a discrete magnetic flow
which means that the magnetic flow has been quantized.

a __ _abc
‘]top =€ Fbc

Developing these topological electromagnetic elements using the tensor €, we have to two Maxwell tensors:
‘]aﬂ :Vlb'%l ®V§Acz _ngJZ ®ViA} :(Fl ®F-F® F1)

precisely is our tensor algebra given in proposition 3.1., with their conserved Lie structure.
The essential difference between both versions consists in the coupling to a charged spin0, scalar field, that in
this case is a scalar magnetic field corresponding to a magnetic flow associated to the supercurrent J..
Considering the supercurrent J, in presence of magnetic field of vector potential, this takes the form

* e* 2
J= e—;,f.(v/*vw -V l//’)—glwl2 A
2mi m'c
where  , is a function very general of complex type that are changing spatially and that in an any point this
function depends of the order parameter (as coherent length, penetration length, etc parameters that are useful to
characterize a superconductor [10]) and |1//|2 =n,, is the density of the superconducting electrons.
Considering to an electron field, a representation &:€ —V , where V , is a Hilbert space and whose cor-
respondence rule is

e &(e)

And let J ' the two-sided ideal in the tensor algebra defined in Section 2.1, (€,®), generated by the ele-
ments of the form e, ®e, —e, ®e , where ¢ ,e, € €.

2Remember that J , from a point of view of the superconductors is a topological current associated with the topological charge defined

related with the magnetic flux carried by the fluxoids.
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Proposition 2.2.1. There is a natural one-to-one correspondence between the set of all representations of €,
on V , and the set of all representations of €®€/J,on V , If &, isarepresentation of &, on V ,and, &,
is a representation of E®€/J ,on V , then

fle)=¢"(¢"), veee

Proof. [6].
Def. 2.2.1. [11]. A € ® -field is an element of a bi-sided ideal of the Maxwell fields [12] [13]. Explicitly is
the formal space

€®B={(F,F,)cQ*(0)xQ* (O)|F, ®F,-F, ®F -[F,F,] with®=9, |

Before of this, we pass to the fundamental lemma to characterize the algebra € ®79, as the fundamental al-
gebra of all movements and electromagnetic phenomena (for example, magnetic levitation, electromagnetic
matter condensation, Eddy currents, etc.) produced to quantum level by their electromagnetic fields satisfying
the variation principle in their field actions.

Lemma (F. Bulnes) [11] 2.2.1. All electromagnetic actions and their effects (microscopic and macroscopic)
on the superconductor object O, comes fromthe € ® 1 -fields.

Proof. [9] [11]. ®

3.3. Organized Transformations and Nanotechnology by € ® 76 : Affecting the
Space-Time

Theorem (F. Bulnes) 5.1. [6]. The electro-anti-gravitational effects produced from superconductivity have that
to be governed by the actions of the superconducting Lie-QED-algebra €®7% .

The demonstrations was realized in [6] using some results on iso-rotations which also co-help in the electro-
anti-gravitational effect. Likewise, considering two elements of the group SO(2), for example e,e, cEQ B,
the representation fulfils (by proposition 2.2.1) is

C(el)g(ez)_g(ez)g(el) = C(el ®e, -6, ®e1)
And the field is transformed as
Y-y
where explicitly the image ¥'= ;(Jaﬂ)‘P . From this always is possible construct a second representation de-

fined by:
¢ (3,)=¢((5)")

_ Which belongs to the charge-conjugated particle. The anti-particle is obtained of accord to the contragradient
¢ , representation, which is:

= -1

$(3u)=¢(3:5)

There are not charge-conjugated in gravity, since if the gauge group is Lorentz group SO(3,1), then elements
J;j = J;ﬂ , which means that the second representation ¢, is equivalentto ¢ .

But we need affect the immediate space-time at least locally through of these € ® 7 -fields, such that we will
have the anti-particles given in (28). Also we need a mapping that involves and include in their image the spin
connection that is involved in this anti-gravity process from superconductivity.

We define the field ¥, as a vector field whose application is as given in (26)

Y =TY¥, ¥ =917,

Under a general diffeomorphism I', that is to say, the mapping belonging to the space Diff (TM ,TM*),
where TM , is the dual toT*M . But we required local transformations at least in the immediate enthrone of
object O, such that be anti-gravitational and this local enthrone acts with the space-time to create levitation in
0.

Then the principal equivalence requires that the fields on our manifold locally transform be as in special rela-
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tivity, that is to say, if, is an element of the Lorentz group &, the fields are transformed like Lorentz-vectors.
Of fact this property is extended to all electro-physical modules €, gnd B, like £ -modules (see proposition
2.1, in the introduction).

However, the generalization to a general diffeomorphism is not uniqueL1We coujd have chosen the field ¥,
as a vector field whose applications T e Diff (TM,TM") are W' =(I'") ¥, ¥ =9r'

Butas I',isanelementof -, thatistosay I''=I", both representations (29) and (30) agree. For gener-
al diffeomorphism that will not be the case, although introducing a new field that have a modified scaling beha-
vior, this can be possible to affect to the space-time by € ® % -fields. Then is considered 7 e Isom(TM,TM ),
such that to fields ¥ =7¥, ¥Y'=7¢"¥ one finds the behavior

o= (")

It will be useful to clarify the emerging picture of space-time properties by having a close look at a contrava-
riant vector field W*, as depicted in the wrapping energy around O (see the Figure 1(b)). This field in blue is
a cut in the tangent bundle, that is the set of tangent spaces T /M, Vpe M , which describes our space-time.
The field is mapped to their covariant field ¥, , which is a cut in the cotangent bundle T,M *, by the metric
tensor [14]

\PV = gK‘V\PV
Newly introducing the fields ¥* (from here anti-graviting) this is transformed under the local Lorentz trans-

formations like a Lorentz-vector in special relativity®. Then we can have (after of involve the relations of
|som(TM*,T_M*)):

r=(AT) At =(AAT)

K

T

K

where |Tz«5|:1* in the space Isom(TM,TM ). Then 1., =99,
notation V', to covariant derivative we have: -

=|g|, and

75 :|g|. Then using the

V, = T;VK

which is a new connection. Then the Maxwell-anti-gravity Lagrangian (that is to say, for anti-gravitational pen-
dants A%, of gauge fields to Maxwell-anti-gravity observable) is introduced via the field tensors:

E; =V.A _VKAZ +¢f abCAEAE
Staying a Lagrangian of the type [nabva¢*vb¢—v |¢)|2 J (see Section 2.2.1). Here f*, are the structure
constants of the group and e, is the~charge electron coupling with the Planck scale. Then the corresponding
electro-anti-gravitational-Lie-QED-algebra is that with super-currents
B =Fi, ®F, -F}, ®F:, -[FL, F ]

4. Conclusion

Different microscopic aspects of electromagnetic nature are analyzed through the construction of an anti-com-
mutative algebra of - -modules, which can help to define the algebraic and geometrical behavior of the super-
currents, sources of energy and power multi-radiative spaces and the Majorana states in fermionic Fock spaces
to each one of these applications that in the next one hundred years will be necessary to surviving of the human-
ity. A classification table of the different versions of the QED-Lie-algebra of accord to the different products of
electromagnetic objects obtained can be seeing in Table 1.

13f={§EGL(RA) g(&p.£q)= g(p,q),Vp,qeR“} )
“The underlined indices on these quantities do not refer to the coordinates of the manifols, but to the local basis in the tangential. All of
these fields still are functions of the space-time coordinates X, . As diffeomorphism z , maps the basis of one space into the other. We can

expand itas r=7;dx"0,,or r=r,dx"0, , respectively, such that (have inverses):
7T, =05, T,1,=0;
Then for completeness, let us also define the combined mappings through the relations:

T, =00, 77=0"7
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Table 1. QED-Lie algebra contexts [15]-[23].

QED-L.ie-Algebra

f -+ -Modules Product Electrodynamics Object Phenomena

1 ExBH|, Poynting Vector Electromagnetic Power Density
2 ERLBH 4-Tensor Of Stress Energy Electromagnetic Stress Energy

3 E®E/ Bi-Sided Ideal Ma%’;et‘fe Flux Carried

4 E®DH Product of Tensors Super-Currents

5 e®b Product of Spins Photon Spin

6 H, @I, Fermionic Fock Space in Electro-Anti-Gravitational Effect

Superconducting Produced from Superconductivity

In this table are resumed all the applications mentioned in the sections of this work.
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