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Abstract

The effect of two fixed vertical boundaries, a finite distance apart, on the dynamics of a column of
buoyant fluid rising in a less buoyant fluid is investigated in the presence of vertical rotation. It is
shown that the presence of the boundaries introduces two main effects on a rotating plume. They
tend to stabilise the plume but succeed only reducing the value of the growth rate and the plume
remains unstable for all finite values of the distance between the boundaries and the plume. In the
absence of the sidewalls, two modes of the instability were found known as the sinuous mode and
the varicose mode. The influence of the boundaries is such that it reduces the growth rate of the
varicose mode more than that of the sinuous mode and consequently the modified sinuous mode
is always preferred in the presence of the boundaries.
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1. Introduction

The study of the dynamics of compositional plumes is important for many real life applications in industry ([1]-
[61), geophysics ([7]-[25]) and environment ([26]-[34]). While the presence of the compositional plumes can be
harmful (e.g., in iron bars), it is useful in geophysics (e.g., the hot compositional plumes, that rise from the inner
core boundary of the Earth into the outer core interact with the rotation and magnetic field of the Earth and may
contribute to the Geodynamo). Such a wide range of applications has motivated many studies on various aspects
of the dynamics of compositional plumes. These studies are experimental and theoretical. The experimental
works on the dynamics of compositional plumes observed that the plume flow seems to be stable (Sample and
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Hellawell [35]; Chen and Chen [36]; Hellawell et al. [37]). The laboratory studies by Hellawell et al. [37] find
that the plumes are thin and long, and its top part tends to break up and disappears. Classen et al. [38] experi-
mentally studied the dynamics of compositional plumes under the influence of vertical rotation to find that the
plumes are unstable and break into blobs. On the other hand, the theoretical works on the stability of the plumes
showed that the Cartesian plume is always unstable in the absence of rotation (Eltayeb and Loper [16]) and in
the presence of rotation (Eltayeb and Hamza [18]). These studies assumed that the plume rises vertically in a
fluid of unbounded domains. While the experimental studies were conducted in bounded regions to show that
the plume was stable, the theoretical models were conducted in unbounded domains to find that the plume was
unstable. Thus it is of interest to examine the influence of the vertical boundaries on the dynamics of the plumes.
The mathematical model by Al Mashrafi and Eltayeb [6] investigated the influence of the two fixed vertical
boundaries on the dynamics of the plumes. They tested the stability of non-rotating Cartesian plumes in a
bounded domain to find that the presence of two vertical boundaries affects the stability, but the plumes remain
unstable. Moreover, they found that the plume was stable when it was close to the boundary but had a large
thickness and the material diffusion is potent in the thin layer between the plume and the nearest boundary.

Motivated by real life applications and laboratory results, we study here the influence of vertical rotation on
the dynamics of bounded Cartesian plume. In general, the purpose of this study is to extend the theoretical mod-
el by Al Mashrafi and Eltayeb [6] on the dynamics of a Cartesian compositional plume in bounded regions to
include the action of vertical rotation. The model by Al Mashrafi and Eltayeb [6] consisted of a column of
buoyant fluid of finite thickness, 2x,, rising vertically in another less buoyant fluid bounded by two fixed ver-
tical walls located at x=a, and x=-a,. The system was infinite inthe y and z directions. In the current
study, we consider that the whole system rotates about the vertical with a uniform angular speed, o (see Fig-
ure 1).

In Section 2, we formulate the model mathematically and state the boundary conditions of the system. The
presence of rotation introduces an additional parameter, 7, which is a measure of the Coriolis force relative to
the viscous force, and this parameter referred to hereinafter as the rotation parameter, defined by

(= Ta) =25 o
v

where Ta is the Taylor number, v is the kinematic viscosity and L is the unit of length (see Equation (6)
below). In Section 3, we investigate the influence of the vertical boundaries on the linear stability of a rotating
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Figure 1. The geometry of the problem showing the profile of the basic state concentration of
light material, 5(x), representing a plume of width, 2x,, and concentration, 1, rising verti-

cally in a finite fluid of width, d(=a +a,), and concentration, 0. The system rotates un-

iformly about the vertical with angular speed, @ . The plume divided the system into three re-
gions: region 2 represents the plume whereas regions 1 and 3 represent the surrounding fluid.
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bounded Cartesian plume. The problem of the rotating plume was studied by Eltayeb and Hamza [18] in the ab-
sence of boundaries. In Section 4, we discuss the effect of the boundaries on the stability of a rotating plume.
The growth rate is maximised over the wave numbers plane (m,n) in the parameter space. In Section 5, we
make some concluding remarks.

2. Formulation of the Problem

We consider a two-component fluid, in which the concentration of the solvent component (light material) is C
and the temperature is T, rotating uniformly about the vertical with angular velocity @ . The fluid has kine-
matic viscosity, v, and thermal diffusivity, x, and material diffusion is negligible. The dimensionless equa-
tions of the system have been derived by Eltayeb and Hamza [18]. They are

R{aa_lthr(u-V)UerXU:_v[p+%]+vzu+(T_Tr+C_Cr)i’ @
V.u=0, (3)
Ro[ﬂ+u-VT}=V2T, “)

at
L L u.ve=o, ®)
at

Here R, o and 7 are the Grashoff number, the Prandtl number and the rotation parameter, respectively,
defined by

R:/;’CN(?L:S]A(:%], o=2, r:a)—Lz(=\/T_a), (6)
K

a’y’v 1% 1%

where Ta is the Taylor number and U, L and C are characteristic units of velocity, length and concen-
tration, respectively (Al Mashrafi and Eltayeb [6]), and u, p, g, Z,t, a, B, p, y are the velocity
vector, the pressure, the constant gravitational acceleration, the upward unit vector, the time, the thermal expan-
sion coefficient, the compositional expansion coefficient, the density, the uniform temperature gradient and the
subscript “ r ” in the Equation (2) refers to reference values.

We consider a basic concentration profile

_ 0, —a, <X< X, <
C(X):{l a, SX<-X;, X <X 317 @
, — Xy SX< X

which defines a plume of thickness, 2x,, rising with velocity w(x) in the presence of mean temperature
T(x) and mean pressure p(x) such that

2
—%)“(+[ZX\;V+5+'FJ2=O, (8)
T
dXZ :W(X)’ (9)

which are the same equations obtained in the absence of rotation. The presence of rotation does not affect the
basic state, and the solution of (8) and (9) is the same as in the absence of rotation. We include it here for easy
reference:

—Asinh (ka, )sinh[ k (x+a,)]; —a, <X<-X,
F(x)=4—-Asinh(ka, )sinh[k(x+a,)]+cosh[k(x+%)]-L —X <x<x , (10)
Asinh (ka, )sinh[ k(x-a)]; X, <X<a
where F(x), A and k are defined by
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_ 2sinh(kx,) ‘o

F=T00-im(x). A== tr s, _%

(1+i), i?=-1. (11)

3. The Stability Analysis

In this section, we use the perturbation Equations (14)-(17) to investigate the linear stability of the basic state
solution given by (10). We assume that the interface at the plane x =x, is given a small harmonic disturbance
of the form

X=X +sE+cc, E=exp{Qt+i(my—nz)}, (12)

where m and n are the wavenumber components in the (y,z) plane, Q is the growth rate and c.c. re-
fers to the complex conjugate.

The disturbance (12) will propagate into the fluid, and affect the second interface and the variables of the sys-
tem to produce the perturbations. Consequently, the interface at x =—x, can be written in the form

X=-X, +enE+cc, (13)

where 7, is a measure of the amplitude of the interface and it is evaluated as a part of the solution. The pertur-
bations introduced into the system are governed by the dimensionless equations (see Al Mashrafi and Eltayeb

[6])
‘
R %+WZ-VUT +(uT -Vv‘v)i}+12xuT =-vp'+Vv2u' +(TT +C*)2, (14)
vV-u'=0, (15)
t T
oR aLJrv_\/aLJruT~V'F +ut-2=v2T" (16)
ot oz
T t _
£+W£+UT-VC=O, (17)
ot 0z
where u', p', T'" and C' are the perturbations in velocity, pressure, temperature and concentration, re-
spectively.
The perturbation variables take the form

{u",C", T, p"} = {=inu(x),nmv(x),w(x),C(x),T (x),~inp(x)} E +cc., (18)

in which the factors —in, nm, and —in are introduced in the variables u(x), v(x) and p(x), respectively,
for convenience.
Substituting the variables (18) into the Equations (14)-(17) and after some arrangements we get the following

equations
AW+T+n2p=R(§_2W—inuDv_v), (19)
AT —w=coR(QT —inuDT), (20)
Ap—T = 2inRUDW + imzg, (21)
Ac = R(—invD\Tv+§_2g)+LrW, (22)
m
(D —m?)v =D —w, (23)
n2u:—D(p+w)+m2g—irmv—R£_)u, (24)
C=0, (25)
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subject to the boundary conditions

D(w+p)=v=w=T=¢=0 atx=a, x=-a, (26)
v,w, T, p,s, Dv, DT, D(w+ p) are continuous across X = +Xx,, 27)
<Dw(x0)>:<5(xo)>, <Dw(—x0)>:77l <C_2(—x0)>, (28)
—inu(%,) =Q-inw(x,), —inu(-x,)=[Q-inW(-x,)]m, (29)

where the variable ¢ is related to the vertical component of vorticity and is defined as
¢ =Dv-u, (30)

and we have introduced the notation
d - N = -

D=—, A= D?-m’—n?, (f(a))="f(a)-f(a"), Q=Q-inw(x). (31)

(cf. Al Mashrafi and Eltayeb [6]).
We use the same method adopted in Al Mashrafi and Eltayeb [6] and expand the perturbation variables and
the growth rate in the small parameter R, thus

f(xyzt)= i f(xy.zt)R*, Q= iQSRH, R, (32)
s=0 s=1

where f (x, y,z,t) indicates any of the perturbation variables u, v, w, p, ¢ and T.

It turned out that the leading order terms in the equations determines the stability of the system. The relevant
equations and the boundary conditions are then obtained from (19)-(24) and (26)-(29) by neglecting the terms
with R. In order to facilitate comparison with the results of the non-rotating case, we shall maintain the sub-
script 0. The equations are given by

AW, +T, +np, =0, (33)
AT, —w, =0, (34)
Ap, =T, —imzg, =0, (35)
Ag, —Lrwo =0, (36)

m
(D?=m?)v, - Dg, +W, =0, (37)
Uy =—D( Py +W, )+ M?g, —izmy,. (38)

The associated boundary conditions are obtained from (26)-(29) by introducing the subscript 0 to all the va-
riables and the subscript 1to Q.

The system (33)-(38) together with the boundary conditions poses an eigenvalue problem for the growth rate,
Q, which determines the stability of the system. The real part Q, governs the variations of the amplitude of
the disturbance with time, and hence it determines the stability of the disturbance. If it is negative for all possible
values of the wavenumbers m and n, then the plume is stable, while if at least one pair of m and ngives a
positive value, then the plume is unstable. If €, vanishes for all values of the wavenumbers, the plume is neu-
trally stable. If the preferred mode occurs for m, n both non-zero, it is referred to as a 3-dimensional mode
(oblique), and if m=0, itis called 2-dimensional (vertical). The case n=0 and m=0 is found not to occur.
The imaginary part €, determines the phase speed of the disturbance. The vertical phase speed u, and the
horizontal phase speed u, are defined as

S (39)
m

Q, nu
u=—, U, =—
m

We note that u, is defined only if m=0.



K. S. Al-Mashrafij, L. A. Eltayeb

We operate on Equation (33) with A?, and use Equations (34)-(36) to get
AW, + Aw, +n° (1— 7? )WO =0. (40)

The general solution of the differential Equation (40) can be written in the form
]

W) (x) = Zslyf [AE‘) cosh (ﬂjx) + B\ sinh (/I-X)], (41)
j=1

where the superscript (i) refers to the three regions of the system (see Figure 1), Afi), Bf) (i,j=12,3) are
constants, and ; are the roots of the cubic equation

,u?+,uj+n2(l—rz)=0, (42)
with 4, is given by
12
Ay =y +02) 43)
We use the Equations (34)-(36) and the solution (41) to obtain
i i i S i i i) a:
{TO( !l )}(x) = Z{MZ v (1—12),Eryf}[Ag ) cosh (2;x)+BY" sinh (ljx)} (44)
j=1
The Equation (37) can be solved in the form a complementary function and particular solution to find
2
Dot A (0 i il L e ) g
Vo (x) = m,Z:;,uj e { mu;C;” +iz,D; }+ m{C cosh(mx)+D smh(mx)}, (45)

where C", D" are constants, and C!”, D" are given by

Y = A cosh (4;x)+ B sinh(2x) )
D{" = B" cosh(2;x)+ A"’ sinh(4,)

Now we apply the boundary conditions at x =+x,, x=a,, Xx=-a, and solve the resulting algebraic equa-
tions for the constants AE'), BE'), c® , D for i, j=1,2,3. The details of the solution are given in the Ap-
pendix A.

The growth rate is given by the quadratic equation
(Q,/in)* +5,(Q, /in)+S, =0, (47)

where S, and S, are given inthe Appendix A.

Solving Equation (47) yields
Q, =25, +/57 45, ), (48)

and the displacement 7, is given by

- , 49
&~ ()~ F. “
inwhich F_ and F,_ are defined in the Appendix A.

We note that, as in the absence of rotation, the system has two modes. The upper sign in the expression (48)
corresponds to the modified varicose mode (MV) and the lower sign refers to the modified sinuous mode (MS).

m=

4. Discussions of the Results

The growth rate (48) is evaluated numerically in the (m,n) plane as a function of the parameters x,, a,, d
and Ta for both modes. The contours of €, inthe (m,n) plane are plotted for sample values of the para-
meters x,, a,, Ta and d =10 inthe Figures 2-4.

In Figure 2, we present a comparison between the contours of the two modes MV and MS for different values
of the Taylor number, Ta, when x,=0.5, a,=1 and d =10. We note that the MV mode always possesses
a minimum with negative growth rate and one or two maxima with positive growth rates while the MS mode has

G2
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Figure 2. Contours of the growth rate , Q, , of the modes MV,
as in (a), (c), (e) and MS, as in (b), (d), (f) for the rotating
bounded Cartesian plume where x, =05, a,=1, d=10.
Here Ta=0.5 for (a), (b); Ta=2 for (c), (d); and Ta=5
for (e), (f). Note that the preferred mode is MS.
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Figure 3. Contours of the growth rate, Q,, of the modes MV, as
in (a), (c), (e) and MS, as in (b), (d), (f) for x,=0.5, Ta=0.8,
d=10. Here a,=1 for (a), (b); a,=3 for (c), (d); and
a, =5 for (e), (f). Note that the preferred mode of the instability
is 2-dimensional when a, =5.

a minimum with negative growth rate only when Ta is small and one maximum with positive growth rate
which is larger than that of the corresponding MV mode. This indicates that the MS mode is preferred for this
set of parameters. The local maxima correspond to 3-dimensional modes and the largest maximum always in-
creases with the increase in the rotation parameter Ta.

)
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Figure 4. Isolines of the growth rate , Q'Y as in (), (c), (e)
and QY as in (b), (d), (f) for a,=5, Ta=7, d=10.
Here x,=1 for (a), (b); x,=2 for(c), (d);and x,=3 for
(e), (f). Note that at fixed point (m,n), the values of "

and Q}° are nearly same but there different in the sign.

Figure 3 presents the influence of the distance a, between the plume and the nearest sidewall on the stabil-
ity of the plume when the thickness of the plume and the rotation parameter are held fixed at x, =0.5 and
Ta=0.8. The figure is plotted for three different values of a,: a, =1 for subfigures (a), (b); a, =3 for sub-
figures (c), (d); and a, =5 for subfigures (e), (f). When the plume is situated half-way between the sidewalls
(a, =5), the MV mode has a negative growth rate everywhere and hence stable while the MS mode has a
growth rate that is positive everywhere and hence is preferred. The local maximum possesses a vanishing hori-
zontal wave number and hence propagates vertically. As the plume moves towards a wall, the growth rates of
both modes increase and the MV mode develops local maxima with positive growth rates but they are not pre-
ferred because the MS mode local maximum increases as well and becomes 3-dimenaional.

Figure 4 illustrates the influence of the plume thickness on the contours of the growth rate for fixed values of
the rotation parameter and the distance between the two sidewalls when the plume is situated half-way between
the two sidewalls. As x, increases from x, =1, the growth rate for MS mode, which is positive everywhere,
increases and that of the MV mode, which is negative everywhere, decreases until x, reaches a critical value,
Xo. » When the growth rate of the MS mode decreases and that of the MV mode increases.

The contours of Figures 2-4 indicate that the preferred mode of instability is the modified sinuous (MS) mode.
This indication is quantified by calculating the maximum growth rate and the associated wave numbers and
phase speeds for different values of the parameters. For fixed values of x,, a,, d and Ta, we maximize
over the wave numbers m and n by demanding that

ak el
on om

The solution of (50) gives the values m, and n, at maximum growth rate, Q, , calculated from (48) for
these values of m and n to give, together with the corresponding value U_ of the phase speed, the parame-
ters (Q,,m,,n,,U,) of the preferred mode. For fixed parameters x,, a,, d and Ta, and particular mode,
all possible local maxima of Qik) are identified and the largest value taken together with the corresponding
wavenumbers and phase speeds as defining the preferred mode for that set of parameters for that mode. This is
carried out for both modified varicose (MV) and modified sinuous (MS) modes, and the largest is chosen as the

preferred mode. A sample of the results is given in Figures 5-9.

=0, k={MV,Ms}. (50)
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Figure 5. The preferred mode parameters Q,, m, n_,U_ are plotted in (a),
(b), (c), (d) as a function of Ta, for x, =2, and two different values of d
and the plume half-way between the sidewalls. The roman numbers i and

ii referto d=10,a,=5 and d =20, a, =10, respectively.
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Figure 6. The preferred mode parameters Q,, m, n_,U_ are plotted in (a),
(b), (c), (d) as a function of x,, for T, =2, and two different values of d
and the plume half-way between the sidewalls. The roman numbers i and

i referto d=10,a,=5 and d =20, a, =10, respectively.

Figure 5 and Figure 6 illustrate the influence of the distance between the boundaries on the preferred mode
of instability of the rotating plume. In Figure 5, the preferred mode parameters are plotted as a function of Ta
for fixed x, and two values of the distance between the sidewalls, d , for a plume situated half-way between
the sidewalls. It is found that the preferred mode is the MS mode and the influence of the boundaries tends to
stabilise the plume but only reduces the growth rate slightly. The horizontal and vertical wavenumbers are in-
creased while the phase speeds are reduced as the distance, d , between the two walls is reduced.

Figure 6 presents the preferred mode of instability as a function of x, and fixed Ta where the plume is
equidistant from the two walls and d takes the values 10 and 20. The growth rate increases rapidly as x, in-
creases from zero until it reaches a maximum when the plume occupies the middle half of the region between
the sidewalls. As the thickness of the plume increases further, the growth rate decreases if d is small but stays
at the maximum value for increasing x, if the distance d is large. In both case, the growth rate drops to zero
as the wall is approached and the plume nearly fill the whole region between the sidewalls. The wavenumbers
decrease as x, increases from zero but they soon jump to larger values and increase with x, . In both cases the

MS mode is preferred.
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Figure 7. The preferred mode parameters Q, ,m_,n U, are plotted in (a),
(b), (c), (d), respectively, as a function of Ta, for x,=1, d=10 and two

different values of a,. The solid curves refer to a, =2 and the broken
curves refer to a, =5. Note that preferred mode is MS in all cases.
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Figure 8. The preferred mode parameters Q, , m, n, U, are plotted in (a),
(b), (c), (d), respectively, as a function of a,, for x,=3, d =10 and for two
different values of Ta. The roman numbers i and ii refer to Ta=0.5and

Ta =10, respectively. Note that the maximum growth decreases as the plume
moves away from the wall to the centre.

Figure 7 illustrates the dependence of the preferred mode on Ta for x, =1, d =10 and a, takes two
values: a, =2 and a, =5. As the Taylor number increases from Ta =0, the maximum growth rate Q, in-
creases rapidly until Ta reaches a certain value that increases as the distance between plume and the nearest
sidewall increases, after which the growth rate varies much more slowly. The wavenumbers of the preferred
mode show sudden changes at a small value of Ta indicating a change of local maximum as Ta, increases
through a value, Ta,. The horizontal wavenumber, m,_, is zero for small Ta corresponding to 2-dimensional
motions, but as Ta reaches Ta,, m. jumps to a nonzero value and increases thereafter. The vertical wave-
number increases rapidly as Ta increase to Ta, and then decreases as Ta increases further. The vertical
phase speed of the preferred mode also suffers a change at Ta=Ta, and the jump depends on how far the
plume is from the nearest sidewall.

In Figure 8, we present the dependence of the preferred mode on the distance a, between the plume and the
nearest sidewall. We note that the growth rate decreases when the plume moves towards the location half-way
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Figure 9. The preferred mode parameters Q,., m_, n,, U, are depicted in (a), (b), (c),

c! Scd

(d) as a function of x, , for a,=5 and d =10. The solid (broken) curves refer to
Ta= 0.5(10). Note that the preferred mode of instability is modified sinuous mode in

all cases. When the plume is wide, the growth rate decreases whenever the plume
moves to the wall.

between the two sidewalls. Both wavenumber components increase steadily as the distance between plume and
the nearest sidewall increases. The vertical phase speed however behaves differently as a, increases; it de-
creases steadily with increasing a, if Ta is small but when Ta is large, it decreases slowly reaching a
minimum before it increases at a moderate rate. In all cases, it is the MS mode that provides the preferred mode.

Figure 9 shows the dependence of the critical modes (€,,,m_,n,U;) on x,. The growth rate increases
gradually until x; reaches a critical thickness, x,., and then it decreases. This indicates that there is a critical
thickness representing the most unstable plume. The behaviour of the wavenumber components and phase speed
with x, is quite complicated. The horizontal wavenumber vanishes for small x, when Ta is small. For
large, m., behaves in a similar way when x, is close to X, . The vertical wavenumber, on the other hand de-
creases as X, increases from zero and jumps to a larger value when the local maximum changes, and then va-
ries very slowly until x; isalmost 4, when d =10.

5. Conclusions

The dynamics of a fully developed plume of buoyant fluid, in the form of a channel of finite width, 2x,, rising
in a less buoyant fluid contained between two parallel vertical walls, a distance d apart, and two fluids rotate
uniformly about the vertical have been investigated.

In the absence of boundaries ([18]), it was found that the stability problem depended on the parameters: the
Grashoff number, R, the Taylor number, Ta, and the thickness of the plume, 2x,. The magnitude of the
growth rate was of the order O(1) for R<1 and the instability took one of the two types: sinuous mode or
varicose mode.

The presence of the vertical boundaries here introduces two dimensionless parameters: the distance between
the plume and the nearest wall, a,, and the distance between the two vertical sidewalls, d . The introduction of
the boundaries modifies the two modes to be the modified sinuous mode (MS) and the modified varicose mode
(MV). 1t is shown here that the boundaries introduce two main effects to the rotating Cartesian plume studied by
Eltayeb and Hamza [18]. First, the sidewalls tends to stabilise the plume but succeed only reducing the growth
rate and the plume remains unstable for all values of the Taylor number and the distance from the nearest side-
wall. Second, the presence of the sidewalls suppresses the modified varicose mode and allows the modified si-
nuous only to be unstable. The preferred mode can be 3-dimensional or 2-dimensional depending on the values
of the parameters of the system. When the preferred mode is 2-dimensional, propagation can be upwards or

downwards.
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Appendix A: The Derivation of the Dispersion Relation

In this appendix, we apply the boundary conditions (26)-(28) when the subscript is O for the variables (41), (44)
and (45) to evaluate the constants of the solution. Application of the boundary conditions at the interface x = x,

gives
3

3 3
]Z:‘nyEj =0, :lnyj =0, Y (1-7")uE; =0,

i =t

3 3 3
YA =1 Y AuF =00 > A {ﬂjz +(1_T2)} F; =0,
j=1 j=1 j=1

3 2

ad {~mu,E; +icA,F 1+ E =0,

3 Auf
DB F, +ih,E, )+ mF =0,
j=L 4N

E and F are defined by

Ej _ (A£2) _ AES))COSh (ﬂ,] Xo)-l—(BEz) — BES))Slnh (ﬂj XO)’

where E;, F,

F, =(A§2> _A§3>)sinh(zjx0)+(5§2) _ Bgs))cosh(ﬂjxo),
E= (C(Z) —C(3))cosh(mx0)+(D(2) - D(3))sinh(mxo),

=

(C(Z) —C(B))sinh(mxo)+(D(2) - D(S))cosh(mxo).
We use the Equations (A:5)-(A:8) to obtain
E; cosh(4;%, )— F;sinh (4%, ) = A - A%,
E; sinh(4;x, )~ F; cosh(4;%, ) =B{Y —=B{?,
E cosh (mx, ) — F sinh(mx, ) =C® —c®¥,
Esinh(mx, ) - F cosh (mx, ) = D —D?).
Similarly, at the interface x =—x,, we find

3 3 3

;’H?KJ =0, J_Z:;ﬂszi =0, > (1-7")uK; =0,
3 3 3 2 3 2 2
Zlfljﬂi Lj=-m, ;ljﬂj L; =0, 2;’11”1 {“i +(1_T )} L =0,
j= j= j=

2
3
Hi
2
[EV Rl

{~muK; +izh L} +K =0,

A1l
DAL, +ieA K, L +mL =0,
YRl
inwhich K,;, L;, K and L aregiven by
K, = (Agl) - Agz))cosh(ﬂjxo)—(Bgl) - BEZ))sinh (4%),

L, = —(A}l) - AEZ))sinh (4 x0)+(B(.l) -BY )cosh (4%),

] ]

(A1)

(A:2)

(A:3)

(A:4)

(A:5)

(A:6)

(A7)

(A:8)

(A9)
(A:10)
(A:11)
(A:12)

(A:13)

(A:14)

(A:15)

(A:16)

(A:17)

(A:18)
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K= (C(l) -c® )cosh (mxo)—(D(l) -p®? )sinh (mx, ),

L= —(C(l) —C(Z))sinh(mx0)+(D(1) -p®? )cosh (mx,).

Equations (A:17)-(A:20) give

K; cosh(4;x, )+ L;sinh (4% ) = A - A,

%)
K| sinh(4;%, )+ L; cosh(4;%, ) =B - B{"),
K cosh (mx, )+ Lsinh(mx,) =C® ~Cc?,
K sinh (mx, )+ L cosh (mx, ) = D" —D'?).

The boundary conditions at the boundaries x=a, and x=-a, give

3 3 3 3
3 3 1 1
>} PY =0, >4 P¥ =0, 2 uP =0, 24 P =0,

2

3
H; )
2 [ mg; P , +|r/1Q } cosh(ma1)+D smh(mal)_
3 Iu? . |
= +an |:—m,uj Pj(l) + ITﬂ,jQEl):| +c® cosh (maz)_ DY sinh (maz) _o,

Z/lyj{yj +1-72}Qf” =0, Zl,uj{,uj +1-72}QY =0,

suchthat P, PV, Q¥ and Q" are defined by
P = A% cosh(4a, )+ B{ sinh(4a, ),

)

QP = A sinh( 4,3, )+ B{Y cosh (2;,),
h

IN)

PO = Al cosh(4;a,)- B!’ sinh(4;a

QY =-AVsinh(4;a,)+ B} cosh(4;a, ).
The equations (A:1) and (A:2) can be solved to find
—(p, +n?
E, =0, F, = (#:40°)

A {zyj +3n? (1-7* )}
since the roots ; are distinct. Hence Equations (A:3)-(A:5) give
(A(.Z) - A23))cosh(ﬂjxo)+(8

] ]

3. A
Irz 171 F E =0,
JllLlJJrn

3 .
= bt _F,+F =0,
-_1/11+n

i j=l|2131

)~ B )sinh(2,%,) =0,

(A:19)

(A:20)

(A:21)
(A:22)
(A:23)

(A:24)

(A:25)

(A:26)

(A:27)

(A:28)

(A:29)

(A:30)

(A:31)

(A:32)

(A:33)

(A:34)

(A:35)

(A:36)

Using the expression for F; in (A:33), and the properties of the 3 roots of the cubic Equation (42) to simpl-

ify the expressions (A:35), (A:36). The simplifications lead to
E=F=0.

()

(A:37)
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Hence the expressions (A:9)-(A:12) reduce to

The same method can be applied to the conditions at x = —X,. The Equations (A:13)-(A:16) leads to

thus the expressions (A:21)-(A:24) give

A — A = —F;sinh(4;x,),

B{? —B{Y = F; cosh (4, ),

K,=0, Lj=-nF, K=L=0,

A — AP = 1 sinh (2%, ),

| |

1 2
B{ -B{? = L, cosh(4;%,),

j j

(A:38)
(A:39)

(A:40)

(A:41)

(A:42)

(A:43)

(A:44)

The expressions P, PY, Q¥ and Q\Y, given in (A:29)-(A:32), can be simplified by using the rela-
tions (A:38), (A:39) and (A:42), (A:43) to find

where we have defined the notation

The Equations (A:49)-(A:52) give

pj(3) =V, +F;sinh {/Ij (% _al)}'
QEB) :Wj — Fj cosh {lj (Xo _ai)}’
PY =R, + L, sinh {4, (%, —a,)},

le) — Sj + Lj cosh {ﬂj (Xo -, )}’

=W{Rj sinh(/ljai)+vj sinh(/ljaz)},

Bgz) _ W{Rj cosh (/Ijai)—vj cosh (/Ijaz )}

1

Y= ()

]

R, +V, cosh (xljd)},

Sj :W{RJ COSh(ﬂ,Jd)—VJ}

(A:45)
(A:46)
(A:47)

(A:48)

(A:49)
(A:50)
(A:51)

(A:52)

(A:53)

(A:54)

(A:55)

(A:56)

The boundary conditions at x=a, and x=-a,, given in (A:25) and (A:28), can be written by using

©
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(A:45)-(A:48) and (A:55) and (A:56) to obtain

23:{/1]3;/1]2;51- (cosh(ﬂjd)—l)}(Rj +V) ) ={Xi %%}, (A:57)
j=1
i{ﬂf;ﬂf;&i (cosh (ﬂ,jd)+1)}(RJ— -V, ) ={X,; % X} (A:58)
j=1

inwhich x, X,, X, X,, X and X, aredefined by

X =Yg =1y, X =Y, =13 Yy, X3 =Yg —1;Ys, (A:59)
X ==Yy =mYy, X ==Y,—mY,  Xg=-Yg Y5, (A:60)
and we have defined (Tj and Y, i=1-6 as
_ Al
d=—""—{ut+1-7%}, j=123, A61
! sinh(ljd){#J e (A61)
3 3
Y, =Y ujF,;sinh [ij (a, - xo)], Y, =Y uF,;sinh [/11. (a, - xo)], (A:62)
i=t j=1
3 3
Yy =Y iRy sinh[ A (a,=%) ], Yy =D 1R, sinh[ 4 (3, - %) ] (A:63)
j=1 j=1

Y, = ZSJch F,;sinh(4;d)cosh[ 4; (3, - %) ] Ye = ZS:JJ. F,jsinh(4;d)cosh[ 4 (a,=%,)]  (A64)
j=t j=1

The algebraic system (A:57) and (A:58) can be solved by elimination to find

R]- = R]-0+771R]-e, Vj =Vj0+771Vje, for j=1,2,3 (A:65)
inwhich R;,, R, V,, and V,, aregiven by
R1 _ _( f2+g1of + f27910+) R = _( f2+91e7 + f2791e+) (A'66)
0 2 f27 f2+ , e 2 f2— f2+ ,
R — ( f2+ flO— + fZ— f10+) R _ ( f2+ fle— + f2— f1e+) (A67)
® 2 f2— f2+ l * 2 f2— f2+ l
—(f f —(f f
R30 — ( 2+A10— + 2— A10+ ) , R3e _ ( 2+ Aie— + 2—A1e+ ) , (A68)
2 fZ— f2+ 2 f2— f2+
V10 _ _( f2+ Oi0- — fzf Q10+ ) , Vle _ _( f2+ O — fzf Qe ) ’ (A:69)
2 fZ— f2+ 2 f2— f2+
V.. = ( f2+ flO— - fzf f10+) V. = ( f2+ fle— - fzf f1e+) (A'70)
20 21, f,, ' 2 2f, f,, ’
—(f —f —(f, A, —f
V30 — ( 2+ AiO— 2— A10+ ) , V3e _ ( 2+ Aie— 2— A1e+ ) , (A71)
2 f2— f2+ 2 f2— f2+
and we have defined the following notation
Ouos = F45 Ty, (1Yy=Y;)F T (s~ Y, ) % Ho 15 (£ = 115)Ys, (A:72)
Giee = 5 Ta (= Yy + Y0 )+ 16T, (Vo4 1Yy )+ 15485 (15— 115) Y, (A:73)
fioe =F44 T, (:LﬁYA -Y, ) FuT ($Y3 — Y, ) 40 1 (ﬂl — )Ye , (A74)
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frow = 26T (=Y, + Y, )+ 4T (Yo 1Y )+ 468 122 (11 = ) Yo, (A:75)
Aow =TT (10Ys =5 ) F 5T (Yo = Y ) £ 12 115 (14— 1) Y, (A:76)
Ao = 1T (~pYy +Y0)+ 15 (1= o )Ys + 15T (Yo + 1Y), (A:77)

Fow = bt (= 1 ) To = 485t (= 115 ) o+ 45 415 (4= 143 oo (A:78)
L =d {cosh(i.d)il}. (A:79)

The constants A and B for i,j=1,2,3 can easily evaluated usmg (A:38), (A 39), (A:42), (A:43),
(A:53), (A:54). The next step |s to find the expressions of the constants c and DY.The Equations (A:26),
(A:27), (A:40) and (A:44) give

1 [ g g _
c®=c®=c® =W{smh(maz);H +smh(ma1)§H?)}, (A:80)
1 3 3 .
p" =p® = p® :Sinh—(md){cosh(maz)éHf) —cosh(mai)JZ_;Hgl)}, (A:81)
where H® and H'® are defined by
2 2
HY = fmuP +i2eQP), AP = Lmu PP +iz,QP). (A:82)
;0 ;40
The application of the boundary condition (29) gives
Q _inV_V(Xo) TR/ Lo {Ql - inV_V(_Xo )} m=F_+mkF_, (A:83)
suchthat F, and F,, are givenby
F. =G. (Rj0.Vjo )+ Ry F.. =G, (R} )+ Vo, (A:84)
where G, (Ry,.V,,) for a={0e}, R, and V,, aredefined by
G, (Ry,.V, )= Zd [ Ry, cosh {2, (ai:uxo)}+vjacosh{/1j(azixo)}}%zi, (A:85)
) =rsinh[-m(azixo)} s ey I zrsinh[m(a1$xo)] 18y, | (A86)
: nsinh(md) {5 4, +n’ : nsinh(md) 75 g, +n?
and we have used the notation Z,, a;, a,;, &;., 8., B and E,,
3 2
B Hi . _ .
Z. = méW{Rj sinh[ 4, (a, ¥ %,) ] +V;sinh[ 4 (a, J_rxo)]}
: (A:87)
+23: ( a3]+RJ +a4]+v ) zallu <E15+Rj +E25+V )
= (4 +n?)sinh(4,d) Slnh( d)= p; +0’
a,; =My sinh {4, (a, —%,)} +izd; cosh{4; (a, -, )}, (A:88)
a,; =mu; sinh {4 (a, —%,)} +i74; cosh {2, (8, — %, )} (A:89)
ag;. = mu;sinh {4, (a, +x,)} +izA; cosh {4 (a, £ x,)}, (A:90)
8,1 =-mu;sinh{4; (a, +x,)} +izd; cosh {4, (a, + %, )}, (A:91)
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h —_
Ey. = Ej, sinh{m(a X, )} +iz4, l Sf::]({a; :jr}xo)} , (A92)
i

sinhim(a, ¥

E,.. = E;_sinh{m(a, £ x, )} -iz4, sfnh({zl ‘(’j‘}xo )} . (A93)
j
and E;, has the form

Ej. =mu; £izA; coth(2,d). (A:94)

Now the growth rate Q, and the displacement 7, can be evaluated by solving the Equation (A:83) to find
F_

= A:95
o S inw(—x)-F, 5
(©,/in)* +5,(,/in)+S, =0, (A:96)
where S, and S, are defined by
S, = (R + R )= (%) ~w(-x,), (A7)
i _ i _ 1
S, = (H F. —W(XO)](E F, —W(—XO))+n—2 F.F . (A:98)
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