Advances in Pure Mathematics, 2015, 5, 21-26 ’o’o Scientific
4

Published Online January 2015 in SciRes. http://www.scirp.org/journal/apm ":Q’ §3§ﬁg;“mg

http://dx.doi.org/10.4236/apm.2015.51002 ¢

Asymptotic Expansion of Wavelet Transform

Ashish Pathak?, Prabhat Yadav?, Madan Mohan Dixit2

1Department of Mathematics & Statistics, Dr. Harisingh Gour Central University, Sagar, India
2Department of Mathematics, North Eastern Regional Institute of Science and Technology (NERIST), Nirjuli, India
Email: pathak maths@yahoo.com, yprabhatd@gmail.com, mmdixit1975@yahoo.co.in

Received 14 October 2014; revised 30 October 2014; accepted 14 November 2014

Copyright © 2015 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

Abstract

In the present paper, we obtain asymptotic expansion of the wavelet transform for large value of
dilation parameter a by using Lopez technique. Asymptotic expansion of Shannon wavelet, Morlet
wavelet and Mexican Hat wavelet transform are obtained as special cases.

Keywords

Asymptotic Expansion, Wavelet Transform, Mellin Convolution, Integral Transform

1. Introduction

The continuous wavelet transform of a function h with respect to the wavelet ¢ is defined as

- x—b
(W¢h)(b,a):a2J'Rh(x)qﬁ(T)dx, a>0, beR, 1)
provided the integral exists [1]. The asymptotic expansion for Mellin convolution
I(y)zf:h(x)g(yx)dx; as u— 0+, )

was proposed by Lépez [2], under dyadic conditions on g and h. Let us remind earlier results from [2], which
will be used in present study. We assume that ¢ (X) and h(x) have asymptotic expansions of the form;

g(x):iai X" +g,(x); as x— 0+, @)
and
h(x)= T]ibix“‘q +h,(x); as x—oo. 4)
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Also assume that
g(x)zo(x‘ll); when x> and 4 R, (%)
and
h(x):o(x‘iz); when x>0+ and A, eR, (6)
with the parameters p, g, 4 and A, satisfying the following conditions:
p+4 <l<q+4,; 4 <q and p<4i,. ™

The asymptotic expansion of (2) at the origin is given by the following Theorem ([2], pp. 631, 633, 634).

Theorem 1 Assume that (i) g(X) and h(x) are locally integrable on (0,); (ii) g(x) and h(X)
have expansions of the form (3), (5) and (4), (6) respectively and (iii) p, q, 4 and A, satisfy (7), then the
asym- ptotic expansion of (2) as x — 0+ are given by

Case I: Forany n=1,2,3- and m=n+| p+q| with p+qeZ,we have

I:h(x)g (ux)dx = nfbiM [g;1-i—q]u'"* +EaiM [hl+i—p]a'® +O(ﬂ”““1). (8)

i=0

Case Il: Forany n=1,2,3,--- and m=n+p+gq-1 with p+qeN, we have

J'h g(ux)dx = ZaM[h1+| plu’

+Zﬂl+q_l{ iy pig 1|Ogﬂ+|lm[bM g;z+1- I—Q] al+p+q*1M [h;Z+i+C]]:|} ©)

+O(,u"‘ pIog,u).

Case lll: Forany n=1,2,3,--- and n=m+1-p—-q with 1-p-qgeN, we have

J'h g(ux) dx_ZbM[gl i—qlut

m-.

+Zﬂ' p{ . qlogy+llm[b,+l o M[g;z+p-i]+aM[hz+i+1- p]]} (10)

+O(,um p|0g,u).

By using Wong technique, the asymptotic expansions of wavelet transform (1) for large and small values of
dilation parameters and translation, parameters were obtained by Pathak and Pathak 2009 [3]-[5].

The main aim of the present paper is to derive asymptotic expansion of the wavelet transform for large value
of a, by using Theorem 1. We also obtain asymptotic expansions for the special transforms corresponding to
Shannon wavelet, Morlet wavelet and Mexican hat wavelet.

2. Asymptotic Expansion of the Wavelet Transform for Large Value of a

In this section, we obtain asymptotic expansion of the wavelet transform (1), when a — .
Now, let us rewrite (1) in the form:

(W¢h)(b,a) = l9%J1°:0h(x+b)¢(é}x)dx

P { ["h(x+b)g(9x)dx+ j:h(—x+b)¢(—9x)dx} (11)
= (W, h)(b,a)+(W, h)(b,a)(say);

where, & :l and b is assumed to be a fixed real number.
a
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Setting h(x+b)= y(x) and assume that x(x) and ¢(x) are locally integrable on (0,%0). Further as-
sume that ;((X) and ¢(x) have asymptotic expansions of the form

#(x)= n_lci XP 4+ (x), as x—> 0+, (12)

i=0
Z(x):nidix"’qﬂ(n(x); as X — . (13)

i=0

Also assume that
M:O(x”’); as x>0, Bek, (14)
and

;((x):O(x’7); as x>0+, yeR. (15)

with the parameters p, g, £ and y satisfy the following condition
p+p<l<q+y; Ff<q and p<y. (16)

Then by using, Theorem 1, we obtain asymptotic expansion of (W{;h)(b, a) for large value of a.
Case I: When n=1,2,3,--- and m= n+Lp+qJ with p+q¢Z, we have

AN

n—:

(W, h)(b,a)=DhM][g:1-i-q g +§ai|v| [i1+i-p]d ¥ +0(9m?)
0 i=0

- (17)
n-1 m-1
=>bM[gil-i-qla "+ Y aM [gl+i-pla P L0 (a ),
i=0 i=0
Case Il: When n=12,3,--- and m=n+p+g-1 with p+qeN, we have
+q-2
(W¢*h)(b,a): pzq: aM [rl+i-pld ¥
i=0
n-1 — . . m—p+
+§3.+q—vz{_biai+p+qfllog.9+lziﬂg[biM [qﬁ; z+1-i —q}+ai+p+qflM [ z+|+q]J}+O(‘9 p uzlogs) -
+q-2
= pzq: aM[rl+i—pla™Pt?
i=0
n-1 _ i i i
+i§a—u7qwz {_biaqufllog (1/a)+|ziﬂg[biM [qﬁ; z+1-i —q]+ai+p+qflM [7: z+|+q]J}+O(a P2|0g (]/a)).
Case lll: When m=1,2,3,--- and n=m+1-p—-q with 1-p—-qeN, we have
(W, h)(b,a) :fqbiM [#:1-i-q|g™¥?
i=0
-l - 7 - -
+§g'—p+l/2 {—aibmfpfqlogSJrIzllrg[bmfpqu [¢;z+ p—|]+aiM [riz+i+1- p]]}
+0(9" " log 9

~SbM [5;1—i—q]a"’q”/2

i=0 I
N mz4a,i+p,]/z {_ainlfpquOQ (Ya)+ Iing[bmfpqu [5 Z+p- i] +aM[y;z+i+1- p]]}
Pr 7>
+0(a ™" *log(1/a)).

Similarly, we can also obtain the asymptotic expansion of (Wq;h)(b,a) as a— —o,

®
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3. Application

In this section, we apply the previous result and obtain the asymptotic expansions of Shannon wavelet transform,
Morlet Wavelet transform and Mexican hat wavelet transform.

3.1. Asymptotic Expansion of the Shannon Wavelet Transform

sin(j
Let us consider ¢ to be Shannon wavelet and it is given by [1] ¢(x) = 2 cos(s%x). Since, ¢ is lo-

%)

+0(x") asx—0+ (20)

cally integrable on (0,00) and has the asymptotic expansion:

m 1 77°x®  3ln*x* 3 2177°x°
6 120 5040

with
ﬁ:o(l); as X — oo, (21)

Consider, x(x) is locally integrable on (0,c0) and satisfies (13) and (15) with parameters
l<q+y; g>0 and O<y. (22)

Now, by using (17), (18) and (19) respectively and by means of formula ([6], p. 321, (41)), then the asymp-
totic expansions of Shannon wavelet transform are given by

Case l: When m=7+|q] and qeZ, we get

(W[h)(b, a)= i_60bi {(1— 2+ )n‘“”qcos[%n(—u i+ q)}r[—i - q]} a o

1 (23)
+YaM[yi+ila 2 +0(a).
i=0

Case Il: When m=6+q and gqeN, we get

i=0 i=0

(W, h)(b,a)= qiai M[rl+i]a™™¥ + ia“““l/z {—bi a,.,4l09(/a)

+|Zi”3{bi {(1_2i+q—z)ﬂ_—l+i+q‘z c05|:%n(—1+i+q—z)j|r[—i —q+z]}+ai+qlM [1;z+i+q]}} (24)

+0(a " ¥log(1/a)).
Case lll: When m=6+q and 1-geN, we get
(W, h)(b,a)= i , {(1— 29 cos En(—h i+ q)}l‘[—i - q]} a2y Ea“‘“ {—aibwlqlog (Ya)
+lim {bmq {(1_ oit4-2 )n_1+i+q-zcoan(—1+ i+q- z)}l‘[—i -q+ z]} +aM [y z+i +1]}} (25)
+0(a " *log(1/a)).

3.2. Asymptotic Expansion of the Morlet Wavelet Transform

X
2 Since, ¢ is locally integrable on

Wo X—

We choose ¢ to be Morlet wavelet and it is given by [1] ¢(x)= ei
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(0,00) and has the asymptotic expansion as
$(x)=1-iw, x+ _—l—W—§ x2+£i(3w +W3)X3+O(X4)' as X — 0+ (26)
o] 2 2 6 (o] (0] ’ '
with
M =0(1); as x> .

Let ;((x) is locally integrable on (0,00) and satisfy (13) and (15) with parameters (22). Now by using (17),
(18) and (19) respectively and by formula ([6], pp. 318, 320, (10,30)),then the asymptotic expansions of Morlet
wavelet transform are given by

Case I: When m=4+|q] and qeZ,we have

(W, )(0,2) =3 {22(‘““” Hga—i—q)}l JHEE

=0

. i q i 93 W “iegel
A(1-—-—| Fll-——— = -2 |w,ra 2 27
2 2 l { 2 2'2 2}W°} @1

2
m-1 -
+YaM[yl+ila 2+O( ),
i=0
Case Il: When m=3+q and gqeN, we have

(W;'h)(b.a) = E&M [ril+ila™™?

i=0

+ia-i—q+1/2 {_b. a.,,:log (Ya)+ lm [bi {2;(1iq+z) [1{; (1-i-q+ z)} [; (I-i-g+2),

er—\
M|°§N
| S|

1

. i q z i g z3 W o
+iV2[l-————+—= | F|l-————+—=,—, - |W, +a, M| yiz+i+
\/_{22211{2222 2} JH Mz q]}
+0(a " log(/a)).

Case Ill: When m=3+q and 1-qeN, we have

(W, h)(b,a)=
(-1-i-q)

—q 1 i g3 wW
hi2 2 Z(1-i-q F Z(1-i-q),Z,——= |+ivar S | 1-———2 2 Do
ZO{ { ! 2 } [ 2 21 1{ 2 2’27 2

(28)

+Tz:a‘i‘“{ b, qIOg(J/a)+I|m{b.+1 q () [F[%(l—i—q+z)lF {;(1 i—q+2), % Wé}
+iﬁr[1_l_ﬂ+£l F{l—lz—%+ 0}}+ai|v| [;(;z+i+1]}}+O(a—m—l/zlog(l/a))_
(29)

3.3. Asymptotic Expansion of the Mexican Hat Wavelet Transform

,xz

We choose ¢ to be Mexican hat wavelet ¢(x):(1—x2)eT [1]. Since ¢ is locally integrable on (0,oo)

®
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and has the asymptotic expansion:

— 3x* Bx* 7x® 3x® )
¢( ) 1—7 ?—E-FE-FO(XQ), as Xx—>0+ (30)

with
#(x)=0(1); as x—wx
As x(x) is locally integrable on (0,%) and satisfies (13) and (15) with parameters (22). Now by using
(17), (18) and (19) respectively, we can obtain the asymptotic expansion of Mexican hat wavelet transform by

using formula ([6], p. 313, (13))
Case I: When m=9+|q| and qeZ,we have
(W, h)(b,a) = ZS: { E (i +q)1“[%(1—i—q)}}aiQ+2+mzlaiM [;(;1+i]afi7+O(a’”/2’q). (31)

i=0

Case Il: When m=8+q and gqeN, we have

q-2

( )(b a)= a,M [z;l_,_i]afi—l/z

i=0

+0(a"*log(1/a)).

Case Ill: When m=8+q and 1-ge N, we have

(quh)(b' a)= 2& {Z;Uiq) (i+ Q)FE(l— i— q)}} amay?

+Zgla‘qw2{ b, 1Iog(]/a)+lzi_r)r3{b,{ e Z)( i+q-z)T B( —i—q+z)}H+ai+qlM [;(;z+i+q]}(32)

+§aw2{ D qlog(]'/a)+llm|:bi+l—q{22( o )( +q-2)T B( —i—q+z)}}+aiM[;(;z+i+1]ﬂ (33)
+0(a " ¥log(Y/a)).
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