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Abstract 
In the present work, a new method to predict the stress-strain curves for three-phase materials 
has been developed. It was applied using the example of an Mg-stabilized zirconia reinforced 
TRIP-matrix-composite. The content of the ceramic phase was varied between 5% and 20%, whe-
reas the particle size of the ceramic was selected to be 30 to 50 µm. The method is a further de-
velopment of mixture rule for multiphase materials with more than two microstructure compo-
nents. The prediction results were compared with the original method of mixture rule and with 
the IsoE-method. It is shown that the new method significantly improves the convergence com-
pared to the standard method for mixture rule, even though it does not reach the accuracy of 
IsoE-method. Furthermore, there is an improvement of predicted convergence for large values of 
the total stress. Finally, a working map was designed for a quick graphical definition of the objec-
tive functions. 
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1. Introduction 
Mechanical behaviour modelling of multiphase-materials is an important field of physical metallurgy. Nowa-
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days, three main families of solving methods are available: the classical mixture rule, the self-consistent method 
and the finite element method. 

The first mentioned family is widely used because of its very simple application. The two-phase microstruc-
ture can be displayed as an α-matrix, with embedded β-structural components having globular, disc-shaped or 
cylindrical/rod-like morphology [1]. When forming a two-phase structure three areas can be distinguished 
(Figure 1): 

1) The two phases are only elastically stressed; 
2) The α-phase is plastically deformed, and β is still in the elastic deformation range; 
3) Both phases are plastically deformed. 
In the case of parallel load, on the left hand side, the same strain is applied to both phases causing a stress rise 

in the phase with the lower stress level. In the case of row load, the softer phase is stretched excessive (Figure 1, 
right hand side). According to Fischmeister and Karlsson the excessive ratio equals the ratio of the elastic mo- 
duli [2]. 

When one of the two phases entering the region of plastic deformation, the mathematical treatment is difficult. 
For this purpose the mixture rule has been proposed by Tamura et al. This was found to be a useful tool for de-
scribing the flow characteristics of two-phase structures. It was found to be: 

( ) ( ).mix f fα α α β β βσ σ ε σ ε= ⋅ + ⋅                             (1) 

.mix f fα α β βε ε ε= ⋅ + ⋅                                  (2) 

where fα and fβ equal volume fraction of the phases α and β. The mixture rule postulated that the stresses, as 
well as the strains, can to be divided equal with the ratio of the volume fractions. This is graphically illustrated 
in Figure 2. With known stress-strain curves for α and β component the stress-strain curve of the mixing micro-
structure can be determined graphically for a known expansion ratio εα/εβ. The dashed stress-strain curve in 
Figure 2 was constructed on the basis of the mixture rule by Tamura for the case εα/εβ = const. The points of the 
resulting stress-strain curve of α and β were connected; this meant the corresponding strains εα1 with εβ1 and so 
on, till εαn was connected with εβn. On the dotted line the percentage of the volume fractions of the phases was 
marked and gave the resulting stress-strain curve of the mixed structure [2]. It is obvious that this modelling 
needs always a fitting parameter. Indeed, it should be noted that Equations (1) and (2) does not indicate anything 
about the absolute amount of the stress and strain transfer. This is the reason why several authors have proposed 
to define the following quantity (Figure 2): 
 

 
Figure 1. Distribution of stress and strain in a layer composite [1].              
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Figure 2. Distribution of stress and strain according to the 
rule of mixtures for two-phase composite [3].             
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where η is an arbitrary fitting constant with 0 η≤ ≤ ∞  [4] [5]. The greater the value of η, the more closely 
does the situation approach parallel case condition. The row case condition is given for 0η = . The exact nature 
of the dependence of η with composite arrangement and microstructure is yet not clearly known. The major ad-
vantage of the mixture rule is that the stress-strain behaviour of two-phase microstructures can at least give a 
first approximation and is determined relatively easily. The problem of an accurate prediction of the stress-strain 
curve of the mixing structure is that the elongation ratio εα/εβ for two phase constituents is already mostly un-
known and has to be determined by elaborate experimental methods. For microstructures with more constituent 
phases the experimental effort increases tremendously. Therefore, there are no conceptions and approaches till 
now for the prediction of stress-strain curves of multi-phase materials by means of the mixture rule with the 
phase number greater than two. 

The second family of the available solving methods for mechanical behaviour modelling of multiphase-mate- 
rials is based on homogenisation techniques like the self-consistent method. This method is based on the fact 
that for a disordered microstructure, independent of the material state, the mechanical work increment—so 
called IsoW-method [6]—or energy density increment—so called IsoE-method [7]—can be equalized for each 
constituent. With other words the IsoW-method is expressed as follows: 

. .mix mix n nd d d dα α β βσ ε σ ε σ ε σ ε⋅ = ⋅ = ⋅ = = ⋅ .                     (4) 

The IsoE-method is expressed as: 

( ) ( ) ( ) ( )
.

.
0 0 0 0

mix n

mix nd d d d
βα εε ε ε

α βσ ε ε σ ε ε σ ε ε σ ε ε= = = =∫ ∫ ∫ ∫ .                 (5) 

The self-consistent method gives a more realistic description than the simple mixture rule on stress and has 
the advantage that no arbitrary fitting parameter is needed. The main disadvantage of the self-consistent method 
is the difficult calculation method. The third family of the available solving methods for mechanical behaviour 
modelling of multiphase-materials is based on finite element description of either a unit cell or a representative 
microstructure. It is able to be more accurate but much more difficult to perform, and therefore less used than 
the other two methods. 

To prepare a procedure for the prediction of stress-strain curves of multi-phase materials with the phase num-
ber greater than two by means of the easy running mixture law, TRIP-matrix-composites with the different con-
tent of ceramic phase were used. The fitting parameters had to be determined according to the microstructure. 
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For the modelling very densely sintered material with full stabilized ceramic fractions required. To keep the 
required effort for the determination of the elongation ratio εγ/εMs/ 2ZrOε low, it should be taken from the com-
puted IsoE-method and validated with experimental results. 

2. Experimental Details 
The investigated material is based on two components, on the one hand there is a manganese-containing austen-
itic gas-atomized steel powder (d10 = 8 µm, d50 = 20 µm and d90 = 127 µm). On the other hand there is a powder 
of MgO-stabilized ZrO2 ceramic (d10 = 25 µm, d50 = 35 µm and d90 = 48 µm). The chemical composition of the 
metastable high alloyed TRIP-steel (indicated as 16-7-6 with the nominal concentration of Cr, Mn and Ni), the 
stable austenitic steel AISI 316L [8] and the ZrO2 ceramic are shown in Table 1. The stable austenitic steel AISI 
316L is needed for the modelling of own experimental results. 

By varying the ceramic particle content three different powder mixtures were obtained. Therefore, the con-
tents of ceramic particles in the steel matrix were given by 5%, 10% and 20%. These mixtures were cold 
pre-compressed into disc form with a diameter of 155 mm and a height of 36 mm at a uniaxial pressure with 90 
MPa, and finally hot pressing sintered. The sintering was carried out under Varigon (5% H2 and 95% Ar) at-
mosphere at 1250˚C for 30 min. The heating and cooling rates were 10 K/min, respectively. After that a set of 
specimens was selected for the metallographic examination and visualization of the particle distribution of the 
ZrO2 in a TRIP-steel matrix (Figures 3(a)-(c)). TRIP-steel regions are shown in light grey and the ZrO2 in dark 
grey. It is obvious that the particle distribution in the TRIP-steel matrix is nearly homogenous and there were no 
agglomerates found. The measurement of the phase composition of ZrO2 in the sintered state showed an absence 
of tetragonal phase modification. 

The porosity of each sample was measured using the Archimedes method. It was observed that the samples 
are almost full dense with the values of the total porosity of at most 0.1%. For this reason it was stated that the 
subsequent tests were conducted on compact material states. 

The stress-strain curves of the single components of the composite—TRIP-steel 16-7-6, its stable austenitic 
variation AISI 316L, ZrO2 and strain-induced martensite—are illustrated in Figure 4. The datasets originate 
from different sources: TRIP-steel data are own investigations, ceramic data comes from the IKTS in Dresden, 
AISI 316L is part of [8] and martensite data are given in [9]. The expected results for the strain-induced marten-
site exhibits very good congruence with the results of [8]. 

Cold upsetting specimens of 9 mm in initial diameter and 16.2 mm in initial height, corresponding to an as-
pect ratio of 1.8, were prepared by machining from hot pressed discs. For the prediction of stress-strain curves of 
composites as well as the modelling of TRIP-kinetics during the cold forming the modified model of Pyshmint-
sev et al. was applied with the same deformation parameters [10]. In order to validate the kinetics of the α’- 
martensite evolution for the TRIP-steel 16-7-6, the ferromagnetic phase fraction of the samples with different 
contents of ceramic particles were measured using magnetic balance testing and a previous calibration. 

3. Results and Discussion 
To forecast the flow properties of steels with TRIP-effect a model is required using plastic deformation consi-
dering martensite formation. Conducted cold upsetting tests allowed to calculate according to [11] the change of 
hydrostatic stress on the lateral surfaces of the specimens with different content of ZrO2. The results are pre-
sented in Figure 5, and the values of hydrostatic stress—despite their negative values—are in absolute value. 
The figure shows that the highest value of the hydrostatic compressive stress in the lateral surface of the sample 
is observed in the composite with 5% ZrO2. These measurements are logically associated with the maximum  
 
Table 1. Chemical composition of the steels and ZrO2 (content in wt%).                                            

Steel alloy C Mn Si Cr Ni N Fe 

16-7-6 (metastable) 0.03 7.2 1.00 16.3 6.6 0.09 bal. 

AISI 316L (stable) 0.03 1.9 0.26 17.4 14.7 0.08 bal. 

Ceramic ZrO2 MgO Na2O CaO TiO2 Fe2O3 SiO2 

 94.14 2.82 0.10 0.15 0.13 0.13 0.41 
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(a)                                                        (b) 

 
(c) 

Figure 3. Distribution of second-phase particle of ZrO2 in TRIP-steel-5% ZrO2 (a), TRIP-steel-10% ZrO2 (b) and TRIP- 
steel-20% ZrO2 (c).                                                                                     
 

 
Figure 4. Compressive stress-strain curves of ZrO2, α’-martensite, TRIP- 
steel 16-7-6 and a stable steel AISI 316L at 20˚C.                     

 
values of the fracture limit strain for the studied materials. With increasing volume fraction of the ceramic con-
tent in the composite the absolute amount of compressive hydrostatic stress falls. Simultaneously the value of 
the fracture limit strain decreases. 
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Figure 5. The variation of hydrostatic stress with respect to the total 
strain for different ZrO2 percentage.                              

 
To determine the amount of α’-martensite, transformed from metastable austenite during the TRIP-effect, the 

method according to [10] was used. Comparison of the calculated values of volume fraction of the retained aus-
tenite during deformation with some measured values for selected specimens after cold upsetting test is shown 
in Figure 6. The figure shows an excellent convergence of results in a fairly wide interval of values. On the ba-
sis of these calculations the possibility of quantitative prediction of the volume fraction of each phase was ob-
tained at every step of deformation. 

Based on the IsoE-method stress-strain curves of composites with different content of ZrO2 were determined 
(Figure 7(a)). Initially stress-strain curves of the phases and in the previous step calculated volume fraction of 
each of the three phases were needed. The figure shows that an increase of the volume fraction of ZrO2 leads to 
an insignificant increase in the level of stress, according to the calculation. 

But the experimental validation was accurate only in the region of small strains. The convergence of calcu-
lated and experimentally determined values is shown in Figure 7(b). Consequently this method allows one to 
predict the value of the stress accurately at any step of deformation, although the calculated values are little bit 
lower compared to the experimental ones. The good convergence of calculated and experimental values tends to 
minimal reduction with increasing stress and decreasing volume fraction of ZrO2. 

Based on the mixture rule, initial stress-strain curves of phases and calculated volume fraction of each of the 
three phases the stress-strain curves of composites with different content of ZrO2 were determined (Figure 8(a)). 
The figure shows that increasing the volume fraction of ZrO2 leads, according to calculation, to a larger increase 
in stress level than experimentally measured. The convergence of calculated values with the experimentally de-
termined ones is shown in Figure 8(b). The convergence of this method is worse compared to the above IsoE 
(Figure 7(b)), particularly in the region of high stresses. The calculated values are either lower (5% and 10% 
ZrO2) or higher (20% ZrO2) compared to the experimentally determined stresses. 

To improve the convergence of calculation based on the mixture rule the accuracy of estimates of the total 
deformation of the composite has to be increased. The total deformation is determined by the Equation (2) using 
the values of local deformations of each of the phases and their volume fractions. 

Because the experimental determination of local deformations is fraught with difficulties, the IsoE-method in 
inverse mode was used. The convergence with measured stresses is significantly better (see Figure 7(b)) than 
for the mixture rule (see Figure 8(b)). Based on this the relationship between the total strain of the composite 
and local deformation values of each of the phases was determined (Figure 9). The figure shows that the curves 
for each phase component are nonlinear. The deformation of austenite in the range of low total strain of com-
posite corresponds substantially to the composite strain. With further increase of the total strain of composite the 
local deformation of austenite tends to higher strain values than the composite. The local deformation of mart-
ensite and ZrO2 is significantly lower than the total strain of composite. 

Carrying out an inverse calculation of the total stress of the composite, according to IsoE-method, depending 
on the volume fraction of ZrO2 and the local deformation makes it possible to find a relationship depending on 
the other two variables: 
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Figure 6. Convergence of the prediction for the values of vo-
lume fraction for retained austenite during deformation based 
on the modified model according to [10].                   

 

    
(a)                                                     (b) 

Figure 7. Predicted stress-strain curves according to the IsoE-method (a) and its convergence with the experiment (b).  
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Concerning this relationship it is evident that depending on the total stress value of the composite the local 
deformation of ZrO2 can increase with decreasing of the volume fraction of ZrO2. This effect is explained by the 
fact that with a decrease in volume fraction of ZrO2 it is necessary to enlarge the total strain applied to the com-
posite, and thus a large local deformation of ZrO2, to achieve the level of total stress. A comparison between 
calculated values of local deformation of ZrO2 according to the presented equation and the values defined with 
IsoE-method is illustrated in Figure 10. The figure shows an excellent convergence of the calculation results by 
means of this equation. This allows the use for further calculations. 

The inverse analysis of the IsoE-method enables to combine the total strain of the composite and its three 
separate phases with the level of total and local stresses. Based on the obtained numerical array of data the rela-
tionship linking the total strain of the composite with the value of the local deformation ZrO2 and the level of 
total stress was determined: 

5% ZrO2_meas
10% ZrO2_meas
20% ZrO2_meas

5% ZrO2_IsoE
10% ZrO2_IsoE
20% ZrO2_IsoE

5% ZrO2

10% ZrO2

20% ZrO2
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(a)                                                     (b) 

Figure 8. Predicted stress-strain curves according to the mixture rule (a) and its convergence with the experiment (b).    
 

 
Figure 9. Relationship between the total strain of the 
composite and local deformation values of each phase 
within the composite.                               

 
( ) ( ). ZrO28.59 0.88 ln 1.44 ln

.
mix

mix e σ εε − ⋅ + ⋅
=                              (7) 

It is obvious that depending on the local deformation of ZrO2 the total strain of composite can increase with a 
decrease in the total stress. This is due to the fact that for one and the same local deformation of ZrO2 the value 
of total strain of composite will increase and the total stress will decrease with decreasing of volume fraction of 
ZrO2. 

Using the proposed method of prediction for the total strain of the composite (see Equation (7)) and based on 
the mixture rule to determine the level of total stress (see Equation (1)) stress-strain curves for the investigated 
composites were determined (Figure 11(a)). The convergence of calculated values with the experimentally de-
termined values is shown in Figure 11(b). A comparison of convergence of the three methods (see Figure 7(b), 
Figure 8(b) and Figure 11(b)) shows that the proposed method in this paper, even though it does not reach the 
accuracy of IsoE-method, significantly improves the convergence as compared to the standard method mixture 
rule. Furthermore Figure 11(b) illustrates that for the ZrO2 content of 20% there is an improvement of predicted 
convergence for large values of the total stress. 

5% ZrO2_meas
10% ZrO2_meas
20% ZrO2_meas

5% ZrO2_mix. rule
10% ZrO2_mix. rule
20% ZrO2_mix. rule

5% ZrO2

10% ZrO2

20% ZrO2
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Figure 10. Convergence of the prediction for the local 
deformation of ZrO2.                                

 

   
(a)                                                     (b) 

Figure 11. Predicted stress-strain curves according to the new adjusted method (a) and its convergence with the experi-
ment (b).                                                                                             

 
Based on the proposed method a graphical working map was developed to predict the values of total strain of 

composite according to the known values of volume fraction of ZrO2 and of total stress. The working map is 
shown in Figure 12. The sequence of calculation is as follows: 

1) According to known stress-strain curves of the individual phases and their volume fractions the total stress 
of the composite is determined using Equation (1). 

2) By using the lower left corner of the working map and with known values of volume fraction of ZrO2 and 
of the total stress of composite (see isolines in Figure 12) the local deformation of ZrO2 is determined. 

3) By using the upper right corner of the working map and with known values of the total stress of the com-
posite and local deformation of ZrO2 (see isolines in Figure 12) the total strain of the composite is determined. 

4) According to the obtained values a stress-strain curve of the TRIP-matrix-composite is predicted. 
In Figure 12 an example is illustrated and marked with arrows. For a composite 10% ZrO2 and a total stress 

of 900 MPa total strain of the composite . 0.17mixε =  is determined. On the lower left side the known ZrO2 
content of 10% (0.1) is used and the total stress gives the value of 

2ZrO 0.03ε = . On the upper right side the 
know total stress and the isoline for 

2ZrO 0.03ε =  is used to find the strain . 0.17mixε = . 
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Figure 12. Working map.                                                                

4. Conclusions 
The mechanical behaviour of a TRIP-matrix-composite with the MgO-stabilized ZrO2 content between 5% and 
20% was investigated in order to predict the stress-strain curves by using the behaviour of the single components 
of austenite, martensite and ceramic. At various strains the hydrostatic stress in the vicinity of the circumferen-
tial surface of the upsetting specimen was measured. Finally, the stress-strain curve of the TRIP-matrix-compo- 
site was calculated using the mixture rule, the IsoE-method and a new adjusted method based on the mixture 
rule. In this calculation, the measured stress-strain curves data of the martensitic condition and of the stable aus-
tenite AISI 316L and ceramic ZrO2 were used. The following conclusions can be drawn from the above results 
and discussions: 
• Based on the mixture rule a new method for multiphase materials with more than two microstructure com-

ponents was developed. 
• Comparison of the prediction results with the original method of mixture rule shows significant improve-

ment of the convergence. Furthermore, there is improvement of predicted convergence for large values of 
the total stress. 

• Finally, a working map was designed for a quick graphical definition of the objective functions. 
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