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Abstract

We have proposed previously a method for constructing self-conjugate Hamiltonians H, in the 7-
representation with a flat scalar product to describe the dynamics of Dirac particles in arbitrary
gravitational fields. In this paper, we prove that, for block-diagonal metrics, the Hamiltonians H,
can be obtained, in particular, using “reduced” parts of Dirac Hamiltonians, i.e. expressions for Di-
rac Hamiltonians derived using tetrad vectors in the Schwinger gauge without or with a few sum-
mands with bispinor connectivities. Based on these results, we propose a modified method for
constructing Hamiltonians in the 7-representation with a significantly smaller amount of required
calculations. Using this method, here we for the first time find self-conjugate Hamiltonians for a
number of metrics, including the Kerr metric in the Boyer-Lindquist coordinates, the Eddington-
Finkelstein, Finkelstein-Lemaitre, Kruskal, Clifford torus metrics and for non-stationary metrics of
open and spatially flat Friedmann models.
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M. V. Gorbatenko, V. P. Neznamov

1. Introduction

In [1], we proposed a method for constructing self-conjugate Hamiltonians H, inthe 7 -representation with a
flat scalar product to describe the dynamics of Dirac particles in arbitrary gravitational fields.

Using the algorithm proposed in [1], we calculated Hamiltonians in the #-representation for the Schwarz-
schild and Friedmann-Raobertson-Walker cosmological model metrics. However, application of the algorithm to
the Kerr metric necessitated a large amount of calculations to find Christoffel symbols, bispinor connectivities
etc., and cumbersome algebraic transformations of arising expressions.

We made attempts to simplify the algorithm [1]. First, we proved the theorem, according to which a Hamilto-
nian in the 7 -representation for an arbitrary gravitational field, including a time-dependent one, is a Hermitian

part of the initial Dirac Hamiltonian H derived using tetrad vectors in the Schwinger gauge®.

1/~ J+
H, :E(H +H") ()
Then, for block-diagonal metrics, using Equation (1), we proved the second theorem, according to which the
Hamiltonians H and H™ in Equation (1) can be replaced by their “reduced” parts without or with a few
summands with bispinor connectivities:

H :%(wa )+ AR )

n red

Block-diagonal metrics are understood to be metric tensors of the form

(90 | 9o} 0 1 0
I I
g, = S8t 01 0] 3
101019, 0
0100 g,

Apparently, the cases belong to the same kind as (3) when g, =0, and also when g, or g, are used in-
stead of g,,.

In Equation (2), H,, is part of the initial Dirac Hamiltonian, which contains only the mass term and terms
with momentum operator components (i.e. with coordinate derivatives).

The summand AH in (2) equals

0k
A zl{aH“ug_aH“kJms (4)
4 8Xp goo 8Xp m=mn

One can see that AH s a fairly simple expression, which in some cases differs from zero for the block-dia-
gonal metrics with g, = 0. For example, the Kerr metric in Boyer-Lindquist coordinates [2], [3] belongs to
such case. Of course, application of Equation (2) makes the procedure of deriving self-conjugate Hamiltonians
inthe 7 -representation much less complicated.

Equations (1) and (2) are proven in Sections 3, 4 of this paper.

In the second part of the paper, we use (1) and (2) to find self-conjugate Hamiltonians H, for the Kerr [2],
[3], Eddington-Finkelstein [4] [5], Painlevé-Gullstrand [6] [7], Finkelstein-Lemaitre [5], Kruskal [8] [9], Clif-
ford torus [10] metrics, and for non-stationary metrics of open and spatially flat Friedmann models. For all these
metrics, except for the Painlevé-Gullstrand one, self-conjugate Hamiltonians are derived for the first time?.

At the end of the paper, we prove that self-conjugate Dirac Hamiltonians in a weak Kerr field are physically
equivalent in both harmonic Cartesian and Boyer-Lindquist coordinates.

In the Conclusions, we discuss the outcome of this study and the results of applying the developed algorithm
to the evolution of bound atomic and quark states in the expanding universe.

"We use the same notations as in [1].
2For the Painleve-Gullstrand metric, a physically equivalent self-conjugate Hamiltonian has been derived and studied earlier in [11].
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2. Reducing the Dirac Equation to the Schrédinger Form. An Algorithm for Finding
a Self-Conjugate Hamiltonian in the 7 -Representation

Let us recall the line of corresponding reasoning and introduce the notation. Tetrad vectors are defined by the
relation

HgHégyv :ngﬁ (5)
where
1,, = diag [-1,1,1,1] (6)

In addition to the system of tetrad vectors H/', one can introduce three other systems of tetrad vectors, H,,,
H*, HJ, which differ from H/' in the location of the global and local (underlined) indices. The global in-
dices are raised up and lowered by means of the metric tensor g, and inverse tensor g“”, and the local in-
dices, by means of the tensors 7, , nt.

We assume that the quantum mechanical motion of particles is described by the Dirac equation, which is
written in the units of 7=c=1 as

7“(6"’ +®aw]—mw=o ™
ox“*

Here, m is the particle mass, y is a four-component “column” bispinor, and »“ are 4x4 Dirac ma-
trices, satisfying the relation

vy’ +yly" =297E ®)
E in (8) means a unity 4x4 matrix. The round parentheses in (7) contain a covariant bispinor derivative,

Vv

Vo = ov +O,y 9)
ox”

Equation (9) for V_y contains the bispinor connectivity @, for finding which one should fix some system
of tetrad vectors H/' defined as (5). Upon that, the quantity @, can be expressed through “Christoffel” vec-
tor derivatives in the following way (the “Christoffel” derivatives are denoted by a semicolon):

a

@ :_%Hﬁstw (10)

The expression for S“” in (10) is defined below, see (14). The bispinor connectivity @®, given by (10)
provides invariance of the covariant derivative V_y with respect to the transition from one system of tetrad
vectors to another.

In what follows, along with Dirac matrices with global indices »“, we will use Dirac matrices with local in-
dices y“. The relation between »* and »< is given by the expression

7 =Hgy" (1)
It follows from (11), (8), (5) that
yeyP e yty = 2n*tE (12)

In terms of the matrices »“, the Dirac Equation (7) can be written as follows:

oy
.t — =
HY (@(a +(Dal//) my =0 (13)

It is convenient (but not necessary) to choose the quantities »“ so that they have the same form for all local
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frames of reference. Both systems »“ and % can be used to construct a full system of 4x4 matrices. The
full system is, for example, the system

1
E, 7., Saﬂzg(nm—mn), Vs =VoliVo¥sr YeVa (14)

Any system of Dirac matrices provides for several discrete automorphisms. We restrict ourselves to the au-
tomorphism

Yo =74 =—Dy,D™ (15)

The matrix D will be called anti-Hermitizing.
It follows from (7) that the initial Hamiltonian is given by the following expression:

im g i o7 0
() o)

The operator H (16) has a meaning of the evolution operator of the wave function of a Dirac particle in the
chosen global frame of reference.

Ref. [1] formulates the rules of finding a Hamiltonian in the 7 -representation for a Dirac particle in an arbi-
trary gravitational field. A-priori information, which is assumed to be known, is information about the metric

. i
H =— _ICDU "rmyoyk@k (16)

. A . . .
tensor g, (x), Christoffel symbols [ ﬁj' local metric tensor 7,, and local Dirac matrices {7a}. These
a ap o

rules are the following: ~
1) For a gravitational field described by the metric g, (x), we find a system of tetrads |H (x)} satisfy-
ing the Schwinger gauge. Recall that components of the tetrads Hf’, HQk in this gauge correlate with compo-

nents of the tensor g (x) as follows:

—g®, Hy=-2 (1

I
S o
I

H E components are identically zero
A

> o

=0 (18)

In order to find I-|£ , We introduce a tensor, ™, with components

g
Thetensor f™ satisfies the condition
Mg =g (20)
As I:Ig we can use any triplet of three-dimensional vectors, satisfying the relation
APAD = £ (21)

In what follows, the quantities, dependent on the choice of tetrad vectors, are denoted by a tilde, if they are
calculated in the system of tetrad vectors in the Schwinger gauge. y
2) In accordance with (16), we write a general expression for the Hamiltonian H .

im

(~6%)

H=-

P N B i s
7+ %) 77" Pl 77D, (22)

Here
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7 =Hgr" (23)

H,,.,S* (24)

~_1
H, = iH7 i (25)
ot
where the operator 7 is defined by the relation
. Y4
i=(-95)" (-9%) (26)

As distinct from [1], in Equation (26) we use only the gravitational part of the determinant g, which is there
due to the presence of an external gravitational field. An additional multiplier arises, if we use curvilinear coor-
dinates in accordance with the equality of scalar products for wave functions in the initial and 7 -representations

[1]:

(o), =(@.¥) 27)
Hence,
06 = (28)
9.

where g, is the determinant, which arises when the volume element is written in curvilinear coordinates. Giv-
en that the conditions of coordinate harmonicity [12] [13] are satisfied, g, =1 for Cartesian coordinates,
g, =r’ for cylindrical coordinates, g, =r*sin’@ is for spherical coordinates etc.

Equations (25), (26) define the operator H, , which is the sought Hermitian Hamiltonian in the » represen-
tation.

Thus,

i . 0dn(gs9%”) jaln(gs9®
k_4(_lgoo)7/07k (ax(i )4_:1r <a: )

im
T

Note that procedures for constructing self-conjugate Hamiltonians with a flat scalar product that could be used
for studying the dynamics of spin 1/2 particles in gravitational fields of particular form have been proposed in
literature more than once [14]-[17]. These attempts are not general, but they produce correct results as applied to
the choice of particular metrics and tetrad vectors.

H 0+(_500)707k£_@0+(_;00)77077k‘i)

(29)

3. Proving the Equality H, = %( H+H +) for an Arbitrary, including

Time-Dependent, Gravitational Field

We start the proof from transforming the right side in (25).
7 (30)

After inserting (22), (26) into (25) we have:

) 8In(g°°ge)

1 ain(g™g, )
4

ot

< y2 o i
H, =H - (-a™)" »7 +g (31)

(-6”)
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The next step in the proof is to find an expression for H* . For this purpose, we employ relations (77) from

[1]:
H =pHp ™ +A (32)
~ 1/2
p=(9"9s) (33)
_ jon(g®
A ian(9%g) (34)
2 ot
We insert (33), (34) into (32):
- i v2 . 10In(g%g i oin(g%g
Y =H -5 (-0") 775 (075) i anle”se) (35)
(-g%) 2 o 2 ot
Using (22) and (35), we calculate the quantity %(I—T + I—~|*):
00 00
1ig, e 5 [ 00 \¥2 0~k18|n(g gG) ialn(g gG)
Z(H+H ) =H-——~(~ . + 36
A ) (_900)( A e (30)
By comparing (36) with (31) we conclude that Equation (1) is valid.
1, - J+
HI7=E(H+H ) 37)

red

4. Proving the Equality H, = %( Hy e+ HE )+ AH for Gravitational Fields with the

Block-Diagonal Metrics

An expression for the “reduced” Hamiltonian H
connectivities. Thus,

is derived from (22) by deleting the terms with bispinor

red

~ im i o O
Hred (_900)7 +(_goo)7 v 67 (38)
This expression can also be written as
Hrg = F 410, —— 77 ®, (39)

Hea = H" =iy + T 7oy 7" (40)
It follows from (39), (40) that
(I:'red+H~r+ed):(|:|+H~+)_i7’g[7ad)o:l +;1/279|:77k7(~bk:|+ (41)

Considering Equation (37), we obtain
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Hfi:%(Hred+H;d)+%79|:70’cD0:| _ﬁ%[};k’ék] (42)

Y z—yg[yg,cf%] (43)

ZE_—M7Q|:77kvd)k:L (44)

T
Y :_Z Hm‘JHﬂp;OSmn (45)
and for Z :
2=2,+2,+2,+2, (46)
where
i S e
Zy = ———— HoH Ho S (47)
4(-9")
i ~ e
Z,= 00 \/2 HmpHQ Hne;psmn (48)
4(-9”)
i ~ e
Z,=— T Hm"Hﬂ HQMSmﬂ (49)
4(-9")
i e
Z,= H HBHﬂf?kgmBS7§ (50)

In(50), 75 =7071Y273r €mpq 1S @ totally antisymmetric third-rank tensor.

Then, we calculate Y and Z using the relations (3), (5), (17), (18), and diagonal representation of {H,L"} .
Direct calculations show that .

. i| oH ok oH | -
AH=Y+Z,+Z, ﬁ{_a - +—900 - ;k}Hg o (51)
X g X -
Z2,=2,=0 (52)

Thus, it turns out that for the block-diagonal metrics of the form (3) we can find the Hamiltonian H, using
the fairly simple formula (2).

5. Centrally Symmetric Gravitational Field

This section presents Hamiltonians in the 7 -representation for Dirac particles in centrally symmetric gravita-
tional fields, when the metrics are written in various coordinates.



M. V. Gorbatenko, V. P. Neznamov

5.1. The Schwarzschild Metric

Writing the Schwarzschild solution in the coordinates

(XO,XI,XZ,Xs)E(t,I’,H,(p) (53)
gives:
2
ds? :—( —r—ojdt2+L+ rz(d€2+sin20d(p2) (54)
"
r

In Equation (54), r, isthe gravitational radius (r, =2M).
The resulting expression for H,_~ derived in [1] and revised to include (26) is

~ . . o 1 o 1 1 0 i of
H =|m\/T79—I\/T)/Q {7/1\/?(5+F)+y2 (—+—Ctgc9j+)/ }___7071 (55)

20 2 Srsindog| 2or

In Equation (55), f = —r—°.
r

It is easy to verify that Equation (55) can be found in a comparatively straightforward manner using formula
(2), if we take into account that

~ . . 0 10 1 0 ~
N A [ a0 (56)

ro6 *r-sindop

In Refs. [1] [14], the authors also derived a Hamiltonian for the Schwarzschield metric in isotropic coor-

dinates
=
ey 4
ds? =—%dt2 +[1+:—°R) (dx2 +dy2+dzz) (57)
2 2)
4R
SN
. 4R . 4R o . 8R) r, R
H,]:lm . Vo~ 3797Ka7—'—450R_k3 0 : (58)
il s )
4R 4R 4R

)
i 4R 7ki AH =0 (59)

5.2. Eddington-Finkelstein Metric
The Eddington-Finkelstein solution ([4] [5]) in the coordinates

(xo,xl,xz,x3)z(t,r,¢9,go) (60)

is given by
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T T
_( _r_oj L
r r | |
________________ II____:_______
g,=| = (1+r—°jl 0ol o0 (61)
r )]
———————————————— togd-——————
0 0 Ir’i 0
0 0 |0 !r%sin’
g=-r*sin’g, g,=-1 (62)
The inverse tensor has the following form:
L
—(1+r—°] otol o
r r
________________ JI.___II________
I L) |
S R
9" =l L T—I—:- ——————— (63)
0 0 151 0
I %_r__:L___l____
| |
0 0 i 0 irzsinzé’
Calculations of a “reduced” Hamiltonian using (38) gives
~ im ir; 0 i 1 0 10 1 0
: 715"'72_ (64)

Hred: Yot ~ 70 PR £ S
\/(“roj r[1+ rOJ or \/[“roj \/[1+r°j roo “*rsind op
r r r .

The Hamiltonian in the 7 -representation is calculated using (2) given that AH =0 for the metric of interest.
in Table 1. We obtain:

Table 1. H¢ —like tetrad vectors.

Tetrad vectors Tetrad vector components
~ I H1=— rO ~ ~
Hy HS = (1+:j ; (1+Lo) H2=0 H:=0
A= 1
. . ; . .
: S =0 (“&j HZ =0 H? =0
r

Ja J0 3 q2 1 q3
H; A2 =0 H:=0 Hi=~ A2=0
A H? =0 Hi=0 H2 =0 Hi=—1
¢ 2 g : rsing
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H, =iy,

1

1+—+

_i7’g7§

r

1 1 0

5.3. Painlevé-Gullstrand Metric

In this section, we find a self-conjugate Hamiltonian H,
tational field described by the Painlevé-Gullstrand metric. The Hamiltonian H,

r

- roj OI(HFOJ o r

o1

Iy

T\ rsingop r(, 1)
(1+r0j rsinddp (1+
"

r

r‘0
2r? (

0

j (5F+r

first using the algorithm of [1] and then using (1) and (2).
In the (t, r,H,(p) coordinates, the Painlevé-Gullstrand metric [6] has the following form:

gaﬁ’

Christoffel symbols:

r

2r

703’2

(1+

1+

+—ctgd
692(‘:]}

I I
r o
_( __Oj Lol 0
r r |
I S, +___= ______ ]
r [ o
Sl 110! 0 97 =
r | |
—————— i it —
0 0 !r’!l 0
ISk Rt T o
0 0 !0 !rsin°g
g=-rsin’g, g, =
Ao =1 Al=—/% HAZ=0
[P [ T [
H'=0, H}=1, HZ =0,
Ho=0, Hi=0, H2=1
- - - r
Hy =0, H;=0, H3 =0,
Ho=-1 Hy=0, Hg,=0
~ I ~ ~
Hy, = f" Hy=1 Hy,=0,
Hy=0, Hy=0, Hy,-=r,
Hy =0, Hy=0, H,=0,

%

T T
| |
4 J5 ror o
_________ A S
r ro)o I
0 (__Oj: 0! 0
r rji |
------------ I —
0 0 151 0
____________ LA N
| |
1
| |
0 0 10 | rsin0
1 1
Hg =0,
H} =0,
., Hj=0,
R
= r-sin@
Hys =0,
Hy; =0,
H, =0,
H,, =r-sind.

(65)

for a Dirac particle in a spherically symmetric gravi-
for this metric is calculated

(66)

(67)

(68)

(69)
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8 o
—
Il
N |H
o
= |o_"w

9 o
Nl

1]
N N
ﬂNlo—‘

H
2 o
N—
1]
N~
=

2 (70)
03 _(0Y_(0)_(0)_(0)_,
02) (03) (12) (13) (23)
0
92 )= NRf

=—,/I,rsin“o
1) in(, &
00/ 2r? r
1) 11
01 2r5/z
o L
11 2r?

(71)

o) o)) )0

|

kil I
|
|
|

GHHCHHG o

Bispinor connectivities are calculated by the formula (24) using (66)-(73). We obtain:

C2)
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~ 1r
o =gt

= 11 r

R P

- 1 [r 1
‘Dz:_g Tosgz _ESLZ

D, = —%\/%siné’-s03 +%Sin9'8§l —%cosé’-s23

(74)

In order to find the Hamiltonian in the 7 -representation, (—g°° ) =1, expressions for 7 = ijﬁ and ex-
pressions (74) for @ _ are put into the primary Dirac Hamiltonian , B

- im i .0 - i s
H=- A PN 77D, (75)

o) ) ")

These transformations give

~ . . o 1) 1 o 1 1 0 .o .31 |r
H=imy, —i —+= |+ =y, —+=ctgd |+ — i, [ L= |——\/£ 76
Yo 70{71(ar rj r72(60 2 gj rsinHyaaga} \/:ar 4r\r (76)
The operator 7 for the Painlevé-Gullstrand metric equals
1
7=(0s9%)? =1 (77)

so the 7 -representation coincides with the representation of the Hamiltonian H.
The Hamiltonian H (76) is self-conjugate. It is evident that the formula (1) is valid in this case.
It is easy to obtain (76) from (2) given that AH =0,and H,, is written as

. [ a8 14 1 o). [po
Hoy =imy, —i — ey, m— i, [ 78
= =1V 7°{7lar "2\ 50 ysr-sinﬁago} ror 7®)

Thus, as applied to the Painlevé-Gullstrand metric, the same Hamiltonian H, was obtained both by the

standard algorithm and in a simpler manner using (2).
In [11], a self-conjugate Hamiltonian was obtained for the Painlevé-Gullstrand metric using tetrad vectors in
the Schwinger gauge with a set of local Dirac matrices written in spherical coordinates.

Yo =70
7, = sine[ylcosw+7zsin¢)]+;f3005(p =Ry,R™*

) ) B B ) 79
Yo = COSG[}/lCOS(p+}/2$in¢):|—}/gsin(p =Ry,R™ (79)
Vo= ylsin(p+;/2cosgo = Rng’l

The set {7@7@71,} is related to the set {;/1,;/2,73} through a unitary matrix R,
R=RTR,T,;
4 : 1 :
R, =exp _3717g ) T1:$7571(E+717g)v (80)
o 1
R, =9Xp(—571y3j: T, =$7772(E +731)-

The Hamiltonian from [11] can be written as
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~ . . 0 10 1 0 (o0 3
H, =imy, —i — 4y, i =+ 81
o =0 =0 {y' or Y00 "% rsing 6¢} r (6r 4rj (1)

The Hamiltonians (76) and (81) are physically equivalent, because they are related through a unitary trans-
formation,

H, =RHR™, R"=R* (82)

Generally speaking, all Hamiltonians in the Schwinger gauge are connected with each other by physically
equivalent matrices of spatial rotation. This is what we meant [1] speaking about the uniqueness of Hamiltonians
in the 7 -representation (see the comments by M. Arminjon in [18]).

5.4. Finkelstein-Lemaitre Metric

It is of independent interest to study the motion of a Dirac particle in the nonstationary Finkelstein-Lemaitre
metric [5], because the time coordinate in this metric coincides with the proper time.

4/3
ds? — —dt? + - +B(r_t)} ;% (d6° +sin’0-dg? ) (83)

The determinants equal

3 2
g= —[—(r —t)} r’sin’e

2
(84)
3 2
=—|—(r—-t L,
96 [2( )} =
Non-zero components of tetrad vectors in the Schwinger gauge:
3 v 1 1
Ho =1, Hfz{?(r—t)} , H§=3—2/3, H; = 3 7 (85)
° [Z(r—t)} r {(r—t)} r/3sing
For this metric, in (2), AH =0.
“Reduced” Hamiltonian:
~ . . ~ 0 = 0 - 0
H. = imy, —IyO{H1y15+ szyg£+ Hgyga} (86)
We insert (86) into (2) and obtain
. s (0 1) s, (01 <, 0 i oH}
H, :'m7o_'70{H1171(§+Fj+HzZVz(%WLECtg@]JFHgVa@}—E%JQW (87)

The Hamiltonian (87) is self-conjugate with a fairly complex time dependence.

5.5. Hamiltonian in the 7 -Representation for Dirac Particles in the Kruskal Gravitational
Field

The Kruskal metric [8] is a further development of the Lemaitre-Finkelstein metric to build the most complete
frame of reference for a point-mass field. The formula below, in which the frame of reference is synchronous,
has been developed by I.D. Novikov [9]. Inthe (z,R,8,¢) coordinates,

G2
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2 2
ds? = —dz? +[1+R—2](l—cos;()2 dR? +%r02 [R—2+1](1—cos;()2 (d6? +sin*6de’) (88)
rO IFO
= LR T (re grsing) (89)
o217 d x

The determinants equal

rR?Y 1
= |1+—| (1-cosy)’ =r’sin?@:
g [ ron ( /’K) 16 0

2\3 4 (%0)
R 61T
=—|{1+—| (1-cosy) —-=2-.
gG ( 2 j ( Z) 16 R4

Iy

Equations (88), (89) show that the metric (89) is related to the radial coordinate R and proper time ¢
through the parameter 7.
The non-zero components of the tetrad vectors in the Schwinger gauge equal
2

L A= 2 A= 1)

\/(“EZZJ (1-cosz) rO \/[“E;J (1-cosy) . \/(“F;;J (L-cosz)-sind

“Reduced” Hamiltonian:

Hy=1 H}=

IS
1w

~ . . ~ 0 .~ 0 .~ 0
H.q =Im;/0—|70{H117/1£+ sz72£+ H§y3%} (92)

According to (2), with AH =0, we have
[ (e 1Y s, (8 1 -, 0 i oH;
Hn=|m}/o_Iyo{Hlyl(ﬁ_‘_Ej—}_H27/2(£+5Ctggj+H37/3%}_57/07/1 OR (93)

qJ1

oH
The derivative 6_R1 in the last summand of (93) should allow for the dependence 4 (R,z) (see (89)).

6. Axially Symmetric Gravitational Field
6.1. Kerr Metric in the Boyer-Lindquist Coordinates

The Kerr solution in the Boyer-Lindquist coordinates [3]

(xo,xl,xz,xs)z(t,r,e,(p) (94)
is given by
[ [
—( —rO—ZJ 010 | ~ ol sine
A P deedeeee |
ol
0 — 101 0
95=| 1 4__i___Tl _______________________ i (95)
_____ U R R
I ]
| | 2
—arozrsmze 0o'!o :[r2+a2+ rgr-sinzaj.sinze
P | | P
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g=-p*-sin’0, g, :_rﬁ“ (96)
The inverse tensor has the following form:
a’r, L ar,r
-=r*+a®+—2sin9|| 0 | O ! —
______________ A2 N N .
0 Aol 0
R R 2 _4:__1_4: _______________ 97)
0 0151 0
Ip :
---------------------------
ar,r r,r
e 0,0} 5 [1—”—2]
A-p ! I A-sin 0 P
Here,
A=r’-rr+a’
98
pl=r?+a’ ~sin20} 9

6.2. Tetrad Vectors in the Schwinger Gauge

We will need expressmns for tetrad vectors in the Schwinger gauge. The results of calculatmg the components
of tetrad vectors H “ are presented in Table 2. Table 3 shows the components of vectors H

Table 2. HZ —like tetrad vectors.

Tetrad vectors Tetrad vector components
. . . . ~3 ar,r
Hy A = (-9%) H:=0 H:=0 H, o (-9")
H; HY =0 H;:ﬂ H =0 H}=0
1 P 1
Ja Jo J1 q2 1 J3
H, H, =0 H,=0 H, =— H;=0
2 2 2 A 2
He H°=0 Hi=0 H2 =0 H: = 1
8 3 3 8 * sing-AA (-9*)
Table 3. H,, —tetrad vectors.
Tetrad vectors Tetrad vector components
~ 0 o—— 1 ~ - ~
Hgkz 0~ (7900) H91=O H92=0 H93=0
H Fj, =0 H, =2 H, =0 F, =0
o 10 n \/K 12 13
H,, H, =0 H, =0 H,=p H, =0

~ arr-sing

. Hy, :*7/)2\5 ,7(_900) H, =0 H,, =0 H., =sin9-x/X4/(—g°°)

‘Ix




M. V. Gorbatenko, V. P. Neznamov

6.3. Hamiltonian Hﬂ

First, from formula (38), we obtain

(99)
o i

For the metric under consideration, AH in (2) differs from zero:

- ifoH %3 9H,, | - i(oH % OH., | -
AR = 4| =2 +g_oo = |HS, b 2 +g_oo = |H7S,. (100)
4 or g— or 4, 068 g— o6

The Hamiltonian H, is calculated using (2).

o o (101)
S JoHH | i 0 HoHp | i qea @
2797/l or (_goo) 2797/2 69(—900) 0’0

We put the tetrad vector components

H

° o

- J=g™). ﬁllzﬂl H2 -1
P top

~ ar,rsind ~ .
e :_pZAO (‘goO)’ Hy =sin0-v/a,J(-g").

and the metric components

rr . rr
gooz—l[r2+a2+a 2—sin’d |, 903=—a°2 (102)
A P Ap

into (101). Finally,
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i 6 1 i 0
7 \/<_goo)79_p\/(_goo)7 ( j p\/77o7/2(69+209 j m}@}/@%
i agwro i jo VA | i oo 1
(_goo)pzAa¢ 57N o, (_goo) 57072 a0 , (—g°°)
(103)

i JA| o arrsing arr 0 . ooy
_Z}/§717 _5p2\/Z0\/(_goo)"’Apz(o_goo)asmg\/Z (—goo)

i 1| 0  arrsing
+— SII’I@\/ ,/
47z7§p 20 ? ,—\/ (_ 00

The quantities —g%, A, p are defined by (102), (98).
In order to turn to the Schwarzschild Hamiltonian, one should assume that

a2
a=0, A-ri-rnr, p-or, (r raz+ 200 ginzg | r2 (104)
P’

After such a replacement, from (103), we obtain the Hamiltonian H, (55) for the Schwarzschild field:

. . o 1 1o 1 1 0 i of
=Im\/?7/0_I\/T)/O{ylﬁ[a+Fj+y2_(_+50t99j+% - —}— Yo (105)

r\ o6 r-sin@op| 2or

If in the expression for H, (103) we restrict ourselves to the terms not higher than of the first order of

. r, ar . . . S .
smallness in the parameters -2, —2° we will obtain a self-conjugate Hamiltonian for the weak Kerr field.
r

r

. I . r, o 1 r, (o0 1 1 0
H®P =im| 1--2 |y, —i| 1- —+=|-il1- =l =+=c —
’ [ ZrJy" ( jml(ar rj ( 2r]y°{y (ae 2 gj rsin@@gp}

i .arp 03
—?7971—|r—3%—z7’37’1

(106)

ar,
smH

In Section 7, H*" is found by the general algorithm [1], and using (1).

Previously, a self-conjugate Hamiltonian for a weak Kerr field has been obtained in Refs. [16], [19] for the
metric written in isotropic coordinates.
7. Weak Axially Symmetric Gravitational Field
7.1. Kerr Metric in the Boyer-Lindquist Coordinates
For our purposes, we write Equations (95)-(98), leaving the terms not exceeding the first order of smallness in
r-O

the quantities and —-. In this approximation,
r’

er{l_f_oj, e, (_goo)z(ur_oj (107)
r r
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| |
—( —r—‘)j 0o 101-oginzg
r | | r
_________________ e ]
0 R0l o
0, = iR (108)
""" o | o0 i o
_________________ L R
% sin%@ 0 i 0 i r?.sin%o
r | |
—[1+r—°] o (o} -2
r | | r
________________ JI.___I_________
0 (—r—"ji 01 0
g? = """"""'I"+'1":“ ________ (109)
0 0 151 0
I re
T R [ R
ar, 1 1
o 0 i 0 irz-sinze
1 r. \4
g=-r'sin’6, gg=-1, n=(geg°“)4=(1+7°] (110)

7.2. Tetrad Vectors in the Schwinger Gauge

We will need expressions for tetrad vectors in the Schwinger gauge. The results of calculating the components
of the tetrad vectors H; are presented in Table 4. Table 5 shows the components of the vectors H , .

Table 4. Tetrad vectors H .

Tetrad vectors Tetrad vector components
-~ ~ r. ~ ~ <, ar,
H, ng[1+2—“rj H;=0 H;=0 Hj:rTﬂ
a qJ I I q aJ
H; HY =0 fz(l—z—"r) H? =0 H? =0
Ja J0 J1 q2 1 3
H, H,=0 H,=0 ng? H, =0
J« J0 J1 J2 a3 1
H; H; =0 H;=0 H; =0 H; ~ rsing
Table 5. Tetrad vectors H,,
Tetrad vectors Tetrad vector components
~ ~ I, ~ ~ ~
H,, Hy, z—(l—z—‘)rj H, =0 H,, =0 Hy, =0
~ ~ r ~ ~
H, H,=0 Hﬂz(1+2—°rj H,=0 H,=0
H,, H, =0 H, =0 H,,=r H, =0
~ ~ ar, . ~ ~ .
H,, 30:—r—fsme H, =0 H, =0 H,, =r-singd
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7.3. Christoffel Symbols
Christoffel symbols:

0 1 2 3
00 00) 2r 00 00
0) 1r, 1 2 3) ar
01) 2r 01 01 01 r
0 1 2 3
-0 -0 -0 :_a_ZOC(_)_SH
02 02 02 02 r’ sind
0 1 2 3
=0 =—a—lésin29 =——2sinfcoso =0
03 03 2r 03 03
0 1 2 3
11 11 2r 11 11 (111)
0 1 2) 1 3
12 12 12) r 12
0 1 2 3
:—Ea—rzosinza =0 =0 _1
13 r 13 13 13) r
0 1 2 3
22 22 r 22 22
0 1 2 3
=0 =0 -0 _ coso
23 23 23 23) sind@
0 1 L, 2 . 3
=0 =-rsin’g| 1--2 =-sinfcosd =0
1133 ] [\33 ] I\33 ] [\33 |
7.4. Bispinor Connectivities
Bispinor connectivities are calculated by the formula
b, =LH:A,, 5" 112
®, =7 HiH...5* (112)
We obtain:
< 1 1ar lar, .
o, :Zr_oz o Er—3°cosé'-SZ§+Zr—s"smé’-s§l
~ 3ar, .
O, = —Zr—;’smﬂsgg
(113)
~ 1 r
5,215,
= 3ar, . 1 1 r .
== —2°sm29-301—50059-523+§[1—2—°Jsm9-831

7.5. Hamiltonian H,7

Taking into account SubSections 7.1 - 7.4,

we derive an expression for H using (22):

()
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. ! . I o 1) . nh 1 o 1 . ar, 0
H =im[1-—=> |-y, —i|1--2 | —+= =i -2 = —+=ctgf |-i-—2>—
§ [ 2rj o ( r] Wl(ar rj [ ZrJr Wz(ae 2% j r’ op

L 5 3 (114)
r r ar,
-1 |— ——i- L _i=Lsing-S,,.
( ZrJrsine Vo3 op LT &
Since the Kerr solution is stationary, the general formula for H, ,
~_1
H, =7H7" +i7 o (115)
ot
in our case will be written as
~1 7~
H,=nH7n (116)
where 7 is defined by (110).
As a result, the Hamiltonian H, can be written as
. r . I o 1) . )\l o 1 . r
H =im|1--2 |-y, —i|1-2 |- —+= =i 12 = —+=ctgl |~y =%
7 ( Zr) & ( rj yoyl(ar rj [ ZrJr Wz(ae 29 ) Py a17)
—1i E%sing_i 1_r_0 1 . i_|%i
LA o Jrsing 700 1 dp

Equation (117) coincides with Equation (106), derived by expanding the general expression for H, (103).
In turn, the general expression (103) is obtained using (2).

Analogously, using (114), we can easily check if the formula (1) is valid for the metric under consideration
(108).

Thus, the same expression for H, for a weak Kerr field is in fact derived in three different ways.

For the block-diagonal metrics like (3), as exemplified by the Kerr metric with the formula (2), we can see
that the algorithm for finding the Dirac self-conjugate Hamiltonians with a flat scalar product becomes signifi-
cantly simpler.

8. Open Friedmann Model

Consider the case of the open Friedmann model in the coordinates
(xo, X, X2, x3) =(t,2.0.0)
For this model, the non-stationary metric takes the following form:
ds? = —dt’ +a’ (t)(d;/ +sh? [ d6? +sin29d¢2]) (118)
g =-a’sh*ysin’9, g, =-a° (119)

The non-zero components of the tetrad vectors HZ in the Schwinger gauge equal

Al=1 Ri=l, AI=——, Al-
- a ¢ a-shy ® a-shy-sing
Hp=-1 Hy=a, Hy=ashy, Hy=a-shysing, (120)
H2=1  H!=a, HZ=a-shy, HI=a-shysing,
Ao-1 Re=l opeo 1 opgeo 1
a a-shy r-shy-sind

Calculations of the Hamiltonian H give

®
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H :im;/U—i;/o1 12 i+Cth;( +;/2i(i-i-ictgc9j+7/3;_i —iid—a (121)
= Cal oy “shyl\og 2 “shy-sin@ ¢ 2a dt
The Hamiltonian H, is defined by (2). For this metric, AH =0
~ . 1 0 1 (0 1
H=imy,—iy,— —+cthy |+y,—| —+=Ctgl |+y,———— 122
o %a{”(al 1} “sh;iae 2 g) ySSh;(-sin@ago} (122)

In the quasi-stationary approximation, for the cosmological time t, the energy operator for a particle moving
inthe y -direction equals

pZ
E=JH?= |m’+—% 123
M (0 (123)
Here,
(0
=—i| —+cth
Pr (81 ZJ
Let us denote
a(t)
a(t)shlzzaosh;gzb(t)aoshgzb(t)r (124)
where b(t,)=1; zero subscripts correspond to the current time (t<t,).
If the radius of the spatial curvature of the universe currently goes to infinity, (a, — «), then
r~a,y (125)
In this case, for the spatially flat Friedmann model, the Hamiltonian (122) becomes equal to
. . 1 (0 1) . 1 o 1 . 1 0
H =imy,—iy,y,—| —+=|—1i — | —+=ctgl |-y, ———— 126
=V yoylb(t)[ar rj e b(t)r[ae 2 j ygy@b(t)rsine op (126)
In Cartesian coordinates, the expression for H, is
H =im _ 2 (127)
n 70 b(t)ygykﬁxk
9. Clifford Torus Metric
The metric proposed in [10] inthe (t,¢,,¢,,z) coordinates is given by
ds? = —dt? +(p, (2)) de? +(p, (2)) do? +[1+ pl(2) +ps (z)szzz, (128)
9=0c =—p 0} (1+ 57 +p}).
In (128), the prime denotes the derivative with respect to the z coordinate.
Tetrad vectors in the Schwinger gauge:
Hy=1 Hy;=0, H;=0, HJ=0;
~ -1 ~ ~
H) =0, Hf=—, H =0, H’ =0
P
~ - ~ 1 ~ (129)
Hy =0, H;=0, H;=—, H;=0;
P2
30 J1 32 33 1
Hy =0, H;=0, H;=0 Hj=—.
P3
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In(129), p,(z \/1+ pl Py (2 ))Z . In accordance with (38), the “reduced” Hamiltonian H_, equals
~ . i 0 i 0 i 0
red Yo o Yo o0 o, e o0, P YoV o (130)
For this metric, in (2), AH =0. Then, the Hamiltonian H, inaccordance with (2) equals
1
H, = 2(H wtHig)
(131)

=imy, —LVVi—LJ/?/i—L)/V 9, YoV ps
0 plglaq)l nggaq)z ,039582 203p3'

10. Equivalence of Hamiltonians with Harmonic Cartesian or Boyer-Lindquist
Coordinates in a Weak Kerr Field

As we know, harmonic coordinates satisfy the condition formulated by Th. De-Donder and V. A. Fock [12] [13].
In Refs. [16] [19], the following form of self-conjugate Dirac Hamiltonian H_ was derived using harmonic
Cartesian coordinates for a weak Kerr field:

. r . [ 0 ra 0 0
Hc:|m[l—2—orj]/0—l(l j}/oyka k_ or 37/07ka 03 [Xlaxz Xza]

g (132)
. ha 3Xy % 3X,X
+'ﬁ[7172(1 3 ij V273 rsz —Vn :22}'

Similar to Subsects 6, 7, a=(0,0,a); J :%‘Ja in (132) is angular momentum of a rotating source of the

Kerr field.
When using Boyer-Lindquist coordinates [3], the self-conjugate Hamiltonian H,_, for a weak Kerr field is
defined by (106), (117):

. r (o o 1) (. )1 o 1 1 0
Hy  =im[1--2 |y, —i|1-2 —+= =i 1-2 +=ct
B-L ( 2r)7° [ erl(ar rj ( 2rj {y [ae 2 gj 7°y3sm¢90(p} 133

L .raod .3ra .
- — —l————1——=7,7,SIn6.
Whozmlna op 47 £V
In (132), (133), the summands without a correspond to the Schwarzschild metric. These parts of (132), (133)
are physically equivalent to each other.
The last but one summands in (132), (133) are also physically equivalent to each other. Indeed, in a weak
Kerr field, Boyer-Lindquist coordinates are reduced to spherical coordinates.

Hence,
Xy =I-C0S0,
X, =r-singsing, (134)
X, = r-sinfcose.
a_aaxzaaxlxa_xﬁ (135)

op X, 0p Ox 0 ox, Zox

Given (135), we can see the desired equivalence.

As for the last summands in (132), (133), they do not seem to be equivalent at first. Suffice it to note that the
last summand in (132) contains three spin matrices (|;/1;/2 =25,07,05 =2y, 1730, = ) while the last summand
in (133) has only one spin matrix X,. This may put the correctness of (133) into question, although it was de-
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rived in Subsection 7 in three different ways.
In order to resolve this, let us write the Hamiltonian (133) using the representation of Dirac matrices in spher-
ical coordinates (79). The matrices (79) are related to the matrices y,, »,, », by the unitary transformation (80).
The Hamiltonian (133) with the local Dirac matrices y,, y,, 7407 takes the following form:

) r 10 ., 1 0
Hi , =im[1-=2 |y, —i|1-2 i|1-=2 |y, = ——i| 1-—2 =
Bt ( 2rjy° ( jm’a ( 2rjy°7“’rae [ ZrJW“’ r-sind op
Sy (136)
I ra 1lra 2 : o
~74 rﬁ—l : o0 +|Zﬁ—3[;/1yz(1—3cos 49)—37Zy3cosesm0c05go—3y§ylcos‘95|n6'sm¢)].

Given (134), the last summands in (136) and (132) coincide with each other. The Hamiltonian (136) is physi-
cally equivalent to the Hamiltonian (133), since it is obtained using the unitary transformwation (80):

Hi . =RH;  R" (137)

The analysis indirectly proves that Equation (103) is valid for the general Hamiltonian in Boyer-Lindquist
coordinates. Equation (103) can be used for Kerr gravitational field of arbitrary strength and angular momentum
of the field source of arbitrary magnitude.

The results obtained above demonstrate that for clear physical interpretation of individual summands of Dirac
Hamiltonians one should use harmonic Cartesian coordinates. Classical interpretation of individual Hamiltonian
terms requires transition to the Foldy-Wouthuysen representation [20] [21].

11. Conclusions

This study develops the algorithm proposed in [1] for constructing self-conjugate Hamiltonians H, inthe 7-
representation with a flat scalar product to describe the dynamics of Dirac particles in arbitrary gravitational
fields. We prove that a Hamiltonian in the #-representation for any gravitational field, including a time-dependent
field, is a Hermitian part of the initial Dirac Hamiltonian H derived using tetrad vectors in the Schwinger
gauge. We also prove that for the block-diagonal matrices like (3), the Hamiltonian H, can be calculated by
the formula (2) using “reduced” parts of the Hamiltonians H and H* without or W|th a small number of su-
mmands with bispinor connectivities. Using this method, we for the first time find self-conjugate Hamiltonians
H _ for the Kerr metric in the Boyer-Lindquist form and for the Eddington-Finkelstein, Finkelstein-Lemaitre,
Kruskal, Clifford torus metrics and also for non-stationary metrics of open and spatially flat Friedmann models.

In this paper, we also prove physical equivalence of Dirac Hamiltonians in a weak Kerr field in harmonic
Cartesian and Boyer-Lindquist coordinates. We point at the necessity of using harmonic Cartesian coordinates
for clear physical interpretation of individual terms in the Hamiltonians.

In [22], the algorithm for deriving self-conjugate Dirac Hamiltonians in the 7 -representation is extended to
the electromagnetic case. The Hamiltonian derived is applied to the case when the nonstationary gravitational
field describes the spatially flat Friedmann model, and the electromagnetic field is an extension of the Coulomb
potential to the case of this model.

Following other authors [17], we demonstrate that energy levels in atomic systems are invariable in cosmo-
logical time.

Spectral lines of atoms in the spatially flat Friedmann model are identical at different points of cosmological
time, and redshift is attributed completely to the growth of the wavelength of photons in the expanding universe.

At the same time, we observed that interaction forces and physical dimensions of atomic and quark bound
systems vary with universe expansion.

The expressions for Hamiltonians H, , derived in this paper, can also be employed to study the behavior of
Dirac particles in the vicinity of black holes, and scattering and absorption of such particles by black holes.
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