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Abstract 
The local burning velocity and the flame displacement speed are the dominant properties in the 
mechanism of turbulent premixed combustion. The flame displacement speed and the local burn-
ing velocity have been investigated separately, because the flame displacement speed can be used 
for the discussion of flame-turbulence interactions and the local burning velocity can be used for 
the discussion of the inner structure of turbulent premixed flames. In this study, to establish the 
basis for the discussion on the effects of turbulence on the inner structure of turbulent premixed 
flames, the indirect relationship between the flame displacement speed and the local burning ve-
locity was investigated by the flame stretch, the flame curvature, and the tangential strain rate 
using DNS database with different density ratios. It was found that for the local tangential strain 
rate and the local flame curvature, the local burning velocity and the flame displacement speed 
had the opposite correlations in each density ratio case. Therefore, it is considered that the local 
burning velocity and the flame displacement speed have a negative correlation. 
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1. Introduction 
Since the late 20th century, the possibilities of the exhaustion of fossil fuels and the alternative fuels have been 
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discussed. In the beginning of the 21st century, however, the fossil fuels still remain the main source of energy 
and it can be predicted easily that the current situation will be running for at least several decades. Therefore, 
further enhancement of the efficiency and reduction of the environmental load are required for the combustion 
technology. In many combustors, turbulent combustion is mainly utilized. The local burning velocity and the 
flame displacement speed are the dominant properties in the mechanism of turbulent premixed combustion. The 
local burning velocity is the instantaneous local quantity based on the local consumption rate of an unburned 
mixture, while the flame displacement speed is the local quantity based on the flame normal speed, in which the 
flame surface, defined as the isosurface of temperature or mass fraction of an unburned mixture, moves rela-
tively to a local flow [1]. Burning velocity should be essentially the quantity based on the chemical reaction rate 
because combustion is a kind of chemical reactions. Thus, the local burning velocity is considered to be the most 
appropriate burning velocity in turbulent premixed combustion in terms of the definition. The local burning ve-
locity can be evaluated both theoretically and numerically; however, it is almost impossible to obtain the local 
burning velocity experimentally using the current technology of measurement. In addition, the flame displace-
ment speed can be evaluated both theoretically and numerically more easily than the local burning velocity. 
Therefore, the flame displacement speed has been utilized not only experimentally [2]-[8] but also numerically 
[9]-[22]. On the other hand, the local burning velocity has been performed numerically to analyze statistically 
the correlations between the flame stretch rate and its elements—the tangential strain rate, the flame curvature—  
for the clarification of the local structure of turbulent premixed flames by Haworth and Poinsot [23], Rutland 
and Trouvé [24], and subsequently by others [12] [22] [25]-[28]. 

The flame displacement speed and the local burning velocity have been investigated separately, because the 
flame displacement speed can be used for the discussion of flame-turbulence interactions and the local burning 
velocity can be used for the discussion of the inner structure of turbulent premixed flames. In this study, to es-
tablish the basis for the discussion on the effects of turbulence on the inner structure of turbulent premixed 
flames, the indirect relationship between the flame displacement speed and the local burning velocity was inves-
tigated by the flame stretch, the flame curvature, and the tangential strain rate using DNS database with different 
density ratios. 

2. Numerical Analysis Method 
2.1. DNS Database 
DNS database with different density ratios ρu/ρb was used for the analysis of both the local burning velocity and 
the flame displacement speed. These database were ρu/ρb = 2.50, termed case Lm; ρu/ρb = 5.00, termed case Mm; 
and ρu/ρb = 7.53, termed case Hm. The simulations were carried out on the VPP700 installed at RIKEN [29]-[32]. 
Details of the databases are given in Table 1. The computational domain is shown in Figure 1. The governing 
equations for constructing the database were the conservation of mass, chemical species, energy, and momentum 
(compressible Navier-Stokes equations), and the equation of state for an ideal gas. The database was constructed 
using a sixth-order central finite difference scheme in the mean flow direction and a Fourier spectral  
 

Table 1. The DNS database. 

case Lm Mm Hm 

ρu/ρb 2.50 5.00 7.53 

Le 1.0 1.0 1.0 
0
Lu  (m/s) 0.416 0.523 0.600 
0
fδ  (mm) 0.157 0.191 0.216 

ūin (m/s) 0.786 0.992 1.146 
0
Lu u′  0.88 1.01 1.26 
0
fλ δ  13.0 10.7 9.44 
0

t fl δ  15.9 18.0 21.8 

Reλ  56.7 56.7 56.7 

Re
tl

 95.5 95.5 95.5 
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Figure 1. Computational domain. 

 
collocation scheme in the directions perpendicular to the mean flow for spatial discretisation. A third-order 
three-step Runge-Kutta method was used for the time evolution and an overall single-step irreversible reaction, 
which was the Arrhenius type, was used to describe the chemical kinetics. The inflow and outflow boundaries 
were described on the basis of Navier-Stokes characteristic boundary conditions (NSCBC) [33] [34], and the 
lateral boundaries were periodic. The computational domain was 8 mm in the mean flow direction and 4 mm in 
the directions perpendicular to the mean flow; 512 and 128 grid points were used in the respective directions. At 
the inflow boundary, preliminary calculated homogeneous isotropic turbulence with a cycle of several millisec-
onds was used, with a mean inflow velocity assuming Taylor’s hypothesis of frozen turbulence with a phase 
shift. 

Initially, a laminar premixed flame was formed, which grew to form a turbulent premixed flame. The inflow 
velocity of the unburned mixture was adjusted while monitoring the turbulent burning velocity until the turbu-
lent premixed flame became fully developed and stabilised. The instantaneous turbulent burning velocity varied 
temporally; however, the time-averaged turbulent burning velocity, which can be measured experimentally, was 
steady. The database was constructed without changing the inflow velocity. Each case in the database consisted 
of almost 200 sampled data points at 51.68 μs intervals (which was longer than the DNS time step). The condi-
tions described in the database correspond to the boundary between wrinkled flamelets and corrugated flamelets 
in the turbulent combustion regime diagram [35]. Further details of the calculation method to construct the DNS 
database can be found in Nishiki et al. [29]-[31] and Nishiki [32]. 

2.2. Definitions of Local Burning Velocity and Flame Displacement Speed 
A turbulent flame surface at each sampling time was identified as the isosurface of the prescribed reaction pro-
gress variable, cT, with which the reaction rate in the planar flame takes a maximum for each case in the data-
base, i.e., cT = 0.89 for case Lm and cT = 0.90 for the other cases. The reaction progress variable is defined as: 

u
T

a u

T T
c

T T
−

=
−

,                                      (1) 

where T is the temperature, Ta is the adiabatic flame temperature, and Tu is the temperature of the unburned 
mixture (300 K). Typical shapes of the turbulent flame surface are shown in Figure 2. 

The local burning velocity, uc, was evaluated at the flame surface as follows: 

1 dc
t u u

u V
A Y

ω
ρ

= − ∫  .                                  (2) 

Substituting a normal to the local flame surface, n, for the infinitesimal volume, dV, Equation (2) can be re-
written as 

1 dc
u u

u n
Y

ω
ρ

= − ∫  .                                    (3) 

It follows that the local burning velocity can be evaluated by integrating the local reaction rate along the normal  
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Case Hm 
ρu/ρb = 2.50 
Le = 1.0 

 
 

 

Case Hm 
ρu/ρb = 5.00 
Le = 1.0 

 
 

Case Hm 
ρu/ρb = 7.53 
Le = 1.0 

 
Figure 2. Typical shapes of the turbulent premixed flame defined by the isosurface of the progress variable: c = 0.89 
for the case Lm, and c = 0.90 for the other cases. From the top, we have cases Lm, Mm, and Hm. The figures in the 
left-hand-side column correspond to the minimum turbulent burning velocity uT, and those in the right-hand-side 
column correspond to the maximum uT for each case. 

 
to the local flame surface. In the evaluation of the local burning velocity at a given point at the flame surface, the 
normal to the flame surface at the point may cross the flame surface at another point. To avoid this problem, we 
find the minimum distance of the normal between the point on the flame surface and the other point crossing the 
flame surface, and then obtain half of the distance between these points, as shown in Figure 3. For all the points 
where the flame surface intersected with the grid lines, the integration of Equation (3) was carried out within the 
obtained distance as one side of the integration range, which was at least the thickness of an unstretched flame, 

0
fδ  [27]. 
Using the balance equation of the reaction progress variable, 

( ) 0T
d T

c u c
t

∂
+ + ⋅ =

∂
u n ∇ ,                                 (4) 

the flame displacement speed, ud, at each intersection on the flame surface is defined as: 

1 T
d T

T

cu c
c t

∂ = − + ⋅ ∂ 
u ∇

∇
.                                (5) 

where n is the unit normal vector to the flame surface towards unburned mixture, u is the flow velocity vector. 
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Normal to 
flame surface 

Minimum distance 
over flame surface 

Integration range 

Local reaction rate 

cT = 0.9 

 
Figure 3. Schematic of the integration range for the local burning velocity. 

3. Results and Discussion 
In order to evaluate the correlation between the local burning velocity and the flame displacement speed using 
the joint probability density function (joint pdf) appropriately, the both scales of the local burning velocity and 
the flame displacement speed must be the same. The local burning velocity is based on the consumption rate of 
the unburned mixture, and the flame displacement speed is based on the flame normal speed of the isosurface of 
the prescribed reaction progress variable defined as the flame surface. Thus, an equation of continuity: 

d u cu uρ ρ=                                        (6) 

yields 

u
d c c

u

Tu u u
T

ρ
ρ

= =                                     (7) 

where ρ is the function of the reaction progress variable. In fact, the flame displacement speed is divided by T/Tu 
for the same scale of both the local burning velocity and the displacement speed. It is convenient, however, to 
substitute Tb for T because Tb can be measured easily in experiments when the DNS analysis is compared with 
experiments. 

The local flame stretch rate, κ, which involves the local tangential strain rate, at, and local flame curvature, 
∇⋅n, are defined as [36] [37]: 

: d t du a uκ = − + ⋅ + ⋅ = + ⋅nn u u n n∇ ∇ ∇ ∇ .                          (8) 

Joint pdfs of the local flame stretch rate with both the local burning velocity and flame displacement speed, 
which were reduced by 0

fδ  and 0
Lu , are shown in Figure 4 for the different density ratios. The local burning 

velocity was almost insensitive to the flame stretch rate for all density ratios, while the flame displacement 
speed had a negative correlation with the flame stretch rate for case Lm and was almost insensitive to the flame 
stretch rate for case Mm and Hm. These trends can be explained by the correlations of the elements of the flame 
stretch rate—the tangential strain rate and the flame curvature—with both the local burning velocity and the 
flame displacement speed. 

Joint pdfs of the local tangential strain rate with both the local burning velocity and flame displacement speed, 
which were reduced by 0

fδ  and 0
Lu , are shown in Figure 5 for the different density ratios. The local burning 

velocity had a very weak negative correlation with the local tangential strain rate, while the flame displacement 
speed had almost no correlation with the tangential strain rate for case Lm but its correlation became positive 
clearly with increasing the density ratio. Joint pdfs of the local flame curvature with both the local burning 
velocity and flame displacement speed, which were reduced by 0

fδ  and 0
Lu , are shown in Figure 6 for the 

different density ratios. The local burning velocity had a weakly positive correlation with the flame curvature for 
all density ratios, while the flame displacement speed had a negative correlation with the flame curvature for all 
density ratios and the gradient of its negative correlation became gentle gradually with increasing the density 
ratio. 

From the observations above, the trend of the correlation between the local burning velocity and the flame 
stretch rate is caused by the facts that the local burning velocity has a very weakly negative correlation with the  
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Figure 4. Joint pdfs of the local flame stretch rate with both the local burning velocity (upper) and flame displacement speed 
(lower) for the different density ratios. From the left, case Lm, case Mm, and case Hm. 
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Figure 5. Joint pdfs of the local tangential strain rate with both the local burning velocity (upper) and flame displacement 
speed (lower) for the different density ratios. From the left, case Lm, case Mm, and case Hm. 



K. Tsuboi, E. Tomita 
 

 
294 

 

-1 1 
Flame curvature: 0

fδ⋅n∇  

0 

1 

2 
Lo

ca
l b

ur
ni

ng
 v

el
oc

ity
: u

c/u
L0  

0 
 
 

-1 1 
Flame curvature: 0

fδ⋅n∇  

0 

1 

2 

Lo
ca

l b
ur

ni
ng

 v
el

oc
ity

: u
c/u

L0  

0 
 

-1 1 
Flame curvature: 0

fδ⋅n∇  

0 

1 

2 

Lo
ca

l b
ur

ni
ng

 v
el

oc
ity

: u
c/u

L0  

0.010 

0.071 

0.130 

0 
 

 

 

-1 0 1 
Flame curvature: 0

fδ⋅n∇  

0 

1 

2 

Fl
am

e 
di

sp
la

ce
m

en
t s

pe
ed

: (
u d

/u
L0 )/(

T b
/T

u)
 

 
 

-1 0 1 
Flame curvature: 0

fδ⋅n∇  

0 

1 

2 
Fl

am
e 

di
sp

la
ce

m
en

t s
pe

ed
: (

u d
/u

L0 )/(
T b

/T
u)

 

 

-1 0 1 
Flame curvature: 0

fδ⋅n∇  

0 

1 

2 

Fl
am

e 
di

sp
la

ce
m

en
t s

pe
ed

: (
u d

/u
L0 )/(

T b
/T

u)
 

0.010 

0.075 

0.130 

 
Figure 6. Joint pdfs of the local flame curvature with both the local burning velocity (upper) and flame displacement speed 
(lower) for the different density ratios. From the left, case Lm, case Mm, and case Hm. 
 
tangential strain rate and has a weakly positive correlation with the flame curvature for all density ratios. As for 
the correlation between the flame displacement speed and the flame stretch rate. For case Lm, the flame dis-
placement speed had almost no correlation with the tangential strain rate and had a negative correlation with the 
flame curvature, as a result, these trends made the correlation between the flame displacement speed and the 
flame stretch rate negative. For case Mm and Hm, the flame displacement speed had weakly positive correla-
tions with the tangential strain rate and had negative correlations with the flame curvature; as a result, these cor-
relations lead to the insensitive trends of the flame displacement speed to the flmae stretch rate. 

From the discussion above, for the tangential strain rate, the local burning velocity had very weakly negative 
correlations, while the flame displacement speed had almost positive correlations. For the flame curvature, the 
local burning velocity had weakly positive correlations, while the flame displacement speed had negative corre-
lations. Therefore, it is considered that the local burning velocity and the flame displacement speed have a nega-
tive correlation under the conditions of this study. 

4. Conclusion 
The indirect relationship between the local burning velocity and the flame displacement speed was investigated 
using the DNS data of turbulent premixed flames with different density ratios. It was found that for the local 
tangential strain rate and the local flame curvature, the local burning velocity and the flame displacement speed 
had the opposite correlations in each density ratio case. Under the conditions of this study, it is considered that 
the local burning velocity and the flame displacement speed have a negative correlation. 
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Nomenclature 
At: Turbulent flame area 
at: Local tangential strain rate 
cT: Reaction progress variable 
Le: Lewis number 
lt: Integral length scale 
n: Normal to a flame surface 
n: Unit normal vector to a flame surface towards unburned mixture 
Re

tl
: Reynolds number based on integral length scale 

Reλ : Reynolds number based on Taylor microscale 
T: Temperature 
u: Flow velocity 
u: Flow velocity vector 
u’: Turbulence intensity 
uc: Local burning velocity 
ud: Flame displacement speed 
ūin: Mean inflow velocity 
uL: Laminar burning velocity 
uT: Turbulent burning velocity 
V: Total volume of the computational domain 
Y: Mass fraction 
δf: Flame thickness 
κ: Local flame stretch rate 
λ: Taylor microscale 
ρ: Density 
ω : Reaction rate 

Superscripts 
0: Without flame stretch 

Subscripts 
a: In adiabatic condition 
b: In burned product 
u: In unburned mixture 
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