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Abstract

For each irreducible module L(A) Xi Nanhua defined an element which generated this module.

We use this element to construct a certain basis for L(4) and then compute dimL(4), deter-

mine its formal characters in this paper. In order to obtain faster speed we modify the algorithm
to compute the irreducible characters.
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1. Introduction

The determination of all irreducible characters is a big theme in the modular representations of algebraic groups
and related finite groups of Lie type. But so far only a little is known concerning it in the case when the charac-
teristic of the base field is less than the Coxeter number.

Gilkey-Seitz gave an algorithm to compute part of characters of L(4)’swith 2e X (T) for G being of
type G,, F,, E;, E, and E; in characteristic 2 and even in larger primes in [1]. Dowd and Sin gave all
characters of L(4)’s with e X,(T) for all groups of rank less than or equal to 4 in characteristic 2 in [2].
They got their results by using the standard Gilkey-Seitz algorithm and computer. L. Scott et al. computes the
characters for A, when p=5, p=7 by computing the maximal submodule in a baby Verma module [3].
Anders Buch and Niels Lauritzen also obtain this result for A, when p=>5 with Jantzen’s sum formula [4].

An element P(pn—l)p—i eu, for each irreducible module L(4) with 1e X, (T) was defined in [[5], §

39.1, p. 304] and [[6], p. 239]. This element could be used in constructing a certain basis for L(/l), computing
dimL(/l), and determining ch(L(/l)). In this way, Xu and Ye, Ye and Zhou determined all irreducible cha-
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racters for the special linear groups SL(5,K), SL(6,K) and SL(7,K), the special orthogonal group
SO(7,K) and the symplectic group Sp(6,K) over an algebraically closed field K of characteristic 2 in [7]
[8] and for the special orthogonal group SO(6,K) and the symplectic group Sp(6,K) over an algebraically
closed field K of characteristic 3 in [9] [10]. However, it needs so much time to compute the irreducible cha-
racters for other groups. In the present note, we shall work out all irreducible characters for the simple algebraic
groups of type A, over an algebraically closed field K of characteristic 3 with modified algorithm to obtain
faster speed. We shall freely use the notations in [9] [11] without further comments.

2. Preliminaries

Let G be the simple algebraic group of type A, over an algebraically closed field K of characteristic 3.
Take a Borel subgroup B and a maximal torus T of G with T<B. Let X (T) be the character group
of T, which is also called the weight lattice of G with respectto T.Let Rc X (T) be the root system as-
sociated to (G,T) , and choose a positive root system R, insuch away that —R, correspondsto B . Let

S={a,,, 05,04, 05}
be the set of simple roots of G such that
R, ={a1,a2,a3,a4,a5,aij =q;++a;, 1<i<j SS}

Let @ (1<i<5) be the fundamental weights of G such that (,,a; )= &, the Kronecker delta, and denote

by A=(A,4. A4 A5) the weight A=A + 4o, + Lo, + 4o, + Ao, With A, 4, A4, A, ks €Z, the
integer ring. Then the dominant weight set is as follows:

X(T), ={(A Aor s s 25 ) € X(T)| s 2 g, A A5 2 0]

Let W =Ng T /T be the Weyl group and let W, be the affine Weyl group of G. It is well-known that
for ﬂeX(T)+, Ho(ﬂ.) is the induced G -module from the 1-dimensional B -module K, which contains a
unique irreducible G -submodule L () of the highest weight A . In this way, X(T), parameterizes the fi-
nite-dimensional irreducible G -modules. We set ch(/l)zch(H (4 )) and ch, (4 ) ch(L(4)) for all
A€ X(T), . Moreover, ch(Z) isgiven by the Weyl character formula, and for 1 e X (T),, we have

Y det(wie(w(i+p))
2w det(w)e(wp)

ch(4)=

For 2=(a,b,c,d,e)e X,(T), we have

dimH® (a,b,c,d,e) :%(aﬂ)(bﬂ)(c +1)(d+1)(e+1)(a+b+2)(b+c+2)(c+d +2)(d +e+2)

(a+b+c+3)(b+c+d+3)(c+d+e+3)(a+b+c+d+4)(b+c+d+e+4)
(a+b+c+d+e+5).
Let F" be the n-th Frobenius morphism of G with G, =G the scheme-theoretic kernel of F". Let

v be the Frobenius twist for any G-module V . Itis weII known that V" is trivial regarding as a G, -
module. Moreover, any G -module M has such a form if the action of G, on M s trivial. Let

X (T) = {(Aur Ao 2, Ay 25 € X (T), }

Then the irreducible G -modules L(4)’s with Ae X, (T) remain irreducible regarded as the G, -modules.
On the other hand, any irreducible G, -module is isomorphic to exactly one of them.
For 2e X(T),, we have the unique decomposition

1Y

A=2"+3"2" with 2%e X (T), 2'eX(T),

Then the Steinberg tensor product theorem tells us that
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L(A)=L(2%)eL(2)"

Therefore we can determine all the characters ch, (1) with A X (T) by using the Steinberg tensor
product theorem, provided that all the characters ch,(4) with A€ X, (T) are known.

Recall the strong linkage principle in [12]. We define a strong linkage relation « T A in X, (T) if L(x)
occurs as a composition factor in H°(1). Then H°(A) is irreducible when A is a minimal weight in
X (T )+ with respect to the partial ordering determined by the strong linkage relations.

Let g be the simple Lie algebra over C which has the same type as G, and i the universal enveloping
algebra of g.Let e, f , h (a eR,,i=123/4 5) be a Chevalley basis of g. We also denote e, , f, by
e,, f, . respectively, where 1 e A= {1 2,3,4,5,12,23,34,45,13, 24 35 14,25,15} The Kostant Z “form i, of
$1 is the Z -subalgebra of I generated by the elements e k/kl ak = k/kl for ¢ eR, and

keZ, . Set

(hi :c]:: (h +c)(h +C—]|.()!---(hi +o—k+1)

h . .
Then [';CJEHZ for 1=12345, ceZ, keZ,. Define 4, =4, ®K and call &, the hyperal-

gebra over K associated to g.Let 4, &, &7 be the positive part, negative part, zero part of 4, , respec-

h
tively. They are generated by egk), fcfk) and (klj respectively. By abuse of notations, the images in {, of

a ! a

h +c
e £ ( II: ] , etc. will be denoted by the same notations, respectively. The algebra 4, is a Hopf alge-

bra, and 4, has a triangular decomposition £, = $f, 4044} . Given a positive integer n, let £ be the sub-

h .
algebra of &(, generated by the elements efl"), fa("), (I(IJ for ¢ eR,, 1=1234,5 and 0<k<3". In

particular, =4I, is precisely the restricted enveloping algebra of g. Denote by 47, (-, U° the positive
part, negative part, zero part of 4l , respectively. Then we have also a triangular decomposmon U, o= U U
Given an ordering in R, , itis known that the PBW-type bases for &, resp.for #  have the form of

5
e[ e
aeR, i=1 | aeR
with a,, b, c, €Z, resp.with 0<a,, b, c, <3".
Let A=(4, 24,4, 45) € X, (T). Weset 4 =>4 for 1 €A, hereeachelement | isalso viewed as

a certain set of simple roots. Following [5] [6], we define an elements r, in 4. by

L, = fl()a) fz(ilz) f3(113) f4(/114) f5(115) fl(/lz) fz(lzs) fs(/lu) fA(ﬂzs) fl(ﬂs) f2(434) fs(ﬂss) fl(/14) f2(145) f1(/15)

As a special case of [[5], Theorems 6.5 and 6.7], we have

Theorem 1 Assume that g is a simple Lie algebra of the simple algebraic group of type A, over an
algebraically closed field K of characteristic 3. Let A =(4,4,,4,,4,,4 )€ X, (T).

(i) The element ¢, liesin 4.

" - o (W_[(2e)] (o
(if) Let J, bethe leftideal of &(, generated by the elements "/, c , T
k

1=12345 k=1 k >3") and the elements fetl, with fr = =0. Then & /3, =L(1) (Note

that L(4) hasa &I, -module structure, which is |rredu0|ble) ")
(iii) Asa 4, -module, L(Z) isisomorphic to un;(sn oo’
)

By abuse of notations, the images in &I, /J, = L(/l) of fi(ki) and f,(k') will be denoted by the same

&)
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notations. We shall use this theorem to computer the multiplicities of the weight spaces for all the dominant
weight of L(4), to compute dimL(4), and to determine ch(L(4))=chy(4) (4eX,(T)) in this note,
when G is the simple algebraic group of type A, .

3. Characters of Irreducible Modules of G

From now on we shall assume that n=1. Denote by V" the dual module of V , then we have by the duality
that chH®(1) =ch(-w,4), and chL(1)" =ch,(-w,A4). Furthermore, the elements f, (1 e.4) satisfy the
following commutator relations:

fif,="0f+f, ffi=>f(f+f
fof,="0,0+1,, f,f=>0T,+"f,,

231

fafy =TT+ Ty fifye =1+ 1
fofu = fou b+ fo fifo =T fi+ fi,
oo = ot + fon fiogfy = T f + T,
f, f,=f,f, for all the other I, I'e A.
Now we can obtain our main theorems. Let e(v)=)" . w(v) be the sum of weights of the W-orbit of v
for all veX(T), . Itis well-known that {ch(v)|v e X (T )+} , {chs(v)[ve X(T).} and {e(v)veX(T),}
form bases of Z[X (T)}W , the W-invariant subring of Z[X (T)] , respectively. According to the Weyl

character formula and the Freudenthal multiplicity formula, we get a change of basis matrix A= (aﬂv )2 vex(M)
from {e(v)|v e X(T )+} to {ch(v)|v e X(T )+} , which is a triangular matrix with 1 on its diagonal, i.e.

(D)= ¥ ae(v)

v=<Aa, veX(T )+

n

with a,, =1 (cf. [10]). Based on our computation, we get another change of basis matrix
B= (blv )/1,ve><(T)+

from {e(v)|v eX(T )+} to {ch3 (v)|v eX(T )+} , which is also a triangular matrix with 1 on its diagonal.

Let us mention our computation of B more detailed. First of all, we compute ¢,, , forany Ae Xl(T). It
is well known that for each dominant weight v of H°(/1), p=A1-v can be expressed in terms of sum of
positive roots, and there exist many ways to do so. Each way corresponds to an element f,x, , in [ . Then
we compute various f,r,, ,. Note thateach f,r, , can be written as a linear combination of the basis ele-
ments of &(, with non-negative integer coefficients, and the typical images of all non-zero f,x,  , ’s generate
the weight space L(1) of the irreducible submodule L(2) of H®(Z). Therefore, we can easily determine
the dimension of L(A)V , provided that we compute the rank of the set of all these non-zero f,z,, ,’s. It can
be reduced to compute the rank of a corresponding matrix. Finally, we obtain the formal character of L(/l),
which can be written as a linear combination of e(v) ’s with non-negative integer coefficients. That is

chy(2)= > b,e(v)

v<ﬂ.,veX(T)+

with b,, =1. In this way, we get the second matrix B .
For example, we assume that G is the simple algebraic group of type A, and A= (2,1, 2,1, 2) .
It is easy to see that

F=top1 = Howono) = fhifsf, f4(2) fs(z) fof) fs(z) f4(2) fo f,
For v=(3,0,1,2,2), we have A—v=(-111-10)=a,+a,. First we compute each of the set

SS, ={f,fyr, f5r} . Then we compute the rank of the set SS, , which is equal to 2. So we have
dimL(2,1,212).,,, , =2. For ©=(2,0113), we have A-x=(0110-1)=c +20a,+2a;+a, We

compute each of the se
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SS, = { ff, f fafafyr, 6, 6, fafor, £ f, fofpur, £ f, T for, fiffor fif, i fifor,
[FR P PRR 7 SN 178 P B0 4 V00 1P PR 1 9 U FP PR 99 0 FPR PR 29 0 1P PP PR 19
LEPSRPERY.TN FPOR PR P 1 R 1P P 90 S SO POV S FPRVIR P S $PVV Y fsx}

and then we compute the rank of the set SS,, which is equal to 13. So we have dimL(2,1,2,1,2) 20113 =13
By this methods, we can calculate all multiplicity b,, Finally, we obtain the formal character of Trreducible
module ch;(2,1,2,1,2).

When 4 liesin X (T), butnotin X,(T), we can also compute the formal character ch, (1) by using
the Steinberg tensor product theorem. For 1 € X (T )+, we have the unique decomposition

A=2"+32" with 2°e X (T), A'eX (T),
Then the Steinberg tensor product theorem tells us that
chy (1) =chy(4°)-chy (34")

Therefore, we can determine all characters ch, (1) with 2 X (T),, provided that all characters ch,(2)
with 2 e X,(T) are known. For example, when 1 =(0,2,0,0,3), we have

ch,(0,2,0,0,3)
=ch,(0,2,0,0,0)-ch, (0,0,0,0,3) = ((0,2,0,0,0)+€(1,0,1,0,0)+€(0,0,0,1,0))-&(0,0,0,0,3)
—¢(0,2,0,0,3)+€(2,0,0,0,1)+e(1,0,1,0,3)+€(1,10,0,2)+¢(0,1,0,0,1)+¢(0,0,0,1,3) +¢(0,0,1,0,2).

Therefore, from the two matrices A, B, we can easily get the third change of basis matrix D= AB™ from
{ch3 (v)|veX(T )+} to {ch(v)|v e X(T )+} , which is still a triangular matrix with 1 on its diagonal. The ma-
trix D gives the decomposition patterns of various H®(1) with 1e X (T),.

We list the matrix D in the attached tables. In all these tables, the left column indicates A ’s. For two
weight v<4eX (T )+ , the number d,, in tables is just the multiplicity of composition factors

[H*(4):L(v)].
4. Faster Algorithm

In paper [9] [10], we compute the multiplicity b, one by one for a fixed weight A However, noticing that
some information computing b,, may be useful to compute b,, for v < ux So we compute all possible f,
such that SS, = { fﬁx} spanning to the whole L(/I) firstly. Then we compute SS; = { fﬁp} in some ordering:
if f,=1f,f, thenwe firstobtain y, = f, r save this result and compute y, = f,x=f,y, instead of com-
puting fyr=1f, f,r directly. Infact we only need compute f;y for some positive root S and yeSS, in
one step.

For example, suppose to compute {f3 for, Ty f4;} we can compute y, = f,r at the first step, and then
compute vy, = f,y,,y, = f,;y, Inthis way, we can avoid much repeated work.

In order to obtain the results the computer must work several days. So we must be careful to avoid error.
There are facts to verity the results.

At firstly, we compute the dimension of weight space, then by Sternberg tensor formula and Weyl formula we
obtain the decomposition pattern of H° (4). Atlast checking all the data we find that

1). Symmetry of dimension of weight space. Checking the results the two equations are satisfied:

dimL(ﬂ'l’/LZ’%’ﬂ?’ﬂi)(#yﬂzws,mvﬂs) - dimL(ﬂi’ﬂz'23'22’%)(“5"‘4'#3'”2’”1) ,
dimL(ﬂivﬂzJ@/iAvﬂs)( )=dimL(ﬂs*ﬂ4lﬂslﬂz!ﬂ1)(

2). Symmetry of composition factors. From the H° (/1)' s decomposition patterns, the following equations
are hold:

L4 3 g0 15 s Ha 13 40 1)

[H (A Ay A 20, 20) Lty st 115) | = [ HO (A A Ay A 2 ) 2 L (s s 1t 1 114 |
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3). Positivity of multiplicity of composition factors. All the multiplicity of composition factors we obtained
are nonnegative.

4). Linkage principle is hold. If the multiplicity of composition factors [H"(/l): L(v)} #0 then we have
ul A

From the representation theory of algebraic groups, all the above results should be hold, so the computational
data is compatible with the theory.

5. Main Results
Theorem 2 When G =SL(6,K), let
A={(22,222),(1,2,2,2,2),(12222),(210,2,2),(2,2,012),(2,2,2,0,1),(1,0,2,2,2),
(2,01,2,2),(2,2,1,0,2),(0,2,2,2,2),(2,2,2,2,0),(0,1,2,2,2),(2,2,21,0)} = X, (T).

Then H°(2) is an irreducible G-module for all 2e A and the decomposition patterns of H®(1) for all
Ae X (T)\A arelisted in Tables 1-8.

Remark: The table should be read as following. We list the weights in the first collum and write the multip-
licity of composition factors as the others elements of tables. For example, from the third row in Table 1, we
obtain 00200 0 1 1, this mean

ch(0,0,2,0,0) = 0-ch, (0,0,0,0,0)+1-ch, (1,0,0,0,1)+1-ch, (0,0,2,0,0)

Table 1. The linkage class (00000).

Weight Multiplicity of composition factors of irreducible module in Weyl module

00000 1
100011
00200 0
01002 0
200100
001111
111001
00030 1
00103 0
03000 1
301000
110112
11003 2
300112
00014 0
410000
30003 3
02020 2
101123
211013
100311
130011
00400 0
02004 2
40020 2
10023 2
32001 2
011212
121102
20202 6
003110
113000
011133
311103
40004 3
00303 0
303000
010321
230101
112116
11203 8
302118
30203 1
212121

CORPPRPOO0OO0OO0OONRRPROOROOOORRPROOORRFPOROORREPNOOOORRERRE R
WNNNNOOOOORRPRRRPRPRLRRLPREPREPRLRRLRRPLOORRLRRLRPORRLROOROOOORKREOOLR
N AP O0OO0OO0OORFROOROO0OO0OO0O00O00O0O00O0O0OOROO0OO0OO0OORRLROOROOR OR
POORrROOOORrROOROOO0OO0OO0OO0OO0O0OO0O0OO0OO0OROOOOORORRPLROOOR O
POWRNRPOROONRRORRLRRLRRLRRLPOROORRLRNRLROORORRLROOREROLR
WNRPWNORORORNORRPRRRPRPRLPRLPLOORONRRLROROROREREROOLR
WNNOFROOROORRLRFPOOOROROROOROOROOROOOOOOR
WP P OO0OO0OO0OO0OO0O0OO0ORO0O00OO0OO0OOROROOOOROOOROROOOR

PP ONFPOOORORRPORORORPROROOROOOROROOOOOR

WP OROO0OO0OO0OO0OOROO0OO0OO0OO0OOROROOOOROOOROR OO
PRPRPPRPPRPOO0OOCORRPRRPOORRRLPROORRLROOORRLRIEIRLOORR R
PRPRPNFPOROORONOOROROROROOOOROROOOR
NNMNNRPRPRPROOORNOOORRPOROROOOOROOR OO K
NNOOOOOOOOOROO0OO0OO0OO0OOROROOOOOOOOR

PP OO0OO0OO0OO0OO0OO0OROO0OO0OO0OO0OOROROOOOOOOOR

PP RPPRPOO0OO0OO0OOROO0OO0OOROO0OO0OO0OO0OO0OO0OOOOO O
PNRPRPNOOOORRPRRPRPRPRORROORRLRRELOOOOR
NRPPRPPOROOOOROOROROROOOOROR
PRPRPRPRPPRPOO0OO0OOROOORRLROROOOOROR
PRPPRPPONOOOOROO0OOOROROOOOR
NRPRPRPRPPNOOOOROOOOROROOOO R

NP OOROOOOOOORROOOOO OO
POOROOOOOROROOOOOOOOK

PP PRPOO0OO0OO0OO0OORRPROOOOOOOO R

PP ORPROOROOOOROOOOOOR

PRPPRPOORFROOOOROOOOOOR

PRPORRPOROROOROROOLR

PORPORRPRORPROOROROOLR

PORPRPPOOOOOOOOOR

PRPORRPROOOROOOOLR

POPRPOROOROOOOR
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Table 2. The linkage class (00001), (10002).

Weight Multiplicity of composition factors of irreducible module in Weyl module
10002 1
00001 1
201000 1
120001 1
002011 0 1
310000 1 1
200111 1 0 1
001201 0 0 1
200031 0 0 1 1
110202 1 0 1 1
111011 1 1 1 0 1
001040 0 0 1 0 1
030010 0 0 0 0 1 1
300202 1 1 0 1 0 1
301010 1 0 1 0 1 0 1
220011 1 1 0 0 0 0 1
021100 0 1 1 0 1 1 0 1
110042 0 0 1 1 1 0 0 1
102021 0 1 11 1 0 0 0 1
101211 0 0 1 1 0 0 O O 1
410010 0 1 0 0 1 1 1 0 0 1
211102 1 1 11 0 1 1 0 0 1
013000 0 1 0 0 0 0 0 1 0 O 1
300043 0 00101010001
100400 0 0 0 0 0 0 0 0 1 0 0 1
203000 0 0 1 0 0 0 0O OO 1O001
401101 0 1 1 0 1 11 1 0 1 0 0 1
101132 1 0 111 0 0 1 1 0 0 O 1
0121120 0 1 1 0 1 1 01 1 0 1 0 0 1
130100 0 0 0 0 0 0 1 0 0 1 0 O O 1
011300 0 0 1. 1. 0 0 0 01 0 0 1 0 1 1
100320 0 0 0 0 0 0O OO 1 O0O0OO0OTI1IO0T1
012030 1 0 1 11 1 001 00O0O0OT1O071
202112 0 0 11 01 10110100071
003200 0 0 0 0 01 00 O0OO0OT1O0O01T1O0T71
011221 1 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 1
010410 0 0 0 1 0 0 001 0110111001
202034 11 01 01 1110101001101
112200 0 1 1 1 1 1 01 1 0110110101
003120 1 0 0 0O 0O O O OOOOOOOOO OT11IO01
302201 0 21110011001 10000O00O011
112124 2 1 11 0 1 111 10111111111
212212 131 2110110111111 11111
Table 3. The linkage class (10210), (21021), (02102), (22010), (10010).
Weight Multiplicity of composition factors of irreducible module in Weyl module
10010 1
10210 1
011001 1
022211 1
010111 1 1
010030 0 1 1
210211
210131 1 500000 1 0 0 1
120221 1 1 001120 1 1 1 0 1
000310 0 0 0 0 1 1
02102 1 110121 1 1 1 0 1 0 1
401021 1
221201 1 1 000230 1 0 1 0 1 1 0 1
300121 0 0 0 0 0 0 1 0 1
020210 1 0 0 01 1 1001
211021 1 0 0 01 01 01 01
020131 1 0 1 01 1 110101
122000 1 0 0 0 0 0 0 0 0 0 O O 1
130020 0 0 0 0 0 0 0 0 0 01 0 01
400211 1 0 0 1 0 01 01 100O0TO0T1
312000 1 1 0 1. 0 00 00O0O0OCTI1ITO0TO0?11
22010 1 320020 1 0 011 0001010010001
101220 1 121110 2 0 0 0 1 0 12 0 1 1 1 0 1 1 0 O O 1
202121 11 400132 0 0 0 0 001 0110100100001
231000 0 0 0 0 0O 0OOOOOOOT10O0T11O0O0OTU0?1:1
121031 2 0 0 0 1 0 1 0 1 1 11 0100O0O0OT1O0T0F1
31112712 3 1112 1 1021101111 1100°01
311032 4 0 11 2 111211101101 1101111
230110 2 0 0121 000101011201110101101
230030 3 0 011 0001010020011 00111 1
221123 8 113 211122111211 1211121 11
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Table 4. The linkage class (10012), (10100).

Weight Multiplicity of composition factors of irreducible module in Weyl module
101001
100111 1
100030 1 1
011011 1 0 1
002020 1 1 1 1
200121 1 1 0 0 1
500010 0 0 1 0 0 1
10012 1 000400 0 0 0 1 0 0 1
011021 1 112021 1 1 1 1.1 0 0 1
500020 1 1 022000 0 0 1 0 0 0 0 O 1
022010 1 0 1 030020 0 0 0 0 0 0 0 1 0 1
402011 1 1 1 1 301021 0 0 0 01 0 01 0 O 1
122100 1 0 1 0 1 021110 0 0 1 1 1 0 0 1 1 1 0 1
240010 0 0 1 1 0 1 402000 1 0 1 0 01 0 01 0O0O0T1
312101 2 0 1 1 1 0 1 410020 0 0 1 1 0 1 0 1 011001
231100 2 11111 11 020300 0 1 0110100001001
223000 1 00010111 021031 0 1 0 1 100 101010001
22111 2111111111 41111 1 1 111 101111111001
240000 0 0 0 0 0 0O OO1 O0O0OO0OT1IO0O0O0OTO0T?1
400301 0 1 0 01 00 00O0OO0OT1IO0OO0OT1IO0T1OQO0T71
401032 0 1 0 1 1 0 01 011101011001
121200 0 1 111 00111 1100100O0O0O0TO0TF1
311201 1 2 2 2101 111111110101011
230200 0 0210101121011 0001001111
221213 2 3 3 2111112121111 1011111
Table 5. The linkage class (12010), (02101), (01012), (20101), (20002).
Weight Multiplicity of composition factors of irreducible module in Weyl module
010121 201011 20002 1
120101 021011
122010 1 012200 1 102011 1
102121 1 012021 1
312011 1 1 012041 1 1 012100 1 1
101310 1 1 010400 1 1
231010 1 1 1 010420 1 1 1 022200 1 1 1
202211 1 1 1 212201 1 1
222021 1 1 11 212221 1 1 1 1 122211 1 0 1 1
Table 6. The linkage class (00002), (00010).
Weight Multiplicity of composition factors of irreducible module in Weyl module
00010 1
00002 1
020001 1
210000 1
400000 1 1
002101 0 1
010201 1 0 1
200201 1 0 1
010040 0 0 1 1
120011 1 0 0 1
001210 0 0 1 0 1
310010 1 0 0 1 1
001130 1 0 1 1 1 1
111701 1 1 1 1 0 1
110211 1 0 1 0 1 0 1
200041 0 0 1 0 0 0 1
000320 0 0 0 0 1 1 0 1
103000 0 1 0 0 0 1 0 1
110132 1 0 1 1 1 1 1 0 1
030100 0 0 0 1 0 1 0 0 1
300212 1 1 0 0001 001
301101 1 0 1 11 1 0 0 0 1
212000 1 1 1. 0 0 0 0 0 0 O 1
102111 0 1 1 1 0 1 0 1 0 0 1
220021 1 1 0 0 0 0 0OOOOO0O1
101300 0 0 1 0 0 0 0 0O 0 0 1 1
300133 0 0 00 OO1 0110001
102031 1 0 1 1 0 012 0 0 0 101
131000 0 0 0 0 0 0 0 0 0 0 1 0 O 1
100410 0 0 0 0 0 0 01 001111
2111122 1 1 1. 0 1 0 1 0 0O 1 1 1 0 O 1
012120 1 0 1 1 0 1 0 1 1 0 1 0 1 0 1
020221 1 0 0 01 1 111000O0O0TO0O?11
202201 0 011201 0101110001
211034 1 1 0 0 1 1 1 0110110101
011310 0 0 1 0 0 01 1 0 0 1 1 11101
130110 0 1 0 0 0 0 0 OO 0O11011001
003210 0 0 0 0O OOO110O0O0OO0O0I1IO0T1I1
130031 0 1 0 0 0 0O OOOOOI1O0O01O0T111
1122122 111101 1211111111111
121124 3 3 1 0 1 1101 1111121111
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Table 7. The linkage class (00100).

Weight

00100 1
000111
11000 1
00003 0
30000 0
10020 1
02001 1
011101
10004 0
40001 0
003000
002110
112000
200211
12002 1
001300
00203 0
031000
302000
200131
31002 1
111111
110300
030110
11103 2
301112
000410
14000 0
30030 1
03003 1
30103 3
021121
211201
020310
130200
121213

N O OFr OO O O O ORrR KR OOHIRORIERORORIEROIROOREREREREROLR O R
N O OO kr OO0 O OO R PR OOERIROROEROIR-ERPIROOHIRORLERERRP O R
AP P WER PR P OORNORIEROROOERO-R-EREROROOI ROOO O K
AR R P WRRPRRPROONERIERERORIRLROROOORIERIEROOH ROOO O R

N O R P P O OOOO ORI ERORNOIRHROREROLRIERIEREROO-ERLERPOBR

N PO R P O OO OO R RRONIERORRRPOR ORRPOR O R -

P O O O O O O O O 0O O O O O kFr OO O O o o o o r F» Fk» O o K

O P O O O O 0O 0O O O F O 0O O O FPF O O F OO O OO o o O K

P P O O O O O O O O FPr OO O O kFr O FPF OO O O O OO o O -

N P PP PO O O R P OO O O KFr OO0 O O O o O O K Bk -
P O P P P OO O O RF O F O F FPF OO O O F KB OO O -

P P O F P OO O O F O FPF OF OO F FP OO OO O -

P O R P PR KPR ORFROORIERORIERLROROOOO O K

Multiplicity of composition factors of irreducible module in Weyl module
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000001
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000O0T11
00O0O0T1O0
001110
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001011
110110
111131

P P O O P O FPr O 0O O O O K

P O O O Fr P P O O O O

P O O B O F O F O O

O O Bk O O O O O O -
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Table 8. The linkage class (00122), (01010), (10101), (00022).

Weight Multiplicity of composition factors of irreducible module in Weyl module
00022 1
001221 010101 101011
020121 1
221000 1 210121 1 201021 1
400120 1 1
110221 0 1 120210 1 1 021200 1 1
121020 1 0 1
220110 1 0 1 120131 1 1 1 021041 1 1 1
311021 1 1 1 1
300220 0 1 0 1 310211 1 1 0 1 401201 1 1 0 1
222000 0 0 0 0 1
220030 0 0 1 0 1 310132 1 1 1 1 1 401042 1 1 1 1 1
230020 0 0 1 1 0 1
211121 1 1 1 1 1 1 220223 1 2 1111 221223 1 2 1 11
221111 1 11 1 1 1 1

According to the symmetry of A, we need not list all results. For example, we can obtain the decomposition

pattern of H®(0,0,2,0,1) from Table 2:
ch(0,0,2,0,1) = ch,(0,0,2,0,1)+ch,4 (1,0,0,0,2)

So we also have

ch(1,0,2,0,0) =ch, (1,0,2,0,0)+ch,(2,0,0,0,1)
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