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Abstract 
The Navier-Stokes system of equations is reduced to a system of the vorticity, continuity, Helm-
holtz, and Lamb-Helmholtz equations. The periodic Dirichlet problems are formulated for internal 
waves vanishing at infinity in the upper and lower domains. Stationary kinematic Fourier (SKF) 
structures, stationary exponential kinematic Fourier (SKEF) structures, stationary dynamic expo-
nential (SDEF) Fourier structures, and SKEF-SDEF structures of three spatial variables and time 
are constructed in the current paper to treat kinematic and dynamic problems of the three-di- 
mensional theory of the Newtonian flows with harmonic velocity. Two exact solutions for con-
servative interaction of N internal waves in three dimensions are developed by the method of de-
composition in invariant structures and implemented through experimental and theoretical pro-
gramming in Maple™. Main results are summarized in a global existence theorem for the strong 
solutions. The SKEF, SDEF, and SKEF-SDEF structures of the cumulative flows are visualized by 
two-parametric surface plots for six fluid-dynamic variables. 

 
Keywords 
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1. Introduction 
The three-dimensional (3d) Navier-Stokes system of partial differential equations (PDEs) for a Newtonian fluid 
with a constant density ρ  and a constant kinematic viscosity ν  in a gravity field g  is 
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t

ν
ρ
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0,∇⋅ =v                                         (2) 

where ( ), ,x y z∂ ∂ ∂ ∂∇ ∂ ∂=  and 2 2 2 2 2 2x y z∆ = ∂ ∂ + ∂ ∂ + ∂ ∂  are the gradient and the Laplacian in the 
Cartesian coordinate system ( ), ,x y z=x  of the 3d space with unit vectors ( ), ,i j k ; t  is time; ( ), ,u v w=v  
is a vector field of the flow velocity; ( )0,0, zg= −g  is a vector field of the gravitational acceleration; tp  is a 
scalar field of the total pressure.  

By a flow vorticity ( ), ,δ κ ω=ω  of the velocity field 
,∇× =v ω                                        (3) 

Equation (1) may be written into the Lamb-Pozrikidis form [1] [2] 

1 ,
2

tp
t

ν
ρ

 ∂
+∇ ⋅ + − ⋅ + × + ∇× = ∂  

0v v v g x ω v ω                         (4) 

which sets a dynamic balance of inertial, potential, vortical, and viscous forces, respectively. 
Using a dynamic pressure per unit mass [3] 

0 ,t
d

p p
p

ρ
−

= − ⋅g x                                   (5) 

where 0p  is a reference pressure, a kinetic energy per unit mass 2ek = ⋅v v , the 3d Helmholtz decomposition 
[4] of the velocity field 

,φ= ∇ +∇×v ψ                                     (6) 

,∇⋅ = 0ψ                                       (7) 

and the vortex force 
,d× = ∇ +∇×ω v a                                   (8) 

,∇⋅ = 0a                                       (9) 

Equation (4) is reduced to the Lamb-Helmholtz PDE [5] 

eb ∇×∇ + = 0eh                                   (10) 

for a scalar Bernoulli potential and a vector Helmholtz potential ( ), ,fe ge he=eh , respectively,  

,e d eb p k d
t
φ∂

= + + +
∂

                                (11) 

,e t
ν∂

= + +
∂
ψh ω a                                  (12) 

where φ , d are scalar potentials and ( ) ( ), , ,  , ,a b cχ η ψ= =ψ a  are vector potentials of v  and ×ω v , re-
spectively. The Lamb-Helmholtz PDE (10) sets a dynamic balance between potential and vortical forces of the 
Navier-Stokes PDE (1), which are separated completely. Reduction of (1) to (10) means the potential-vortical 
duality of the Navier-Stokes PDE for free flows [3] since writing Equation (10) as 

eb= −∇ ∇×= esn h                                (13) 

shows that a virtual force sn  of (1) may be represented both in the potential form eb= −∇sn  and the vortical 
form = ∇×s en h . For instance, the potential-vortical duality of (1)-(2) results in formation of the wave-vortex 
structures in surface waves [6]-[8]. 

The exponential Fourier eigenfunctions were calculated by separation of variables of the 3d Laplace equation, 
for instance, see [1] and [4], and applied for a linear part of the kinematic problem for free-surface waves in the 
theory of the ideal fluid with 0ν =  in [9]. The analytical method of separation of variables was recently gene-
ralized into the computational method of solving PDEs by decomposition into invariant structures. The Boussi-
nesq-Rayleigh-Taylor structures were used to compute topological flows away from boundaries in [3]. The tri-
gonometric Taylor structures and the trigonometric-hyperbolic structures were developed in [10] to model spati-
otemporal cascades of exposed and hidden perturbations of the Couette flow. In [11], the invariant trigonometric, 
hyperbolic, and elliptic structures were utilized to treat dual perturbations of the Poiseuille-Hagen flow. The 
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zigzag hyperbolic structures were studied to derive the exact solution for interaction of two pulsatory waves of 
the Korteweg-de Vries equation in [12]. In two dimensions, the stationary kinematic Fourier (SKF) structures 
with space-dependent structural coefficients, the stationary exponential kinematic Fourier (SKEF) structures, the 
stationary dynamic exponential Fourier (SDEF) structures, and SKEF-SDEF structures with constant structural 
coefficients were developed to obtain the exact solutions of the Navier-Stokes system of PDEs for conservative 
interaction of N internal waves by the experimental and theoretical programming [5].  

In the current paper, the SKF, SKEF, SDEF, and SKEF-SDEF structures are extended in three dimensions to 
examine kinematic and dynamic problems for internal conservative waves in the theory of Newtonian flows 
with harmonic velocity. The structure of this paper is as follows. The SKF structures are used to compute theo-
retical solutions for the velocity components in Section 2. Theoretical solutions for the kinematic potentials of 
the velocity field and the dynamic potentials of the Navier-Stokes PDE are obtained in Sections 3 and 4, respec-
tively, through the SKEF structures. The SDEF structures are constructed in Section 5. In Section 6, the SDEF 
and SKEF-SDEF structures are used for theoretical computation of the kinetic energy and the dynamic pressure. 
Decomposition of harmonic variables in a SKEF structural basis is tackled in Section 7. Verification of the ex-
perimental and theoretical solutions by the Navier-Stokes system of PDEs and the existence theorem are pro-
vided in Section 8. Discussion of significant outcomes and visualization of the developed structures are given in 
Section 9, which is followed by a summary of main results in Section 10. 

2. Velocity Components in the SKF Structures 
The following theoretical solutions and admissible boundary conditions of Sections 2-8 were primarily com-
puted in Maple™ using experimental programming with lists of equations and expressions for numerical indices 
and N = 3 in the virtual environment of a global variable Eqe by 33 developed procedures of 1748 code lines. 

Theoretical problems for harmonic velocity components ( ), , , ,u u x y z t=  ( ), , , ,v v x y z t=  ( ), , ,w w x y z t=  
of cumulative flows u v w= + +v i j k  of a Newtonian fluid are given by vanishing the -,x  -,y  -z components 
of the vorticity Equation (3) and the continuity Equation (2), respectively, 

0,w v
y z

∂ ∂
− =

∂ ∂
                                     (14) 

0,u w
z x
∂ ∂

− =
∂ ∂

                                     (15) 

0,v u
x y
∂ ∂

− =
∂ ∂

                                     (16) 

0,u v w
x y z
∂ ∂ ∂

+ + =
∂ ∂ ∂

                                  (17) 

To consider conservative interaction of N internal waves, the cumulative flows are decomposed into superposi- 
tions of local flows 

( ) ( ) ( )
1 1 1

, , , ,     , , , ,     , , , ,
N N N

n n n
n n n

u u x y z t v v x y z t w w x y z t
= = =

= = =∑ ∑ ∑                 (18) 

such that the local vorticity and continuity equations are 

0,n nw v
y z

∂ ∂
− =

∂ ∂
                                   (19) 

0,n nu w
z x

∂ ∂
− =

∂ ∂
                                   (20) 

0,n nv u
x y

∂ ∂
− =

∂ ∂
                                   (21) 

0,n n nu v w
x y z

∂ ∂ ∂
+ + =

∂ ∂ ∂
                                (22) 
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where 1,2, ,n N=  . 
An upper cumulative flow is specified by a Dirichlet condition, which is periodic in the x- and y-directions, 

through the two-dimensional (2d) SKF structure on a lower boundary 0z =  of an upper domain ( ),x∈ −∞ ∞ , 
( ) [ ), ,  0,y z∈ −∞ ∞ ∈ ∞  (see Figure 1) 

( )
1

0 ,n n

N

n
n n n n n nz Fw cc w cs Gw sc Rw ssw Q

=
=

+= + +∑                       (23) 

and a vanishing Dirichlet condition in the z-direction 
0.

z
w

=∞
=                                        (24) 

A lower cumulative flow is identified by a periodic Dirichlet condition on an upper boundary 0z =  of a 
lower domain ( ) ( ) ( ], ,  , ,  ,0x y z∈ −∞ ∞ ∈ −∞ ∞ ∈ −∞  (see Figure 1) 

( )
1

0 ,n n

N

n
n n n n n nz Fw cc w cs Gw sc Rw ssw Q

=
=

+= + +∑                       (25) 

and a vanishing Dirichlet condition in the z-direction  

0.zw
=−∞

=                                       (26) 

Thus, an effect of surface waves on the internal waves is described by the Dirichlet conditions (23) and (25). 
While notations of boundary coefficients ,  ,  ,  n n n nFw Qw Gw Rw  coincide in (23) and (25) for computational 
simplicity, their values are different for the upper and lower flows, which model internal waves produced by 
surface waves in atmosphere and ocean. In Equations (23) and (25), a structural notation  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )cos cos ,   cos sin ,   sin cos ,   sin sin ,n n n n n n n n n n n ncc cs sc ssα β α β α β α β= = = =    (27) 

is used for kinematic structural functions ,  ,  ,  n n n ncc cs sc ss , where ,  n n n n n nX Yα ρ β σ= =  are arguments of 
the kinematic and dynamic structural functions, ,  n n n n n nX x Cx t Xa Y y Cy t Yb= − − = − −  are propagation va-
riables, ,  n nρ σ  are wave numbers, ,  n nCx Cy  are celerities, and ,  n nXa Yb  are initial coordinates for all n. 

The experimental solutions show that similar to [5], boundary conditions for ,  n nu v  are then redundant since 
boundary parameters of ,  n nu v  depend on boundary parameters of nw  for the upper and lower flows, respec-
tively, as  

( )

( )

0

0

2 21

2 21

,

,

n n

N
n

n n
n n n

N
n

n n

n n n nz

n n n n n n n nz
n

u R Q

v

Gw cc w cs Fw sc w ss

Qw cc w cs w scF w ssR G

ρ

ρ σ

σ

ρ σ

=

=

=

=

+ − −

−= + −

=
+

+

∑

∑





                 (28) 

 

 
Figure 1. Configuration of upper and lower domains for conservative 
waves. 
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Similarly to w, u and v vanish as z → ±∞  

0,     0,z zu v
=±∞ =±∞

= =                                  (29) 
for the upper and lower cumulative flows, respectively. 

Theoretical solutions of (14)-(26) are constructed in the SKF structure ( ), , ,p p x y z t=  of three spatial va-
riables x, y, z and time t with a general term np , which in the structural notation may be written as 

( ) ( ) ( ) ( ) ( )
11

, , , ,
N

n n n n n n n n n

N

nn
fp cc qp cp p x y z t z z gp z rps sc ssz

==

= = + + +∑ ∑             (30) 

where first letters f, q, g, r of space-dependent structural coefficients ( ) ( ) ( ) ( ),  ,  ,  n n n nfp z qp z gp z rp z  refer to 
the kinematic structural functions ,  ,  ,  n n n ncc cs sc ss  and a second letter to the expanded variable p. General 
terms of the velocity components of the local flows in the structural notation become 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

,

.

,
n n n n n n n n

n n n n n n n n

n n n n n

n

n n n

n

n

u fu z cc qu z cs gu z sc ru z ss

fv z cc qv z cs gv z sc rv z ss

fw z cc qw z cs gw z sc rw z ss

v

w

= + + +

= + + +

= + + +

                    (31) 

Computation of spatial derivatives of np  gives 

( ) ( ) ( ) ( ) ,n n n n n n n
n

nn gp z cc rp z cs fp z sc qp z ss
p
x

ρ
∂

=   ∂
+ − −                  (32) 

( ) ( ) ( ) ( ) ,n n n n n n n
n

nn qp z cc fp z cs rp z sc gp z ss
p
y

σ
∂

=   ∂
− + −                  (33) 

d d d d
d d

.
d d

n n n n
n n n

n
n

p p p p
cc cs

p f q g r
z z z z

s ss
z

c
∂

= + +
∂

+                        (34) 

Application of (32)-(34) to (31) and substitution in (19)-(22) reduce the four PDEs to three ordinary differen-
tial equations (ODEs) and an algebraic equation (AE). For these equations to be satisfied exactly for all inde-
pendent variables, independent parameters, structural functions, and structural coefficients of the local flows x, y, 
z, t, ,nXa  ,nYb  ,nCx  ,nCy  ,nρ  ,nσ  ,ncc  ,ncs  ,nsc  ,nss  ,nfu  ,nqu  ,ngu  ,nru  ,nfv  ,nqv  ,ngv  

,nrv  ,nfw  ,nqw  ,ngw  ,nrw  all coefficients of the kinematic structural functions must vanish. Vanishing 
four coefficients of four equations yields 16 equations, which are separated into four systems of four equations 
each with respect to four groups of the SKF structural coefficients of the velocity components  

( ) ( ) ( ), ,n n nfu z rv z gw z   , ( ) ( ) ( ), ,n n nqu z gv z rw z   , ( ) ( ) ( ), ,n n ngu z qv z fw z   ,  

( ) ( ) ( ), ,n n nru z fv z qw z   . 
d d d

0,    0,    0,    0,
d d d

n n n
n n n n n n n n n n n n

rv fu gw
gw gw fu rv fu rv

z z z
σ ρ σ ρ ρ σ− − = − = + = − + + =      (35) 

d d d
0,    0,    0,    0,

d d d
n n n

n n n n n n n n n n n n
gv qu rw

rw rw qu gv qu gv
z z z

σ ρ σ ρ ρ σ− + = − = − + = − − + =     (36) 

d d d
0,    0,    0,    0,

d d d
n n n

n n n n n n n n n n n n
qv gu fw

fw fw gu qv gu qv
z z z

σ ρ σ ρ ρ σ− − = + = − = + + =      (37) 

d d d
0,    0,    0,    0.

d d d
n n n

n n n n n n n n n n n n
fv ru qw

qw qw ru fv ru fv
z z z

σ ρ σ ρ ρ σ− + = + = − − = − + =      (38) 

In these four separated systems, first and second equations, which are produced by (19) and (20), are ODEs; 
third equations, which are generated by (21), are AEs; and fourth equations, which are created by (22), are again 
ODEs. 

Solving the third AEs of separated systems (35)-(38) yields functional relations between structural coeffi-
cients: 

,    ,    ,    .n n n n
n n n n n n n n

n n n n

fu rv qu gv gu qv ru fv
ρ ρ ρ ρ
σ σ σ σ

= − = = = −                  (39) 
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Substitution of (39) in the second ODEs and addition/subtraction of the first ODEs reduces the second ODEs 
to identities. Substitution of functional relations (39) into the fourth ODEs reduces them to the following system: 

( ) ( )

( ) ( )

2 2 2 2

2 2 2 2

d d
0,    0,

d d
d d

0,    0.
d d

n n
n n v n n n v n

n n
n n v n n n v n

gw rw
rv gv

z z
fw qw

qv fv
z z

ρ σ σ ρ σ σ

ρ σ σ ρ σ σ

+ + = − + + =

+ + = − + + =
                  (40) 

Construct solutions of the first and fourth ODEs in stationary exponential (SE) structures with the following 
general terms:  

( )( ) ( ) ( ), , , , , , , , , , , , , , exp ,n n n n n n n n n n n n n n n n nfv qv gv rv fw qw gw rw z Fv Qv Gv Rv Fw Qw Gw Rw c z=      (41) 

where ,  ,  ,  ,  ,  ,  ,  n n n n n n n nFv Qv Gv Rv Fw Qw Gw Rw , and nc  are structural coefficients. Substitution of (41) in 
first ODEs of (35)-(38) yields algebraic relations between parameters of the structural coefficients 

, , , .n n n n
n n n n n n n n

n n n n

Fv Qw Qv Fw Gv Rw Rv Gw
c c c c
σ σ σ σ

= = − = = −               (42) 

Substitution of (41) into (40) returns admissible values of nc  for the upper and lower flows, respectively, as 

2 2 2 2,     .n n n n n n n nc r c rρ σ ρ σ= − = − + = = +                          (43) 

Finally, substitutions of (39) and (41)-(43) into (31) and (18) give the following velocity components of the 
upper and lower cumulative flows, respectively: 

( ) ( )

( ) ( )

( ) ( )

1

1

1

,exp

exp

exp

,

.

n
n n n n n n n n

n

n
n n n n n n n n

n

n

N

n
n

N

n
n

n n n

N

n
n

n n n n

u Fw Qw
r

v R

Gw cc Rw cs sc ss r z

Qw cc Fw cs sc ss r z

Fw cc Qw cs sc ss r

w Gw
r

w G zw Rw

ρ

σ
=

=

=

= + − −

= − + −

= + + +

∑

∑

∑











                 (44) 

Thus, the velocity components are resolved through the 3d SKEF structures. If 0nσ = , then 0ncs = , 
0nss = , and the 3d solution (44) is reduced to the 2d solution in the -x z  plane [5]  

( ) ( ) ( ) ( )
1 1

exp 0, , exp ,
N N

n n
n

n n n n n n
n

n nu Fw wGw ca sa z v Fw ca Gw sa zρ ρ
= =

== − = +∑ ∑ 
      (45) 

where ( ) ( )cos ,  sinn n n nca saα α= = . If 0nρ = , then 0,  0n nsc ss= = , and the 3d solution (44) is trans-
formed into a 2d solution in the -y z  plane  

( ) ( ) ( ) ( )
1 1

exp exp ,0, ,
N

n n n n n

N

n n
n

n n
n

nv Qw cb sb z Fw cbu Fw w Qw sb zσ σ
= =

== − = +∑ ∑  
      (46) 

where ( ) ( )cos ,  sinn n n ncb sbβ β= = . 
Therefore, structural parameters of (44) 

( ) ( )
2 2 2 2

cos , sinn n n n
n n n n

n nn n n n

C S
r r
ρ ρ σ σ

θ θ
ρ σ ρ σ

= = = = = =
+ +

               (47) 

return cosine and sine of local front angles nθ  with respect to x-axis. In the general case, the local front angles 
nθ  differ from local celerity angles nϕ , which are defined by  

( ) ( )
2 2 2 2

cos , sin .n n
n n

n n n n

Cx Cy

Cx Cy Cx Cy
ϕ ϕ= =

+ +
                     (48) 

In the case of resonance propagation with n n n nCx Cyρ σ = , n nθ ϕ=  similar to the case of 2d internal 
waves.  
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3. Kinematic Potentials through the SKEF Structures 
Theoretical problems for the kinematic potentials ( ), ,χ η ψ=ψ  and φ  of v  are set by seven global Helm-
holtz PDEs (6)-(7)  

0,u
y z
ψ η∂ ∂

− − =
∂ ∂

                                  (49) 

0,v
z x
χ ψ∂ ∂
− − =

∂ ∂
                                  (50) 

0,w
x y
η χ∂ ∂
− − =

∂ ∂
                                  (51) 

0,
x y z
χ η ψ∂ ∂ ∂
+ + =

∂ ∂ ∂
                                 (52) 

0,u
x
φ∂
− =

∂
                                     (53) 

0,v
y
φ∂
− =

∂
                                     (54) 

0,w
z
φ∂
− =

∂
                                     (55) 

since a scalar-vector duality the velocity field admits two descriptions: a scalar description φ= ∇v  for = 0ψ  
and a vector description = ∇×v ψ  for 0φ = . The cumulative kinematic potentials are decomposed into super- 
positions of local kinematic potentials 

( ) ( ) ( ) ( )
1 1 1 1

, , , ,     , , , ,     , , , ,     , , , .
N N N N

n n n n
n n n n

x y z t x y z t x y z t x y z tχ χ η η ψ ψ φ φ
= = = =

= = = =∑ ∑ ∑ ∑      (56) 

The local kinematic potentials are governed by local Helmholtz PDEs 

0,n n
nu

y z
ψ η∂ ∂

− − =
∂ ∂

                                 (57) 

0,n n
nv

z x
χ ψ∂ ∂

− − =
∂ ∂

                                 (58) 

0,n n
nw

x y
η χ∂ ∂

− − =
∂ ∂

                                 (59) 

0,n n n

x y z
χ η ψ∂ ∂ ∂

+ + =
∂ ∂ ∂

                                (60) 

0,n
nu

x
φ∂

− =
∂

                                   (61) 

0,n
nv

y
φ∂

− =
∂

                                   (62) 

0,n
nw

z
ϕ∂

− =
∂

                                   (63) 

where 1,2, ,n N=  . 
The periodic Dirichlet conditions for ψ  of the upper and lower cumulative flows are specified on a lower  

boundary 0z =  of an upper domain ( ) ( ) [ ), ,  , ,  0,x y z∈ −∞ ∞ ∈ −∞ ∞ ∈ ∞  and on the upper boundary 0z =   
of a lower domain ( ) ( ) ( ], ,  , ,  ,0x y z∈ −∞ ∞ ∈ −∞ ∞ ∈ −∞  by 
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( )
1

0 ,n n n n n n n nz

N

n
Fs cc cs Gs sc Rs sQs sψ

=
=

+= + +∑                         (64) 

where ,  ,  ,  n n n nFs Qs Gs Rs  are given boundary coefficients. The experimental solutions show that similar to 
(28)-(29), the vanishing Dirichlet conditions for ψ  and the periodic and vanishing Dirichlet conditions for

,  ,  χ η φ  are redundant.  
Construct general terms of the kinematic potentials of the upper and lower flows in the SKF structures by  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

,

,

.

,
n

n

n n n n n n n n

n n n n n n n n

n n n n n n n n

n n n

n

nn n n n n

fh z cc qh z cs gh z sc rh z ss

fe z cc qe z cs ge z sc re z ss

fs z cc qs z cs gs z sc rs z ss

fp z cc qp z cs gp z sc rp z ss

χ

η

ψ

φ

= + + +

= + + +

= + + +

= + + +

                     (65) 

Computation of derivatives of (65) by (32)-(34) and substitution in (57)-(63) reduce the seven Helmholtz 
PDEs to four Helmholtz ODEs and three Helmholtz AEs. For these equations to be satisfied exactly for all in-
dependent variables, independent parameters, structural functions, boundary coefficients, and structural coeffi-
cients of the upper and lower flows x, y, z, t, ,nXa  ,nYb  ,nCx  ,nCy  ,nρ  ,nσ  ,ncc  ,ncs  ,nsc  ,nss  ,nFw  

,nQw  ,nGw  ,nRw  ,nfh  ,nqh  ,ngh  ,nrh  ,nfe  ,nqe  ,nge  ,nre  ,nfs  ,nqs  ,ngs  ,nrs  ,nfp  ,nqp  ,ngp  
,nrp  all coefficients of the kinematic structural functions must vanish. Vanishing four coefficients of seven eq-

uations yields 28 equations in total for the upper flows and 28 equations for the lower flows.  
For ( ), ,n n n nχ η ψ=ψ , 16 equations are separated into four systems of four equations each with respect to 

four groups of the SKF structural coefficients ( ) ( ) ( ), ,n n nfh z re z gs z   , ( ) ( ) ( ), ,n n nqh z ge z rs z   ,  

( ) ( ) ( ), ,n n ngh z qe z fs z   , ( ) ( ) ( ), ,n n nrh z fe z qs z   , for the upper and lower flows, respectively, 

( ) ( )

( )

d d
exp 0,     exp 0,

d d
d

exp 0,           0,
d

n n n n
n n n n n n n n

n n

n
n n n n n n n n n n

re fh
gs Qw r z gs Qw r z

z r z r
gs

fh re Qw r z fh re
z

ρ σ
σ ρ

σ ρ ρ σ

− − = − ± =

+ − = − + + =

  



           (66) 

( ) ( )

( )

d d
exp 0,     exp 0,

d d
d

exp 0,          0,
d

n n n n
n n n n n n n n

n n

n
n n n n n n n n n n

ge qh
rs Fw r z rs Fw r z

z r z r
rs

qh ge Fw r z qh ge
z

ρ σ
σ ρ

σ ρ ρ σ

− + = − =

− + − = − − + =

   



           (67) 

( ) ( )

( )

d d
exp 0, exp 0,

d d
d

exp 0, 0,
d

n n n n
n n n n n n n n

n n

n
n n n n n n n n n n

qe gh
fs Rw r z fs Rw r z

z r z r
fs

gh qe Rw r z gh qe
z

ρ σ
σ ρ

σ ρ ρ σ

− − ± = + ± =

− − = + + =

 



           (68) 

( ) ( )

( )

d d
exp 0, exp 0,

d d
d

exp 0, 0,
d

n n n n
n n n n n n n n

n n

n
n n n n n n n n n n

fe rh
qs Gw r z qs Gw r z

z r z r
qs

rh fe Gw r z rh fe
z

ρ σ
σ ρ

σ ρ ρ σ

− + ± = + =

− − − = − + =

  



           (69) 

where first and second ODEs are produced by (57)-(58), third AEs are generated by (59), and fourth ODEs are 
created by (60). 

For nφ , 12 equations are separated into four systems of three equations each with respect to four SKF struc-
tural coefficients ( ) ( ) ( ) ( ), , ,n n n nfp z qp z gp z rp z    for the upper and lower flows, respectively,  

( ) ( ) ( )d
exp 0, exp 0, exp 0,

d
n n n

n n n n n n n n n n
n n

fp
fp Fw r z fp Fw r z Fw r z

r r z
ρ σ

ρ σ− = − = − =          (70) 

( ) ( ) ( )d
exp 0, exp 0, exp 0,

d
n n n

n n n n n n n n n n
n n

qp
qp Qw r z qp Qw r z Qw r z

r r z
ρ σ

ρ σ− = ± = − =         (71) 
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( ) ( ) ( )d
exp 0, exp 0, exp 0,

d
n n n

n n n n n n n n n n
n n

gp
gp Gw r z gp Gw r z Gw r z

r r z
ρ σ

ρ σ± = − = − =         (72) 

( ) ( ) ( )d
exp 0, exp 0, exp 0,

d
n n n

n n n n n n n n n n
n n

rp
rp Rw r z rp Rw r z Rw r z

r r z
ρ σ

ρ σ± = ± = − =         (73) 

where first and second AEs are produced by (61)-(62) and third ODEs are generated by (63).  
Solving the third AEs of separated systems (66)-(69) yields functional relations between structural coeffi-

cients 

( ) ( )

( ) ( )

exp , exp ,

exp , exp .

n n n n
n n n n n n

n n n n

n n n n
n n n n n n

n n n n

Qw Fw
fh re r z qh ge r z

Rw Gw
gh qe r z rh fe r z

ρ ρ
σ σ σ σ
ρ ρ
σ σ σ σ

= − + = −

= + = − −

 

 

                (74) 

Substitution of (74) in the second ODEs of (66)-(69) and addition/subtraction of the first ODEs reduces the 
second ODEs to identities. Substitution of (74) into the fourth ODEs reduces them to the following system: 

( ) ( )

( ) ( )

2 2

2 2

d d
exp 0, exp 0,

d d
d d

exp 0, exp 0.
d d

n n
n v n n n n n v n n n n

n n
n v n n n n n v n n n n

gs rs
r re Qw r z r ge Fw r z

z z
fs qs

r qe Rw r z r fe Gw r z
z z

σ ρ σ ρ

σ ρ σ ρ

+ − = − + + =

+ + = − + − =

 

 

         (75) 

Solving the first AEs of separated systems (70)-(73) gives structural coefficients 

( ) ( ) ( ) ( )exp , exp , exp , exp .n n n n
n n n n n n n n

n n n n

Fw Qw Gw Rw
fp r z qp r z gp r z rp r z

r r r r
= = = =         (76) 

Substitution of (76) in the second AEs and third ODEs of (70)-(73) reduces them to identities. 
Construct solutions of the first ODEs of (66)-(69) and (75) in the SE structures with the following general 

terms for the upper and lower flows, respectively, 

( )( ) ( ) ( ), , , , , , , , , , , , , , exp ,n n n n n n n n n n n n n n n n nfe qe ge re fs qs gs rs z Fe Qe Ge Re Fs Qs Gs Rs r z=       (77) 

where ,nFe  ,nQe  ,nGe  ,nRe  ,nFs  ,nQs  ,nGs  nRs  are structural coefficients. Substitution of (77) in the 
first ODEs of (66)-(69) yields algebraic relations between parameters of the structural coefficients 

2 2

2 2

,   ,

,   .

n n n n
n n n n n n

n nn n

n n n n
n n n n n n

n nn n

Fe Qs Gw Qe Fs Rw
r rr r

Ge Rs Fw Re Gs Qw
r rr r

σ ρ σ ρ

σ ρ σ ρ

= − = ± −

= + = ± +





                    (78) 

Substitution of (77) and (78) into (75) reduces them to identities. 
Finally, substitutions of (74), (76)-(78) into (65) and (56) give the following kinematic potentials in the SKEF 

structures for the upper and lower cumulative flows, respectively,  

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1

1

1

1

exp ,

exp ,

exp ,

exp ,

N

n
n
N

n
n

N

n

n n n n n n n n

n n n n n n n n

n n n n n n n
n
N

n
n

n

n n n n n n n n

cc cs sc ss r z

cc cs sc ss r z

Fs cc Qs cs sc ss r z

cc cs sc ss r z

Fh Qh Gh Rh

Fe Qe Ge Rh

Gs Rs

Fp Qp Gp Rp

χ

η

ψ

φ

=

=

=

=

= + + +

= + + +

= + + +

= + + +

∑

∑

∑

∑









                   (79) 

where structural coefficients are given by (78) and  
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2 2

2 2

,   ,

,   ,

n n n n
n n n n n n

n nn n

n n n n
n n n n n n

n nn n

Fh Qh
r rr r

Gh Rh

Gs Qw

r rr r

Rs Fw

Fs Rw Qs Gw

ρ σ ρ σ

ρ σ ρ σ

= + = −

= ± + = ± −

 

                    (80) 

1 1 1 1,   ,   ,   .n n n n n n n n
n n n n

Fp F Qp Q Gp G Rp R
r r

w
r

w w
r

w= = = =   
             (81) 

When 0nσ =  and 0n n n nFs Qs Gs Rs= = = = , (78)-(81) are reduced to the 2d solution in the x-z plane [5] 

( ) ( )

( ) ( )

1

1

exp10,     ,

1 0, ex .   p

N

nn n n n
nn

n n n

N

n
n

n
n

Gw c Fw

Gw

a sa z

Fw ca sa z

ρ

ψ

χ
ρ

ρ
ρ

η

φ

=

=

= = +

= +

−

=

∑

∑





                     (82) 

When 0nρ =  and 0n n n nFs Qs Gs Rs= = = = , (78)-(81) are transformed into a 2d solution in the y-z plane  

( ) ( )

( ) ( )

1

1

exp

0, e

1 ,    0,

1    xp .

N

n n n n n
n

n n n

n

N

nn
n n

Qw cb Fw

Q

sb z

F saww cb zψ

χ σ η
σ

φ σ
σ

=

=

= − =

+= =

∑

∑





                     (83) 

4. Dynamic Potentials through the SKEF Structures  
Definitions of the dynamic vector potential (the Helmholtz potential) ( ), ,fe ge heψ =h  in the vector description 
( )0ψφ =  are set by three components of temporal derivative (12)  

,     ,     .fe ge he
t t t
χ η ψ∂ ∂ ∂

= = =
∂ ∂ ∂

                             (84) 

Theoretical problems for the dynamic scalar potential (the Bernoulli potential) b beψ =  in the vector de-
scription are set by three components of the global Lamb-Helmholtz PDEs (10)  

0,     0,     0.be he ge be fe he be ge fe
x y z y z x z x y

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
+ − = + − = + − =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
              (85) 

Since the cumulative dynamic potentials are decomposed into superpositions of local dynamic potentials 

( ) ( )

( ) ( )

1 1

1 1

, , , ,     , , , ,

, , , ,     , , , ,

N N

n n
n n
N N

n n
n n

fe fe x y z t ge ge x y z t

he he x y z t be be x y z t

= =

= =

= =

= =

∑ ∑

∑ ∑
                       (86) 

the local dynamic potentials are governed by three definitions and three Lamb-Helmholtz PDEs 

,     ,     ,n n n
n n nfe ge he

t t t
χ η ψ∂ ∂ ∂

= = =
∂ ∂ ∂

                         (87) 

0,n n nbe he ge
x y z

∂ ∂ ∂
+ − =

∂ ∂ ∂
                                (88) 

0,n n nbe fe he
y z x

∂ ∂ ∂
+ − =

∂ ∂ ∂
                                (89) 

0,n n nbe ge fe
z x y

∂ ∂ ∂
+ − =

∂ ∂ ∂
                                (90) 

where 1,2, ,n N=  . The experimental solutions show that the Dirichlet conditions for ,  ,  ,  fe ge he be  are re-
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dundant since boundary parameters of ,  ,  ,  fe ge he be  depend on the boundary parameters of w  and ψ . 
Construct a general term of the Bernoulli potential in the SKF structure by 

( ) ( ) ( ) ( )n n n n nn n n nfB z cc qB z cs gB z scb se rB z s= + + +                     (91) 

and the SKEF structure ( ), , ,l l x y z t=  with a general term nl  and structural coefficients ,  ,  ,  n n n nFl Ql Gl Rl  
as 

( ) ( )exp .n n n n n n n n n nl Fl cc Ql cs Gl sc Rl ss r z= + + +                        (92) 

Computation of temporal and spatial derivatives of nl  yields 

( ) ( )

( ) ( ) ( )exp ,

n
n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n

l Cx Gl Cy Ql cc Cx Rl Cy Fl cs
t

Cx Fl Cy Rl sc Cx Ql Cy Gl ss r z

ρ σ ρ σ

ρ σ ρ σ

∂
= − − + − +∂

+ − + +  

          (93) 

( ) ( )exp ,n
n n n n n n n n n n

l
Gl cc Rl cs Fl sc Ql ss r z

x
ρ

∂
= + − −

∂
                     (94) 

( ) ( )exp ,n
n n n n n n n n n n

l
Ql cc Fl cs Rl sc Gl ss r z

y
σ

∂
= − + −

∂
                     (95) 

( ) ( )exp .n
n n n n n n n n n n

l
r Fl cc Ql cs Gl sc Rl ss r z

z
∂

= + + +
∂

                      (96) 

Application of (93) to (87) and (79) gives the following Helmholtz potentials in the SKEF structures for the 
upper and lower cumulative flows, respectively,  

( ) ( )

( ) ( )

( ) ( )

1

1

1

exp ,

exp ,

exp ,

n n n n n n n n n

n n n n n n n n n

n n n

N

n
N

n

n n n

N

n n
n

n

cc cs sc ss

cc cs sc

fe FF QF GF RF r z

ss

FH cc QH

ge FG QG GG RG r z

he GH RH r zcs sc ss

=

=

=

= + + +

= + + +

= + + +

∑

∑

∑







                  (97) 

where structural coefficients are  
, ,

, ,
n n n n n n n n n n n n n n

n n n n n n n n n n n n n n

FF Cx Gh Cy Qh QF Cx Rh Cy Fh
GF Cx Fh Cy Rh RF Cx Qh Cy Gh

ρ σ ρ σ
ρ σ ρ σ

= − − = − +

= − = +
                (98) 

, ,
, ,

n n n n n n n n n n n n n n

n n n n n n n n n n n n n n

FG Cx Ge Cy Qe QG Cx Re Cy Fe
GG Cx Fe Cy Re RG Cx Qe Cy Ge

ρ σ ρ σ
ρ σ ρ σ

= − − = − +

= − = +
               (99) 

, ,
, .

n n n n n n n n n n n n n n

n n n n n n n n n n n n n n

FH Cx Gs Cy Qs QH Cx Rs Cy Fs
GH Cx Fs Cy Rs RH Cx Qs Cy Gs

ρ σ ρ σ
ρ σ ρ σ

= − − = − +

= − = +
              (100) 

Computation of derivatives of (97) and (91) by (94)-(96) and (32)-(34), respectively, and substitution in (88)- 
(90) reduce the three Lamb-Helmholtz PDEs to two Lamb-Helmholtz AEs and one Lamb-Helmholtz ODE. For 
these equations to be satisfied exactly for all independent variables, independent parameters, structural functions, 
boundary coefficients, and structural coefficients of the upper and lower flows x, y, z, t, ,nXa  ,nYb  ,nCx  ,nCy  

,nρ  ,nσ  ,ncc  ,ncs  ,nsc  ,nss  ,nFF  ,nQF  ,nGF  ,nRF  ,nFG  ,nQG  ,nGG  ,nRG  ,nFH  ,nQH  ,nGH  
,nRH  ,nfB  ,nqB  ,ngB  ,nrB  all coefficients of the kinematic structural functions must vanish. Vanishing 

four coefficients of three equations yields 12 equations in total for the upper flows and 12 equations for the low-
er flows, which are separated into four systems of three equations each with respect to four SKF structural coef-
ficients ( ) ( ) ( ) ( ), , ,n n n nfB z qB z gG z rB z    for the upper and lower flows, respectively,  

( ) ( ) ( ) ( )

( ) ( )

exp 0, exp 0,
d

exp 0,
d

n n n n n n n n n n n n n n

n
n n n n n

fB r GG RH r z fB r QF RH r z
fB

GG QF r z
z

ρ σ σ ρ

ρ σ

− + ± + = − + − =

+ − =

  



     (101) 
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( ) ( ) ( ) ( )

( ) ( )

exp 0, exp 0,
d

exp 0,
d

n n n n n n n n n n n n n n

n
n n n n n

qB r RG GH r z qB r FF GH r z
qB

RG FF r z
z

ρ σ σ ρ

ρ σ

− + ± − = + − =

+ + =

  



       (102) 

( ) ( ) ( ) ( )

( ) ( )

exp 0, exp 0,
d

exp 0,
d

n n n n n n n n n n n n n n

n
n n n n n

gB r FG QH r z gB r RF QH r z
gB

FG RF r z
z

ρ σ σ ρ

ρ σ

+ ± + = − + + =

− + =

  



      (103) 

( ) ( ) ( ) ( )

( ) ( )

exp 0, exp 0,
d

exp 0,
d

n n n n n n n n n n n n n n

n
n n n n n

rB r QG FH r z rB r GF FH r z
rB

QG GF r z
z

ρ σ σ ρ

ρ σ

+ ± − = + + =

+ − + =

  



        (104) 

where first and second AEs are produced by (88)-(89) and third ODEs are generated by (90). 
Solving the first AEs of separated systems (101)-(104) gives the following Bernoulli potentials in the SKEF 

structures for the upper and lower cumulative flows, respectively,  

( ) ( )
1

exp ,n n n n n n

N

n
n n ncc cs scbe FB QB GB B sR r zs

=

= + + +∑ 
                  (105) 

where structural coefficients are  

, ,

, .

n n n n
n n n n n n n n n n

n n n n

n n n n
n n n n n n n n n n

n n n n

FB Cx Gw Cy Qw QB Cx Rw Cy Fw
r r r r

GB Cx Fw Cy Rw RB Cx Qw Cy Gw
r r r r

ρ σ ρ σ

ρ σ ρ σ

   
= ± − − = ± − +   

   
   

= ± − = ± +   
   

       (106) 

Substitution of (106) in the second AEs and third ODEs of (101)-(104) reduces them to identities. The Ber-
noulli potential (105)-(106) does not depend on boundary coefficients of the kinematic potentials ,nFs  ,nQs  

,nGs  nRs  since ψ  of (79) generates the SKEF solution of the homogeneous problem ∇× = 0ψ . 
In the scalar description, 0,  φ φ= = 0ψ h  and integration of the Lamb-Helmholtz PDE (10) returns the Ber-

noulli equation [2]  

( ) 0,d ebe p k f t
tφ
φ∂

= + + + =
∂

                             (107) 

where φφ φ=  and an arbitrary function of time ( )f t  vanishes for the SKEF structures because of the vanish-
ing Dirichlet conditions (24) and (26). Using the scalar-vector duality, the Lamb-Helmholtz PDE (10) reads  

.b be be be be be
t tt t tψ ψ φ φ∂ ∂ ∂ ∂

∇ + = ∇ + = ∇ + ∇ + ∇ + +
∂ ∂

∂  ∇× ∇× ∇× = = ∇ = ∇ =
∂ ∂ ∂  

0ψ ψ vh    (108) 

where ψ=ψ ψ . Integration of (108) returns dual formulas for the global and local Bernoulli potentials  

,be
t
φ∂

= −
∂

                                    (109) 

n
nbe

t
φ∂

= −
∂

                                    (110) 

since an integration constant again vanishes for the SKEF structures in agreement with (24) and (26). Therefore, 
computation of be by (110), (79), and (93) also results in (105)-(106).  

5. Stationary Dynamic Exponential Fourier (SDEF) Structures  
By the generalized Einstein notation for summation that is extended for exponents in [5], define two SKEF 
structures ( ), , ,l x y z t l=  and ( ), , ,h x y z t h=  with general terms nl  and mh  for the upper and lower cumu-
lative flows, respectively,  
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( ) ( ) ( )

( ) ( ) ( )

1

1

, , , exp ,

, , , exp .

N

n n n n n n n n n n
n

N

m m m m m m m m m n
m

l l x y z t Fl cc Ql cs Gl sc Rl ss r z

h h x y z t Fh cc Qh cs Gh sc Rh ss r z

=

=

= = + + +

= = + + +

∑

∑





             (111) 

Following the experimental solutions, construct 16 trigonometric structural functions of the SDEF structure  
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

cos cos cos cos

cos sin cos sin

cos cos cos cos

cos sin cos sin

, ,

, ,

, ,

, ,

n,m m m n,m m m

n,m m m n,m m m

n,m m m n,m m m

n,m

n n n n

n n n n

n n n n

n n nm m n,m m mn

CdCd CdCs

CdSd CdSs

CsCd CsCs

CsSd CsSs

α α β β α α β β

α α β β α α β β

α α β β α α β β

α α β β α α β β

= =

= =

=

− − − +

− − − +

+ − + +

= + + +

=

=−

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

cos cos

sin sin

cos cos

sin

sin , sin ,

sin , sin ,

sin , sin ,

si sn , n ,nsi i

n,m m m n,m m m

n,m m m n,m m m

n n n n

n n n n

n n n nn,m m m n

n n n

,m m m

n,m m m n,m nm m

SdCd dCs

SdSd dSs

SsCd sCs

SsSd sSs

S

S

S

S

α α β β α α β β

α α β β α α β β

α α β β α α β β

α α β β α α β β

− − − +

− − − +

+ − +

+

= =

= =

= = +

= − + +=

          (112) 

where capital letters C and S stand for cosine and sine, letters s and d for sum and difference of arguments ,nα  
mα  and ,  n mβ β . 
Computation of a general term ,n n n np l h=  of product ( ), , ,p x y z t p lh= =  by one-dimensional summation 

of diagonal terms yields for the upper and lower flows, respectively,  

(
) ( )

, , , , , , , , , ,

, , , , , , , , exp

1
4

2 ,

n n n n n n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n n n

p Fddp Fdsp CdCs Qdsp CdSs Fsdp CsCd Fssp CsCs

Qssp CsSs Gsdp SsCd Gssp SsCs Rssp SsSs r z

+ + +

+ +

= +

+ + 

        (113) 

where structural coefficients are  
, ,

, ,

, ,

, ,
, ,
,

n n n n n n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n

Fddp Fl Fh Ql Qh Gl Gh Rl Rh Fdsp Fl Fh Ql Qh Gl Gh Rl Rh
Qdsp Fl Qh Fh Ql Gl Rh Gh Rl Fsdp Fl Fh Ql Qh Gl Gh Rl Rh
Fssp Fl Fh Ql Qh Gl Gh Rl Rh Qssp Fl Qh Fh Ql

= + + + = − + −

= + + + = + − −

= − − + = +

, ,

,

,
, ,
.

n n n n n

n n n n n n n n n n n n n n n n n n n n

n n n n n n n n n n

Gl Rh Gh Rl
Gsdp Fl Gh Fh Gl Ql Rh Qh Rl Gssp Fl Gh Fh Gl Ql Rh Qh Rl
Rssp Fl Rh Fh Rl Ql Gh Qh Gl

− −

= + + + = + − −

= + + +

     (114) 

A general term ,n m n mp l h=  of product p computed by rectangular summation of non-diagonal terms for the 
upper and lower flows, respectively, becomes  

(, , , , , , , , , , ,

, , , , , , , , , ,

, , , , , ,

1
4n m n m n m n m n m n m n m n m n m n m n m

n m n m n m n m n m n m n m n m n m n m

n m n m n m n m n m n

p Fddp CdCd Fdsp CdCs Qddp CdSd Qdsp CdSs Fsdp CsCd

Fssp CsCs Qsdp CsSd Qssp CsSs Gddp SdCd Gdsp SdCs
Rddp SdSd Rdsp SdSs Gsdp SsCd

+ +

+ + +

+ +

+

+

=

+

+ +

) ( )
, , , ,

, , exp ,
m n m n m n m n m

n m n m n m

Gssp SsCs Rsdp SsSd

Rssp SsSs r r z

+

++

+

  

   (115) 

where structural coefficients are  
, ,

, ,

, ,

, ,
, ,

,

n m n m n m n m n m n m n m n m n m n m

n m n m m n n m m n n m n m m n n m m n

n m n m n m n m n m n m n m n

Fddp Fl Fh Ql Qh Gl Gh Rl Rh Fdsp Fl Fh Ql Qh Gl Gh Rl Rh
Qddp Fl Qh Fh Ql Gl Rh Gh Rl Qdsp Fl Qh Fh Ql Gl Rh Gh Rl
Fsdp Fl Fh Ql Qh Gl Gh Rl Rh Fssp Fl Fh Ql Q

= + + + = − + −

= − + − + = + + +

= + − − = −

, ,

, ,

,

,
, ,
, ,

,

m n m n m

n m n m m n n m m n n m n m m n n m m n

n m n m m n n m m n n m n m m n n m m n

n m n m m n n m m n

h Gl Gh Rl Rh
Qsdp Fl Qh Fh Ql Gl Rh Gh Rl Qssp Fl Qh Fh Ql Gl Rh Gh Rl
Gddp Fl Gh Fh Gl Ql Rh Qh Rl Gdsp Fl Gh Fh Gl Ql Rh Qh Rl
Rddp Fl Rh Fh Rl Ql Gh Qh Gl

− +

= − + + − = + − −

= − + − + = − + + −
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= + + + = + − −

= − + + − = + + +
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Conversion of (115)-(116) by triangular summation of non-diagonal terms and addition of (113)-(114) yields 
summation formulas for the product of the SKEF structures written through the SDEF structures for the upper 
and lower flows, respectively,  

(

) ( )

(

, , , , , , , , ,

, , , , , , , ,

, , , , ,

1

, ,

1
4

1

x 2

4

e p

N

n n n n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n n n

n m n m n m n m n m n n

n

m m

Fddp Fdsp CdCs Qdsp CdSs Fsdp CsCd Fssp CsCs

Qssp CsSs Gsdp ScCd Gssp ScCs Rssp SsSs r z

Fddp CdCd Fdsp CdCs Qddp CdSd Q

p

dsp C

=

+ + +

+ + + +

+

++

=

+ +

∑



)

1

1
,

, , , , , , , , , ,

, , , ,

1

, , , , , ,

, , , ,

n m

n m n m n m n m n m n m n m n m n m n m

n m n m n m n m n m n m n m n m n m n m

n m n m n m n

N N

n

m

m n
dSs

Fsdp CsCd Fssp CsCs Qsdp CsSd Qssp CsSs Gddp SdCd
Gdsp SdCs Rddp SdSd Rdsp SdSs Gsdp SsCd Gssp SsCs

Rsdp SsSd Rssp SsSs

−

= = +

+ +

+ +

+ +

+ +

+ +

+

+

∑ ∑

( )exp ,n mr r z + 
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where 9 diagonal structural coefficients are given by (114) and 16 non-diagonal structural coefficients are 
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       (118)

 

6. Total Pressures through the SKEF-SDEF Structures  
The kinetic energy per unit mass of the upper and lower cumulative flows, 

( ) ( )1 1, , , ,
2 2ek x y z t u u v v w w= ⋅ = ⋅ + ⋅ + ⋅v v                          (119) 

is computed as a superposition of three products of the SKEF structures for the velocity components that are 
converted from the functional form (44) to the structural form (92) for the upper and lower cumulative flows, 
respectively, as 
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where the structural coefficients for the upper and lower flows, respectively, are 

,     ,    ,    ,
,     ,     ,     ,

n n n n n n n n n n n n

n n n n n n n n n n n n

Fu C G Qu C R Gu C F Ru C Q
Fv S Q Qv S F Gv S R

w w
Rv Sw G

w w
w w w

= = = ± = ±

= = ± = = ±

 

 

             (121) 

structural parameters nC  and nS  are given by (47). Application of the product rules (117)-(118) for transfor-
mation of the SKEF structures into the SDEF structures to the cumulative kinetic energy of the upper and lower 
flows, respectively, yields 
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where the structural coefficients are 

( ) ( )
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( )( ), ,
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         (123)

 

Here, structural parameters of energy pulsations ,n mTd  and ,n mTs  in the algebraic and trigonometric forms 
are  

( ) ( ), ,cos , cos .n m n m n m n m n m n m n m n mTd C C S S Ts C C S Sθ θ θ θ= + = − = − = +            (124) 
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Since the velocity components have a unique presentation both for the vector and scalar descriptions of the 
kinematic and dynamic potentials, the kinetic energies also have a single description.  

Substitution of the dual formula (109) for the Bernoulli potential be into the Bernoulli Equation (11) in the 
vector description returns the same expression for the dynamic pressure as the Bernoulli Equation in the scalar 
description (107)  

( ) ( ) ( ), , , , , , , , , .d ep x y z t be x y z t k x y z t= −                         (125) 

Thus, the kinetic energies, the dynamic pressures, and the total pressures have a unique presentation both in 
the vector and scalar descriptions.  

Substitution of the dynamic pressure in the hydrostatic Equation (5) yields the total pressure for the upper and 
lower cumulative flows, respectively, 
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  (126) 

where structural coefficients are given by (106) and (123).  
When 0nσ = , (126) is reduced to the 2d solution in the -x z  plane [5] 

( ) ( ) ( ) ( )

( ) ( ) ( )

2 2

, ,

0
1 1

1

1 1

eexp 2
2

.

xp

exp

N

n n n n n n n

n m n m n m n m m n n m n m

N

t z n n
n n

N N

n m n

Cx Gw Fw Fw Gw

Fw Fw Gw Gw Cad Fw Gw

p p g z ca

Fw Gw S

z

z

z

a

sa

d ρ ρ

ρρ ρ ρ ρ

ρ

= =

−

= = +

− +

   + + − + + 

= −

− 

− ∑ ∑

∑ ∑

 





   (127) 

When 0nρ = , (126) is converted into the 2d solution in the -y z  plane  
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In (127)-(128), ( ), cosn m n mCad α α= − , ( ), sinn m n mSad α α= − , ( ), cosn m n mCbd β β= − ,  
( ), sinn m n mSbd β β= − . 

7. Decomposition of Harmonic Variables in the SKEF Structural Basis  
Similar to two independent SKEF structures in two dimensions [5], there are four independent SKEF structures 
in three dimensions  
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where ,  ,  ,  n n n nFa Qa Ga Ra  are structural coefficients. Computation of the spatial and temporal derivatives of 
the general terms of (129) by (93)-(96) yields for the upper and lower flows, respectively,  
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       (130) 

Thus, the family of four differentially independent SKEF structures [ ], , ,n n n nAh Bh Ch Dh  is closed with re-
spect to the spatial and temporal differentiation of all orders.  

Computing the Laplacians of (129) by (130) and identities (43) shows that the SKEF structural basis  
[ ], , ,n n n nAh Bh Ch Dh  is harmonic both the upper and lower flows since  
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0,    0,    0,    0.
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                         (131) 

By (130), dot products of gradients to local isosurfaces ( ), , , constnAh x y z t = , ( ), , , constnBh x y z t = ,
( ), , , constnCh x y z t = , ( ), , , constnDh x y z t =  both for the upper and lower flows become 
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                (132) 

Thus, there are three couples of symmetric isosurfaces with the same absolute values of the scalar products of 
gradients. In two dimensions, the non-orthogonal isosurfaces are reduced to orthogonal isolines [5].  

For velocity components (44), the non-orthogonal harmonic SKEF structural basis is 
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               (133) 

where ,  ,  ,  n n n nFw Qw Gw Rw  are boundary coefficients provided by (23) and (25). Decomposition of the ve-
locity components in the SKEF structural basis [ ]( ), , , , , ,n n n nAw Bw Cw Dw x y z t  yields for the upper and lower 
flows  

, , .n n n n n n n nu C Bw v S Cw w Aw= = =                          (134) 
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Since ,  ,  n n nAw Bw Cw  are harmonic functions, the local and cumulative velocity components are also har-
monic both for the upper and lower flows, in agreement with  

0, 0, 0, 0, 0, 0.n n nu u v v w w∆ = ∆ = ∆ = ∆ = ∆ = ∆ =                      (135) 

Taking the temporal derivatives of (44) by (93) and reducing to the SKEF structures using (47) give  
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where structural coefficients are  
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Gut Cx C Gw Cy S Qw Rut Cx C Rw Cy S Fw

ρ ρ

ρ ρ

= − = +

= + = −

 

 

            (137) 

( ) ( )
( ) ( )

, ,

, ,
n n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n n

Fvt Cx C Rw Cy S Fw Qvt Cx C Gw Cy S Qw

Gvt Cx C Qw Cy S Gw Rvt Cx C Fw Cy S Rw

σ σ

σ σ

= − + = +

= + = − +

 

 

           (138) 

( ) ( )
( ) ( )

, ,

, .
n n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n n

Fwt r Cx C Gw Cy S Qw Qwt r Cx C Rw Cy S Fw

Gwt r Cx C Fw Cy S Rw Rwt r Cx C Qw Cy S Gw

= − − = − +

= − = +
           (139) 

Decompositions of the temporal derivatives of the velocity components in the SKEF structural basis 
[ ]( ), , , , , ,n n n nAw Bw Cw Dw x y z t  for the upper and lower flows, respectively, are  

( ) ( )

( )

,     ,

.

n n
n n n n n n n n n n n n n n

n
n n n n n n n

u v
Cx C Aw Cy S Dw Cx C Dw Cy S Aw

t t
w

r Cx C Bw Cy S Cw
t

ρ σ
∂ ∂

= − = − +
∂ ∂
∂

= − −
∂

 

           (140) 

For kinematic potentials (79) and dynamic potentials (97) and (105), the non-orthogonal harmonic SKEF 
structural basis is [ ]( ), , , , , , , , , ,n n n n n n n nAw Bw Cw Dw As Bs Cs Ds x y z t , where  

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

, , ,

, ,

exp ,

exp ,

e

,

, xp ,

exp ,

, ,

, , ,

n n n n n n n n n n

n n n n n n n n n n

n n n n n n n n n n

n n n n n n n n n n

As x y z t Fs Qs Gs Rs r z

Bs x y z t Gs Rs Fs Qs r z

C

cc cs sc ss

cc

s x y z t Qs Fs Rs Gs r z

Ds x y z t Rs G

cs sc ss

cc cs sc ss

cc css Qs Fs r zsc ss

= + + +

= + − −

= − + −

= − − +









                 (141) 

,  ,  ,  n n n nFs Qs Gs Rs  are boundary coefficients of (64). Decomposing the kinematic potentials yields for the up-
per and lower flows, respectively,  

1, , , .n n
n n n n n n n n n n n n

n n n

S C
C Bs Cw S Cs Bw As Aw

r r r
χ η ψ φ= + = − = =              (142) 

Computation of elements of the SKEF structural basis [ ]( ), , , , , ,n n n nAw Bw Cw Dw x y z t  through the velocity 
components from (134) and substitution in (142) return local relationships between the kinematic potentials and 
the velocity components  

, , .n n n
n n n n n n n

n n n

v u w
C Bs S Cs

r r r
χ η φ

   
= + = − =   

   
                      (143) 
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Decomposition of the dynamic potentials in the SKEF structural basis (133), (141) gives for the upper and 
lower flows, respectively, 

( ) ( )
( ) ( )
( ) ( )

,

,

,     .

n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n

fe Cx C As Cy S Ds S Cx C Dw Cy S Aw

ge Cx C Ds Cy S As C Cx C Aw Cy S Dw

he r Cx C Bs Cy S Cs be Cx C Bw Cy S Cw

ρ

σ

= − − −

= − + − −

= − + = +







             (144) 

Computation of elements of the SKEF structural basis by (140) and substitution in (144) returns local rela-
tionships between the dynamic potentials and the temporal derivatives of the velocity components  

( )

( )

1 ,

1 1, .

n
n n n n n n n n

n

n n
n n n n n n n n n

n n

v
fe Cx C As Cy S Ds

r t

u w
ge Cx C Ds Cy S As be

r t r t

ρ

σ

 ∂
= − + ∂ 

 ∂ ∂
= ± − + = ± ∂ ∂ 



                (145) 

Since the SKEF structural basis is harmonic, there are 11 pairs of local and global functions ( ),nu u , ( ),nv v , 
( ),nw w , ( ),nχ χ , ( ),nη η , ( ),nψ ψ , ( ),nφ φ , ( ),nfe fe , ( ),nge ge , ( ),nhe he , ( ),nbe be , which are harmonic 
together with all their spatial and temporal derivatives.  

8. Experimental and Theoretical Verification by the System of  
Navier-Stokes PDEs 

The classical proofs of existence theorems for series solutions of PDEs, see existence theorems of [3] and refer-
ences therein, include three following steps: 1) to derive formal solutions, 2) to show that PDEs are satisfied, 
and 3) to find conditions of convergence. For the structural solutions of this paper, the first step is implemented 
in Sections 2-7, the second step is the point of this section, and the third step is not required since the structural 
solutions are exact and decompositions in the invariant structures are truncated.  

The Navier-Stokes PDEs (1) in the scalar notation become  

2 2 2

2 2 2

1 0,tpu u u u u u uu v w
t x y z x x y z

ν
ρ

 ∂∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + + + − + + = ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

                  (146) 

2 2 2

2 2 2

1 0,tpv v v v v v vu v w
t x y z y x y z

ν
ρ

 ∂∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + + + − + + = ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

                  (147) 

2 2 2

2 2 2

1 0,t
z

pw w w w w w wu v w g
t x y z z x y z

ν
ρ

 ∂∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + + + − + + + = ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

               (148) 

Theoretical computation of the directional derivatives of (146)-(148) by (120), (94)-(96), and (117)-(118) as a 
superposition of three products of the SKEF structures, which is reduced to the SDEF structure, yields for the 
upper and lower cumulative flows, respectively,  

( ) ( ) ( )

(

, , , ,

, , , , , ,

, , , , , , , ,

, ,

1
1

1 1

1
4

exp 2

1
4

N

n n n n n n n n n

n m n m n m n m n m n m

n m n m n m n m n m n m n m n

n
N N

n m

m

n m n m

n

Fsddu CsCd Gsddu ScCd r z

Fdddu CdCd Fdsdu CdCs Qdddu CdSd

Qdsdu CdSs Fsddu CsCd Fssdu CsCs Qsddu CsSd

Qssdu Cs

u

Ss Gddd

=

−

= = +

⋅∇ =

+ +

+ +

+

+

+

+ +

+

∑

∑ ∑

v

) ( )

, , , , , ,

, , , , , ,

, , , , exp ,

n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m

u SdCd Gdsdu SdCs Rdddu SdSd

Rdsdu SdSs Gsddu SsCd Gssdu SsCs

Rsddu SsSd Rssdu SsSs r r z

+

+ +

 + +

+

+

+ 

      (149) 
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( ) ( ) ( )

(

, , , ,

, , , , , ,

, , , , , , , ,

, ,

1
1

1 1

1
4

exp 2

1
4

N

n n n n n n n n n

n m n m n m n m n m n m

n m n m n m n m n m n m n m n

n
N N

n m

m

n m n m

n

Fdsdv CdCs Qdsdv CdSs r z

Fdddv CdCd Fdsdv CdCs Qdddv CdSd

Qdsdv CdSs Fsddv CsCd Fssdv CsCs Qsddv CsSd
Qssdv Cs

v

Ss Gddd

=

−

= = +

⋅∇ =

+ +

+ +

+

+

+

+ +

+

∑

∑ ∑

v

) ( )

, , , , , ,

, , , , , ,

, , , , exp ,

n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m

v SdCd Gdsdv SdCs Rdddv SdSd
Rdsdv SdSs Gsddv SsCd Gssdv SsCs

Rsddv SsSd Rssdv SsSs r r z

+

+ +

 + +

+

+

+ 

        (150) 

( ) (

) ( )

(

, , , , ,

, , , ,

, , ,

1

1

, , ,

,

1 1

, , , ,

1
4

1
4

exp 2

N

n n n n n n n n n n

n n n n n n n n n

n m n m n m n m n m n m

n m n m n m n m n

N N

n n

m

n

m

Fdddw Fdsdw CdCs Qdsdw CdSs

Fsddw CsCd Gsddw ScCd r z

Fdddw CdCd Fdsdw CdCs Qdddw CdSd

Qdsdw CdSs Fsddw CsCd Fs

w

sdw CsC

=

−

= = +

⋅∇ = +

+ +

+

+ +

+

++ +

∑

∑ ∑



v

) ( )

, , ,

, , , , , , , ,

, , , , , ,

, , , , exp ,

n m n m n m

n m n m n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m

s Qsddw CsSd
Qssdw CsSs Gdddw SdCd Gdsdw SdCs Rdddw SdSd
Rdsdw SdSs Gsddw SsCd Gssdw SsCs

Rsddw SsSd Rssdw SsSs r r z

+

+ ++ +

+ +

 + + +

+



       (151) 

where the structural coefficients for Equation (149) are  

( ) ( )
( )( )( )
( )( )( )
( )( )

2 2 2 2 2 2
, ,

, ,

, ,

, ,

4 ,     2 ,

1 ,

1 ,

1

n n n n n n n n n n n n n n n n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m

Fsddu S Fw Gw Qw Rw Gsddu S Fw Qw Gw Rw

Fdddu Td Fw Gw Fw Gw Qw Rw Qw Rw

Fdsdu Ts Fw Gw Fw Gw Qw Rw Qw Rw

Qdddu Td Fw Rw Fw

ρ ρ

ρ ρ

ρ ρ

ρ ρ

= + = − + − −

= − + − + − +

= − + − + + −

= − + +( )
( )( )( )
( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m

Rw Qw Gw Qw Gw

Qdsdu Ts Fw Rw Fw Rw Qw Gw Qw Gw

Fsddu Ts Fw Gw Fw Gw Qw Rw Qw Rw

Fssdu Td Fw Gw Fw Gw Qw Rw Qw Rw

Qsddu Ts Fw Rw Fw Rw

ρ ρ

ρ ρ

ρ ρ

ρ ρ

− −

= − + − + − +

= + − + + +

= + − + − −

= + − − +( )
( )( )( )
( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

n n m m n

n m n m n m n m m n n m m n

n m n m n m n m n m n m n m

n m n m n m n m n m n m n m

n m n m n m n m m

Qw Gw Qw Gw

Qssdu Td Fw Rw Fw Rw Qw Gw Qw Gw

Gdddu Td Fw Fw Qw Qw Gw Gw Rw Rw

Gdsdu Ts Fw Fw Qw Qw Gw Gw Rw Rw

Rdddu Td Fw Qw Fw Qw

ρ ρ

ρ ρ

ρ ρ

ρ ρ

+ −

= + − + + +

= − − + + + +

= − − + − + −

= − − + − +( )
( )( )( )
( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

n n m m n

n m n m n m n m m n n m m n

n m n m n m n m n m n m n m

n m n m n m n m n m n m n m

n m n m n m n m m

Gw Rw Gw Rw

Rdsdu Ts Fw Qw Fw Qw Gw Rw Gw Rw

Gsddu Ts Fw Fw Qw Qw Gw Gw Rw Rw

Gssdu Td Fw Fw Qw Qw Gw Gw Rw Rw

Rsddu Ts Fw Qw Fw Q

ρ ρ

ρ ρ

ρ ρ

ρ ρ

− +

= − − + + + +

= − + − + − −

= − + − − − +

= − + − − +( )
( )( )( ), ,

,

1 ,
n n m m n

n m n m n m n m m n n m m n

w Gw Rw Gw Rw

Rssdu Td Fw Qw Fw Qw Gw Rw Gw Rwρ ρ

+ −

= − + − + − −

      (152)

 

for Equation (150) are  
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( ) ( )
( )( )( )
( )( )( )
( )( )

2 2 2 2 2 2
, ,

, ,

, ,

, ,

4 ,     2 ,

1 ,

1 ,

1

n n n n n n n n n n n n n n n n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m n

Fdsdv C Fw Qw Gw Rw Qdsdv C Fw Qw Gw Rw

Fdddv Td Fw Qw Fw Qw Gw Rw Gw Rw

Fdsdv Ts Fw Qw Fw Qw Gw Rw Gw Rw

Qdddv Td Fw Fw Qw

σ σ

σ σ

σ σ

σ σ

= + = − − + −

= − + − + − +

= + + + + +

= − − + +( )
( )( )( )

( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

m n m n m

n m n m n m n m n m n m n m

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m n

Qw Gw Gw Rw Rw

Qdsdv Ts Fw Fw Qw Qw Gw Gw Rw Rw

Fsddv Ts Fw Qw Fw Qw Gw Rw Gw Rw

Fssdv Td Fw Qw Fw Qw Gw Rw Gw Rw

Qsddv Ts Fw Fw Qw Q

σ σ

σ σ

σ σ

σ σ

+ +

= − + + − + −

= − − − + + −

= + − + − −

= − − − +( )
( )( )( )
( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

m n m n m

n m n m n m n m n m n m n m

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m

w Gw Gw Rw Rw

Qssdv Td Fw Fw Qw Qw Gw Gw Rw Rw

Gdddv Td Fw Rw Fw Rw Qw Gw Qw Gw

Gdsdv Ts Fw Rw Fw Rw Qw Gw Qw Gw

Rdddv Td Fw Gw Fw G

σ σ

σ σ

σ σ

σ σ

− −

= − + − − − +

= − + + − −

= + + − + − +

= − − + − +( )
( )( )( )

( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m

w Qw Rw Qw Rw

Rdsdv Ts Fw Gw Fw Gw Qw Rw Qw Rw

Gsddv Ts Fw Rw Fw Rw Qw Gw Qw Gw

Gssdv Td Fw Rw Fw Rw Qw Gw Qw Gw

Rsddv Ts Fw Gw Fw G

σ σ

σ σ

σ σ

σ σ

− +

= − + + − + + −

= − − − + + −

= + − + + +

= − − − +( )
( )( )( ), ,

,

1 ,
n n m m n

n m n m n m n m m n n m m n

w Qw Rw Qw Rw

Rssdv Td Fw Gw Fw Gw Qw Rw Qw Rwσ σ

+ +

= − + − + − −

      (153)

 

and for Equation (151) are  
( )
( ) ( )
( ) ( )

( )( )

2 2 2 2
,

2 2 2 2 2 2
, ,

2 2 2 2 2 2
, ,

, ,

2 ,

2 ,     4 ,

2 ,     4 ,

1

n n n n n n n

n n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n n

n m n m n m n

Fdddw r Fw Qw Gw Rw

Fdsdw r C Fw Qw Gw Rw Qdsdw r C Fw Qw Gw Rw

Fsddw r S Fw Qw Gw Rw Gsddw r S Fw Gw Qw Rw

Fdddw r r Td Fw Fw

= + + +

= − + − = +

= + − − = +

= + +



 

 

 ( )
( )( )( )
( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

m n m n m n m

n m n m n m n m n m n m n m

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n

Qw Qw Gw Gw Rw Rw

Fdsdw r r Ts Fw Fw Qw Qw Gw Gw Rw Rw

Qdddw r r Td Fw Qw Fw Qw Gw Rw Gw Rw

Qdsdw r r Ts Fw Qw Fw Qw Gw Rw Gw Rw

Fsddw r r Ts Fw F

+ + +

= + + − + −

= + + − + − +

= + + + + +

= + −







 ( )
( )( )( )
( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

m n m n m n m

n m n m n m n m n m n m n m

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m

w Qw Qw Gw Gw Rw Rw

Fssdw r r Td Fw Fw Qw Qw Gw Gw Rw Rw

Qsddw r r Ts Fw Qw Fw Qw Gw Rw Gw Rw

Qssdw r r Td Fw Qw Fw Qw Gw Rw Gw Rw

Gdddw r r Td Fw

+ − −

= + − − − +

= + − − + + −

= + − + − −

= + + −







 ( )
( )( )( )
( )( )( )
( )( )( )
( )( )

, ,

, ,

, ,

, ,

,

1 ,

1 ,

1 ,

1

n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m

Gw Fw Gw Qw Rw Qw Rw

Gdsdw r r Ts Fw Gw Fw Gw Qw Rw Qw Rw

Rdddw r r Td Fw Rw Fw Rw Qw Gw Qw Gw

Rdsdw r r Ts Fw Rw Fw Rw Qw Gw Qw Gw

Gsddw r r Ts

+ − +

= + + − + + −

= + + + − −

= + + − + − +

= + −







 ( )
( )( )( )
( )( )( )
( )( )( )

, ,

, ,

, ,

,

1 ,

1 ,

1 .

n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

n m n m n m n m m n n m m n

Fw Gw Fw Gw Qw Rw Qw Rw

Gssdw r r Td Fw Gw Fw Gw Qw Rw Qw Rw

Rsddw r r Ts Fw Rw Fw Rw Qw Gw Qw Gw

Rssdw r r Td Fw Rw Fw Rw Qw Gw Qw Gw

+ + +

= + − + − −

= + − − + + −

= + − + + +







      (154)
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In the vector description, the pressure force of (146)-(148) is reduced by (5) and (125) to  
1 1 1,     ,      .t e t e t e

z
p k p k p kbe be be g
x x x y y y z z zρ ρ ρ

∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂
= − = − = − −

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
               (155) 

Theoretical computation of the SKEF structures for the spatial derivatives of the Bernoulli potential (105)- 
(106) by (94)-(96) and comparison with the SKEF structures for the temporal derivatives of the velocity com-
ponents (136)-(139) yields that these structures are related by  

0, 0, 0,be u be v be w
x t y t z t

∂ ∂ ∂ ∂ ∂ ∂
+ = + = + =

∂ ∂ ∂ ∂ ∂ ∂
                        (156) 

in agreement with decompositions in the SKEF structural basis of Section 7.  
Taking theoretically the spatial derivative of the SDEF structure (117) in the x-direction gives for the upper 

and lower cumulative flows, respectively, 

(

) ( )

(

, , , , , ,

, , , , , ,

1

, , , , , ,

,

1

,

1 1

1
4

ex 2

1
4

p

N

n n n n n n n n n n n n

n n n n n n n

n

N N

n n n n n n

n m n m n
n

m n m n m n m

n m

m n

n m

Fsdpx CsCd Fsspx CsCs Qsspx CsSs

Gsdpx ScCd Gsspx ScCs Rsspx SsSs r z

Fddpx CdCd Fdspx CdCs Qddpx CdSd

Qdspx CdSs sd

p

F

x

p

=

−

= = +

+ +

+ + +

∂

+

=
∂

+ +

+ +

∑

∑ ∑



) ( )

, , , , , ,

, , , , , , , ,

, , , , , ,

, , , , exp

n m n m n m n m n m n m

n m n m n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m

x CsCd Fsspx CsCs Qsdpx CsSd
Qsspx CsSs Gddpx SdCd Gdspx SdCs Rddpx SdSd
Rdspx SdSs Gsdpx SsCd Gsspx SsCs

Rsdpx SsSd Rsspx SsSs r r z

+

+ +

+ +

+

+ +

+

+  + + ,

          (157) 

where the structural coefficients are 

( ) ( )

, , , , , ,

, , , , , ,

, , , ,

,

2 ,     2 ,     2 ,
2 ,     2 ,     2 ,

,     ,

n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n

n m n m n m n m n m n m

n m n

Fsdpx Gsdp Fsspx Gssp Qsspx Rssp
Gsdpx Fsdp Gsspx Fssp Rsspx Qssp

Fddpx Gddp Fdspx Gdsp

Qddpx
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Similarly, the spatial derivative of the SDEF structure (117) with respect to y becomes  

(

) ( )

(

, , , , , ,

, , , , , ,

1

, , , , , ,

,

1

,

1 1

1
4

ex 2

1
4

p

N

n n n n n n n n n n n n

n n n n n n n

n

N N

n n n n n n

n m n m n
n

m n m n m n m

n m

m n

n m

Fdspy CdCs Qdspy CdSs Fsspy CsCs

Qsspy CsSs Gsspy ScCs Rsspy SsSs r z

Fddpy CdCd Fdspy CdCs Qddpy CdSd

Qdspy CdSs sd

p

F

y

p

=

−

= = +

+

+ + +

∂
= +

∂

+

+

+ +

+

∑

∑ ∑



) ( )

, , , , , ,

, , , , , , , ,

, , , , , ,

, , , , exp

n m n m n m n m n m n m

n m n m n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m

y CsCd Fsspy CsCs Qsdpy CsSd
Qsspy CsSs Gddpy SdCd Gdspy SdCs Rddpy SdSd
Rdspy SdSs Gsdpy SsCd Gsspy SsCs

Rsdpy SsSd Rsspy SsSs r r z

+

+ +

+ +

+

+ +

+

+  + + ,

         (159) 



V. A. Miroshnikov 
 

 
351 

where the structural coefficients are 

( ) ( )

, , , , , ,

, , , , , ,

, , , ,

,

2 ,     2 ,     2 ,
2 ,    2 ,   2 ,

,     , 

n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n

n m n m n m n m n m n m

n m n

Fdspy Qdsp Qdspy Fdsp Fsspy Qssp
Qsspy Fssp Gsspy Rssp Rsspy Gssp

Fddpy Qddp Fdspy Qdsp

Qddpy

σ σ σ

σ σ σ

σ σ σ σ

σ σ

= = − =

= − = = −

= − = +

= − −( ) ( )
( ) ( )
( ) ( )

( ) ( )
( )

, , ,

, , , ,

, , , ,

, , , ,

,

,     ,

,     ,

,     ,

,     ,

m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m

Fddp Qdspy Fdsp

Fsdpy Qsdp Fsspy Qssp

Qsdpy Fsdp Qsspy Fssp

Gddpy Rddp Gdspy Rdsp

Rddpy Gdd

σ σ

σ σ σ σ

σ σ σ σ

σ σ σ σ

σ σ

= − +

= − = +

= − − = − +

= − = +

= − − ( )
( ) ( )
( ) ( )

, , ,

, , , ,

, , , ,

,     ,

,     ,

,     .

n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m n m

p Rdspy Gdsp

Gsdpy Rsdp Gsspy Rssp

Rsdpy Gsdp Rsspy Gssp

σ σ

σ σ σ σ

σ σ σ σ

= − +

= − = +

= − − = − +

            (160) 

Finally, theoretical computation of the spatial derivative of the SDEF structure (117) in the z-direction returns 
for the upper and lower cumulative flows, respectively,  
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where the structural coefficients are 

, , , , , ,

, , , , , ,

, , , , ,

2 ,     2 ,     2 ,
2 ,    2 ,     2 ,
2 ,    2 ,    

n n n n n n n n n n n n n n n

n n n n n n n n n n n n n n n

n n n n n n n n n n n n

Fddpz r Fddp Fdspz r Fdsp Qdspz r Qdsp
Fsdpz r Fsdp Fsspz r Fssp Qsspz r Qssp
Gsdpz r Gsdp Gsspz r Gssp Rsspz

= = = ±

= = = ±

= = =

 

 

  

( ) ( )
( ) ( )
( ) ( )
( )

,

, , , ,

, , , ,

, , , ,

, , ,

2 ,

,     ,

,     ,

,     ,

,     

n n n

n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n

r Rssp

Fddpz r r Fddp Fdspz r r Fdsp

Qddpz r r Qddp Qdspz r r Qdsp

Fsdpz r r Fsdp Fsspz r r Fssp

Qsdpz r r Qsdp Qsspz r

= + = +

= + = +

= + = +

= + =

 

 

 

  ( )
( ) ( )
( ) ( )
( ) ( )
( )

,

, , , ,

, , , ,

, , , ,

, , ,

,

,     ,

,     ,

,     ,

,     

m n m

n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n m n m

n m n m n m n m n

r Qssp

Gddpz r r Gddp Gdspz r r Gdsp

Rddpz r r Rddp Rdspz r r Rdsp

Gsdpz r r Gsdp Gsspz r r Gssp

Rsdpz r r Rsdp Rsspz r

+

= + = +

= + = +

= + = +

= + =

 

 

 

  ( ) , .m n mr Rssp+

           (162) 

Thus, Equations (157)-(162) and (93)-(96) prove that the SDEF and SKEF structures are invariant with re-
spect to spatial and temporal differentiation.  

Application of (157)-(162) to the SDEF structure for the kinetic energy (122)-(123) and comparison with the 
SDEF structures for the directional derivatives of the velocity components (149)-(154) yields that these struc-
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tures, similar to the SKEF structures in Section 7, are connected by  

( ) ( ) ( )0, 0, 0.e e ek k ku v w
x y z

∂ ∂ ∂
⋅∇ − = ⋅∇ − = ⋅∇ − =

∂ ∂ ∂
v v v                   (163) 

Substitution of (135), (155), (156), and (163) in Equations (146)-(148) shows that the Navier-Stokes PDEs are 
satisfied exactly by the structural solutions in the SKEF, SDEF, and polynomial structures both for the upper 
and lower cumulative flows. Similarly, computation of the spatial derivatives of the SKEF structures (120) for 
the velocity components by (94)-(96) and substitution in the continuity PDE (17) also reduces it to identity for 
the upper and lower cumulative flows.  

The main results of this paper are summarized in the following theorem.  
Existence Theorem. In the C∞  class of the SKEF structures (92) with four structural functions  

[ ], , ,n n n ncc cs sc ss  defined by (27) and four constant structural coefficients [ ], , ,n n n nFl Ql Gl Rl , the SDEF 
structures (117) with 24 structural functions  
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,m 

 

and the polynomial structures, there are upper and lower exact solutions for the velocity components [ ], ,u v w  
(120)-(121) and the total pressure tp  (126), (106), (123) of the system of the Navier-Stokes PDEs (146)-(148) 
and (17) for conservative interaction of N internal waves in ( ) ( ) [ ) ( ), ,  , ,  0, ,  ,x y z t∈ −∞ ∞ ∈ −∞ ∞ ∈ ∞ ∈ −∞ ∞  
and ( ) ( ) ( ] ( ), ,  , ,  0, ,  ,x y z t∈ −∞ ∞ ∈ −∞ ∞ ∈ ∞ ∈ −∞ ∞  respectively. The structural solutions are unique if the 
Dirichlet conditions (23), (25), (64), which are periodic in the x- and y-directions, are set together with the Di-
richlet conditions (24), (26) vanishing at infinity in the z-direction. For the upper and lower cumulative flows, 
there are dual presentations for the velocity components through the scalar potential φ  and the vector potential 
[ ], ,χ η ψ  (78)-(81) that yield dual solutions for the dynamic potentials [ , , , ]fe ge he be  (97)-(100), (105)-(110), 
but does not affect the uniqueness of [ ], ,u v w  and tp . 

The structural solutions were computed through the theoretical programming with symbolic general terms, 
symbolic indices, and code-generated names of structural variables for a symbolic number of internal waves N 
in the virtual environment of the global variable Eqt by 33 developed procedures of 1938 code lines. Primarily, 
the exact solutions for the upper and lower cumulative flows with were discovered through the experimental 
programming for N = 3 and then verified by the system of the Navier-Stokes PDEs. Secondly, the cumulative 
solutions for the velocity components (44), the kinematic potentials (78)-(81), the dynamic potentials (97)-(100), 
(105)-106), the product of the SKEF structures (117)-(118), the total pressure (126), (106), (123), the temporal 
derivatives of the velocity components (136)-(139), the directional derivatives of the velocity components 
(149)-(154), the spatial derivatives of the Bernoulli potential (156), and the spatial derivatives (157)-(162) of the 
kinetic energy (122)-(123) of the upper and lower cumulative flows were derived through the theoretical pro-
gramming and justified by the correspondent experimental solutions for N = 1, 3, 10. Finally, the theoretical so-
lutions for the general terms of the spatial (94)-(96), temporal (136)-(139) and directional derivatives (149)-(154) 
of the velocity components (120)-(121), the spatial derivatives of the Bernoulli potential (105)-(106), and the 
spatial derivatives (157)-(162) of the kinetic energy (122)-(123) were verified by the system of the Navier- 
Stokes PDEs.  

9. Discussion and Visualization 
The structural solutions for conservative interaction of N internal waves in the upper and lower domains model 
generation, propagation, and interaction of internal waves in the atmosphere and ocean. For fluid-dynamic en-
gineering, existence of these exact solutions of the Navier-Stokes PDEs means existence of an enormous source 
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of the kinetic energy of the internal waves beneath the ocean surface. This source of energy is continuously 
maintained by perpetual surface waves and it is not affected by viscous dissipation since the velocity field is 
harmonic.  

The exact structural solutions are neutrally stable with respect to any number M of wave perturbations in the 
class of SKEF structures since the resulting flows are reduced to the upper and lower cumulative flows with   
N + M internal waves. Since the upper and lower cumulative flows are harmonic, the structural solutions do not 
depend on the Reynolds number, similar to how all solutions for conservative systems do not depend on dissipa-
tion parameters. For the same reason, initial conditions are not required for conservative PDEs, which produce 
solutions propagating for all times. In conservative solutions, any moment may be treated as an initial moment.  

The implemented experimental and theoretical programming methods represent an indispensable Computa-
tional Mathematics (COMP MATH) tool, without which discovery and proof of the structural solutions would 
be impossible since the artificial intelligence of the Maple theoretical computation programs far exceeds the 
human intelligence. For instance, a calculation of the directional derivative of a single scalar variable u, which 
produces Equations (149) and (152) for the upper cumulative flow, requires 100 substitutions for 100 structural 
coefficients with the code-generated names:  
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           (164) 

The listed names of computational variables in fact are words of a new computational language, which is re-
quired to compute theoretically exact formulas for the new COMP MATH data structures: the SKEF and SDEF 
structures, while this COMP MATH language is developed in the process of computation by the Maple program 
itself. 

The structural solutions in the SKEF structures for the velocity components (120)-(121), the kinematic poten-
tials (78)-(81), and the dynamic potentials (97)-(100), in the SDEF structures for the kinetic energy (122)-(123), 
in the SKEF-SDEF structures for the dynamic pressure (125), and in the SKEF-SDEF and polynomial structures 
for the total pressure (126), (106), (123) depend on 14N independent parameters [ , , , , , , ,n n n n n n nCx Cy Xa Yb Fwρ σ  

], , , , , ,n n n n n n nQw Gw Rw Fs Qs Gs Rs . The trigonometric structural functions [ ], , ,n n n ncc cs sc ss  (27) of the SKEF 
structures are doubly periodic functions and coincide with the 2d Fourier eigenfunctions when n x xnρ λ=  and  

n y ynσ λ= , here ,x yn n    are integers, 2π , 2πx x y yP Pλ λ = =   are unit wave numbers, and ,x yP P    are  

periods. When n x xqρ λ=  and n y yqσ λ= , where ,x yq q    are primes, [ ], , ,n n n ncc cs sc ss  model doubly 
periodic functions with a period approaching infinity as n →∞  [5] [10].  

The SKEF structures of the lower cumulative flow are visualized for the scalar potential φ  (79), (81) and 
three components of the vector potential [ ], ,χ η ψ  (78)-(80) of the velocity field [ , , ]u v w  (120), (121) in Fig-
ure 2(a)-(d) by instantaneous plots of two-parametric surfaces ( )0 0, , ,x y z tφ φ= , ( )0 0, , ,x y z tχ χ= ,  

( )0 0, , ,x y z tψ ψ= , respectively, for the following parameters:  
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(a)                                                (b) 

    
(c)                                                (d) 

Figure 2. Kinematic potentials of the lower cumulative flow: (a) φ−  (b) χ−  (c) η−  (d) ψ− . 
 

5N = , 0 5t = , 0 0.1z = − , [ ]0,100x∈ , [ ]0,100y∈ , [ ]1,2,3,4,5x yn n= = , 1xP = , 1 2yP = ,  

[ ]2,1.8,1.6,1.4,1.2nCx = , [ ]1,0.9,0.8,0.7,0.6yCx = , [ ]1,2,3,4,5nXa = , [ ]2,3,4,5,6nYb = ,  

[ ]5,4.9,4.8,4.7,4.6nFw = , [ ]4,3.9,3.8,3.7,3.6nQw = , [ ]3,2.9,2.8,2.7,2.6nGw = ,  

[ ]2,1.9,1.8,1.7,1.6nRw = , [ ]1, 1.1,1.2, 1.3,1.4nFs = − − , [ ]2, 2.1,2.2, 2.3,2.4nQs = − − ,  

[ ]3, 3.1,3.2, 3.3,3.4nGs = − − , [ ]4, 4.1,4.2, 4.3,4.4nRs = − − . 

The SDEF structures are shown for the kinetic energy ek  (122)-(123) and the dynamic pressure dp  (125), 
(105), (106) in Figure 3(a), Figure 3(b) by instantaneous plots of two-parametric surfaces ( )0 0, , ,ek k x y z t= , 

( )0 0, , , ,dp p x y z t=  respectively, for the same parameters as in Figure 2. Contrary to the oscillating surfaces of 
the SKEF structures in Figure 2, the surfaces of the SDEF structures in Figure 3 exhibit positive pulsations for 

ek  and negative pulsations with respect to the hydrostatic pressure combined with oscillations produced by be 
for dp . 

10. Conclusions 
For the Navier-Stokes system of PDEs in three dimensions, the global existence theorem for periodic solutions 
vanishing at infinity of the upper and lower domains is proved by the C∞ class of the SKEF and SDEF struc-
tures. Two exact solutions for conservative interaction of N internal waves are computed by formulating and 
solving the Dirichlet problems for the vorticity, continuity, Helmholtz, Lamb-Helmholtz, and Bernoulli equa-  
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(a)                                                (b) 

Figure 3. Kinetic energy (a) and dynamic pressure (b) of the lower cumulative flow. 
 
tions. Invariance of the SKEF and SDEF structures with respect to differentiation is shown. The nonlinear alge-
bra of the SKEF structures is developed. The non-orthogonal SKEF structural basis for harmonic functions is 
constructed and decompositions of the fluid-dynamic variables in this basis are obtained. The conservative sys-
tem of N internal waves is neutrally stable with respect to M wave perturbations, and it is not affected by viscous 
dissipation.  

The computational method of decomposition in invariant structures continues the analytical methods of sepa-
ration of variables, undetermined coefficients, and series expansions [3] [5] [10]-[12]. In the current paper, the 
method of decomposition in invariant structures is extended into three dimensions. By this method, the vorticity 
and continuity PDEs are reduced to 12 homogeneous ODEs of first order and four linear AEs, the Helmholtz 
PDEs to 12 inhomogeneous ODEs of first order and 16 linear AEs, the Lamb-Helmholtz PDEs to four inhomo-
geneous ODEs of first order and eight linear AEs, and the Bernoulli equation is reduced to a linear equation in 
the SKEF and SDEF structures both for the upper and lower flows. To summarize, the system of four Navier- 
Stokes PDEs is reduced to the linear system of 57 equations, including 28 ODEs and 29 AEs.  

Experimental discovery and theoretical proof of the exact solutions are implemented through experimental 
programming in Maple™ with lists of equations and expressions for numerical indices and numeric N = 3 by 33 
developed procedures of 1748 code lines and theoretical programming with symbolic general terms, symbolic 
indices, and code-generated names of structural variables for symbolic N by 33 developed procedures of 1938 
code lines. The developed procedures allow for theoretical derivations in the environment of novel COMP 
MATH data structures—the SKEF, SDEF, and SKEF-SDEF structures that are extended in this paper into three 
dimensions.  
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