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Abstract

In this paper, a series of bicomplex representation methods of quaternion division algebra is introduced. We
present a new multiplication concept of quaternion matrices, a new determinant concept, a new inverse con-
cept of quaternion matrix and a new similar matrix concept. Under the new concept system, many quaternion
algebra problems can be transformed into complex algebra problems to express and study. These concepts
can perfect the theory of [J.L. Wu, A new representation theory and some methods on quaternion division
algebra, JP Journal of Algebra, 2009, 14(2): 121-140] and unify the complex algebra and quaternion division
algebra.

Keywords: Quaternion Determinant, Product of Quaternion Matrix, Inverse of Quaternion Matrix, Similar
Quaternion Matrix, Application, Solution

1. Introduction

In recent years, the algebra problems over quaternion
division algebra have drawn the attention of mathematics
and physics researchers [1-12]. Quaternion algebra the-
ory is getting more and more important. In many fields
of applied science, such as physics, figure and pattern
recognition, spacecraft attitude control, 3-D animation,
people start to make use of quaternion algebra theory to
solve some actual problems. Therefore, it encourages
people to do further research [13-17] on quaternion alge-
bra theory and its applications.

The main obstacle in the study of quaternion algebra is
the non-commutative multiplication of quaternion. Many
important conclusions over real and complex fields are
different from ones over quaternion division algebra,
such as determinant, the trace of matrix multiplication
and solutions of quaternion equation. From the conclu-
sions on quaternion division algebra, we find it to lack
for general concepts, such as the definition of quaternion
matrix determinant. There are different definitions which
are given in [1,3,4,6,11,18] since Dieudonne firstly in-
troduced the quaternion determinant in 1943. In addition,
the inverse of quaternion matrix has not been well de-
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fined so far, because it depends on other algebra con-
cepts. In the study of quaternion division algebra, people
always expect to get some relations between quaternion
division algebra and real algebra or complex algebra.
However, some conclusions on real or complex fields are
correct but not on quaternion division algebra. It makes
us to consider establishing other algebra concept system
over quaternion division algebra to unify the complex
algebra and quaternion division algebra.

Recently, Wu in [19] used real representation methods
to express quaternion matrices and established some new
concepts over quaternion division algebra. From these
definitions, we can see that they can convert quaternion
division algebra problems into real algebra problems to
reduce the complexity and abstraction which exist in all
kinds of definitions given in [1,3,6,10,11,20]. However,
as Wu in [19] mentioned, these concept system is not
suitable for complex algebra.

In this paper, based on the bicomplex form of quater-
nion matrix, we present some new concepts to quaternion
division algebra. These new concepts can perfect the
theory of Wu in [19] and unify the complex algebra and
quaternion division algebra.

This paper is organized as follows. In Section 2, we
introduce a complex representation method of quaternion
matrices and explore the relation between quaternion
matrices and complex matrices. In Section 3, we present
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a series of new concepts over quaternion division algebra
and study their properties. In section 4, we establish
some important theorems to illustrate the applications
and effectiveness of the new concept system.

Let C denote the complex field, H denote the
quaternion set, C™" denote the set of mxn complex
matrices, H™" denote the set of mxn quaternion
matrices and A’ denote the transpose matrix of A.

2. The Bicomplex Representation Methods
of Quaternion Matrices and the Relation
between Quaternion Matrices and
Complex Matrices

For any quaternion matrix A< H™", A can be uniquely
represented as

A=A +A], @.1)

where A eC™"(s=0,1), Aj means to multiply
each entries of A by ] from right hand side.

For above reasons, we can establish a mapping rela-
tion between quaternion matrices and complex matrices
as follows:s

f:AeH™ |5 (ALA), (2.2)

where A, eC™" (s=0,1).
The set of mxn quaternion matrices is written as A
and the set of image of A is writtenas A, .
Theorem 2.1. Let f:AeH™" |>(A,A),

e C™" (s=0,1)). Then the mapping f 1is a bijec-
A

tive mapping from A to A, .

Proof. For any entry (A,A) in A, there exists
the corresponding quaternion matrix A=A, +Aj in
A, therefore f is a surjection from A to A, . Si-
multaneously, since any quaternion matrix in A can be
uniquely represented as the form (2.1), so f is an in-
jection from A to A, . Thus f is a bijective map-
ping from A to Ay,.

The proof is complete.

Theorem 2.2. Bijection f : Ajo|(ALA),

A €C™" (s=0,1)is an isomorphism mapping from A
to Ag,-

By the concept of isomorphism mapping, this theorem
is easy to prove and we omit it here. [

We shall mention that Theorem 2.2 is the foundation
of this article, because isomorphism vector spaces have
the same properties.

3. The Bicomplex Matrix Concept System
over Quaternion Division Algebra

According to the complex representation of quaternion
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matrices above, a series of new definitions of quaternion
division algebra which are helpful to discuss the algebra
problems on quaternion division algebra can be given as
follows.

Definition 3.1. The matrix E =E+Ej is said to be
a Nxn unit quaternion matrix if E is a nxn unit
matrix over complex field. In particular, if n=1, then

E=E+Ej=1+1]j is said to be a unit quaternion writ-
tenas a,.

Definition 3.2. Letand B=B,+B,je H™ be given.
The operator A*B=AB,+ AB,j (where AB,,AB,
are both the multiplications of complex matrices) is
called the *-product of quaternion matrices A and B. In
particular, if m=n=t=1, then we can derive the
*-product of quaternions.

Note: when AeC™", BeC™ , then A*xB=AB.

Under the Definition 3.1 and Definition 3.2, we give
some relative properties.

For any matrix A,Be H™", we have:

1) ExA=A*E=A, where E is a nxn unit
quaternion matrix;

2) A+B=B+A;

3) (A+B)*C=A*C+B*C;

4) (A*B) =B" *A';

5) Tr(A=B)=Tr(B*A).

Similarly, we establish a new definition as follows.
Definition 3.3. Let X e H™ and ae H be given. Then
a*X =X=a=a,X,+aX,]j is called the *-product of
quaternion and quaternion vector, where X = X, + X, ],
X,eC™, X, eC™, a=a,+aj, a,€C,a eC.
Now, we introduce the following concept to quater-

nion division algebra.
Definition 3.4. For any quaternion matrix Ae H™"

(A=A +Aj), |A||=|A0|+|A1|j is said to be the de-

terminant of A, where || is the determinant of a com-

plex matrix.

Note: when AeC™", then ||A|| = |A|

The Definition 3.3 is reasonable. First of all, the result
of a quaternion matrix determinant under Definition3.4 is
a quaternion. Secondly, from Definition 3.4 we can see
that it can convert the determinant of a quaternion matrix
into that of complex matrices to reduce the complexity
and abstraction. Finally, the new determinant has the
same fundamental properties as that over complex field.
That is, if A is a nxnquaternion matrix andi=# j,
then we have

D [A|=]AT]-
2) If quaternion matrix B is obtained from quater-

nion matrix A by interchanging two rows (or columns)
of A, then [B]=—[A|.
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3) If quaternion matrix A has a zero row (or column),
then |[A]=[A"[=o0.

0 Jl A=k

A||,wherek"n =kxk*...xk, keH .
n

5) If the jth row (column) of quaternion matrix A
equal a multiple of the ith row (column) of the matrix,
then ||A|| =0.

6) Suppose that A, B and C are all nxn qua-
ternion matrices. If all rows of B and C both equal
the corresponding to rows (columns) of A except that
the ith row (column) of A equal the sum of the ith of
B and C,then |A|=|B|+|C]-

7) If quaternion matrix B is the nxn matrix re-
sulting from adding a multiple of the ith row (or column)
of matrix A to the jth row (or column) of matrix A,
then 8] =]

8) Let A and B be nxn quaternion matrices re-
spectively. We have ||A* B|| = ||A|| * ||B|| .

Up to now, people still treat the inverse matrix concept
of quaternion matrix as complex matrix, that is, if qua-
ternion matrix A satisfies A'A=E (where E is a
real unit matrix), then people think that quaternion ma-
trix A exists its inverse matrix A™'. However, people
pointedly ignore two questions. An issue is how to define
the product of quaternion matrices A™' and A. The
other one is how to make a calculation of A™.

It indicates that the terminology of inverse matrix does
not have a clear definition in quaternion algebra theory.

In the following, we shall give a new definition and
specific computational method for the inverse of quater-
nion matrix.

Definition 35. Let A=A +AjeH™ be given
(where A,, A both are complex matrices). If the inverse
matrices of A, and A both exist, then quaternion
matrix A is said to be invertible and the inverse matrix
is writtenas A" = A+ A j, where A", A" denote
the inverse of complex matrices A,, A respectively.

Note: when AeC™ ,then A" =A"".

The inverse of quaternion matrix under the new defi-
nition has the same fundamental properties as those un-
der the traditional algebra system. It is easy to show the
following facts by the new concept, namely, if a quater-
nion matrix A is invertible, then we have:

D (A7) =A.

2) (A’)k :(Ak)f :(Ao’l)k +(A1’1)k j, where
A“ = A% Ax-..x A is product of KA which is defined
in Definition 3.2.

3) If A,A,,---,A, are all invertible quaternion ma-
trices, then

(Ai*Az**An)i =A KA ek A

Copyright © 2011 SciRes.

Obviously, by the new definition of inverse of quater-
nion matrix above, people can determine easily whether
the inverse matrix of quaternion matrix exists or not and
calculate the inverse matrix if possible.

Under the definition of inverse of quaternion matrix
above, a new concept of similar quaternion matrices can
be given as follows:

Definition 3.6. Let A,Be H™", if there exists an
invertible quaternion matrix P such that A=P~*B=*P,
then A and B are said to be similar quaternion ma-
trices writtenas A~ B.

Note: when A,BeC™, A=P *B=*P is equiva-
lentto A=P,'BP,,where P=P,+Pj, P,,P,eC™.

For similar quaternion matrices, we will deduce many
important properties in the next section.

4. Some Applications of the Bicomplex
Matrix Concept System

In this section, we establish some important theorems to
illustrate the applications and effectiveness of the new
concept system for the research of quaternion division
algebra. The eigenvalue is an important issue in quater-
nion division algebra theory, so under the new concept
system, we will study firstly the eigenvalues of quater-
nion matrix and the relation between eigenvalues of
similar quaternion matrices in detail.

Before showing the application, we’ll introduce firstly
some concepts associated with eigenvalue.

Definition 4.1. For any matrix A:(aij e H™  if
there exists nonzero quaternion vector X e H™ and a
quaternion A=A, + 4 j (where 4,, 4 are both com-
plex numbers) such that A* X =A% X ,then A is said
to be the left eigenvalue of A, and X is the left ei-
genvector corresponding to A .

For the sake of distinction, we call the left eigenvalue
and the left eigenvector under Definition 4.1 the left
quaternion eigenvalue and the left quaternion eigenvec-
tor respectively.

According to the new definition of quaternion matrix
multiplication and A* X =A% X, we can derive that
(A*E—-A)*X =0. Thus f(2)=|2*E-A| is said
to be the characteristic polynomial of A (where the op-
erator |||| denotes the determinant of quaternion matrix
under Definition 3.4).

Theorem 4.1. A nxn quaternion matrix
A=A, +A]j (where A;, A both are complex matri-
ces), if 4 and u are the left eigenvalues of A, and
A, respectively, then A+aj andb+uj (VaeC,
Vb € C ) are the left quaternion eigenvalues of A.

Proof. Since 4 and u are the left eigenvalues of
A, and A, respectively, then there exist nonzero vectors
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£eC™ and neC™ suchthat A& =1& An=un.
We have
AxE=(A+AJ)*(E+0])=Ag =18 =(1+a))*¢,
for VaeC.
Ax(ni)=(A+Aj)*(0+ni)=Anj=un]
=(b+uj)*(n])
for VbeC.

So A+aj and b+ uj are all the left quaternion ei-
genvalues of A.

The proof is complete. []

Similarly, we introduce a new right quaternion eigen-
value concept.

Definition 4.2. For any matrix A=<aij)e H™, if
there exists nonzero quaternion vector € H"" and qua-
ternion g = 4, + 4, j (Where u,, 4, are both complex
numbers) such that

Y *A=pu*Y ,then g is said to be the right quater-
nion eigenvalue of A, and Y is the right quaternion
eigenvector corresponding to 4 .

For the right eigenvalue of quaternion matrix, we have
the following theorem:

Theorem 4.2. A nxn quaternion matrix A=A + A j
(where A, A are both complex matrices), if 4 and
4 are the right eigenvalues of A, an A, respectively,
then A+aj and b+ uj(VaeC,vbeC) are the right
quaternion eigenvalues of A.

Proof. Since A and g are the right eigenvalues of
A, and A, respectively, then there exist nonzero vectors

£eC™ and neC""such that £A =A&nA =un.
We have

§xA=(£+0j)*(A+A])=¢A
= A& =(A+aj)*¢, forvaeC

(mi)*A=(0+ni)*(A +AJ)=nAj=un]
=(b+uj)*(nj),forvbeC ’

So A+aj and b+ ) are the right quaternion ei-
genvalues of A.

The proof is complete. [

Theorem 4.3. If the left eigenvalues of A, are
A Ay, o+, A4 and the left eigenvalues of A are
My, o, iy (Where Ay, Ay both are complex matri-
ces), then the left quaternion eigenvalues of matrix
A=A +Aj are {A +ajor
b+ j, vaeC, vbeC, s=1,---,k, t:l,'--,m}.

Proof. Suppose that y is arbitrary left quaternion
eigenvalue of A, then Iy #0, w=y,+w,je H™,

AV, =7¥,
AIW] =N¥

w =0, we know that both y, and w, are not zeroes.
So there are two cases as follows:

>

such that A*y =y*y, that is, { . Since
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1) When y # 0, obviously, we have
o € Vo)

So, )/e{/l, +ayj,i =1,2,---,k}.

2) When y # 0, obviously, we have
N e{,ul,yz,~~~,,um} :

So, )/e{b+,utj,t:1,2,-~~,m}.

To sum up 1), 2) and Theorem 4.1, we can draw the
conclusion.

The proof is complete. [

Theorem 4.4. If the right eigenvalues of A, are
A Ay, A and the right eigenvalues of A are
My, ey (where Ay, Ay both are complex matri-
ces), then the right quaternion eigenvalues of matrix
A=A +Aj are {i +aj or
b+u, VaeC, VbeC, s=1,---,k, t:1,--~,m}.

This proof is similar toTheorem 4.3. So we omit it
here.

Theorem 4.5.Let Ae H™ ,then A and A" have
the same quaternion left (right) eigenvalues.

Proof. Since A=A + A (where
A, eC™ A eC™), then AT =A +A' j. We know
A and A’ have the same left (right) eigenvalues
(i=12). By Theorem 4.3 and Theorem 4.4, we can
draw the conclusion.

The proof is complete. [

Theorem 46. Let AeH™ and g,AeH be
given. If A(u) is the left (right) quaternion eigenvalue
of A, then A(u) is the right (left) quaternion eigen-
value of A.

Proof. Since A is the left quaternion eigenvalue of
A, then there exits nonzero vector & such that
Ax&=A%& . Then (A*f)T :(l*f)T , we can have
ETx AT =1%£" So A is the right quaternion eigen-
value of AT, by Theorem 4.5, we know A is the right
quaternion eigenvalue of A. The same proofto u .

So, the proof is complete. [

Specially, when AeC™",if A(u) is the left (right)
eigenvalue of A, then A(u) is the right (left) eigen-
value of A.

Note: By the new definition of quaternion multiplica-
tion, the left quaternion eigenvalue of a quaternion ma-
trix is equivalent to its right quaternion eigenvalue. So
they are both called quaternion eigenvalue of the quater-
nion matrix.

In the following, we show an important result.

Theorem 4.7. Let A,Be H™" be given. If A~ B,
then A and B have the same eigenvalues.

Proof. Since A <« B, there exists an invertible matrix
PeH™" suchthat A=P~ *B=x*P, thatis equivalent to
A=P;'BP, and A =P 'BP, (where A=A +Aj,
B=B,+B,j, P=P,+Pj). We know B; and A
(s= 0,1) have the same eigenvalues. By Theorem 4.3
and Theorem 4.4, we can draw that A and B have
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the same eigenvalues.

The proof is complete. [

Theorem 4.8 (The generalized Cayley-Hamilton theo-
rem over quaternion division algebra). A quaternion ma-
trix A must be the root of its characteristic polynomial

f(4)=|A=E-A.

Proof. According to Definition 3.4, we know that:

f(2)= f(/10+ﬂqj):||ﬂ*E—A||
=|(%E+4Ei)-(A +A)| :
=[4LE-A|+[AE-A[j=9(4)+h(4)]
where g(4,)=|4LE-A)], h(4)=|LE-A].

According to the Cayley-Hamilton theorem on com-
plex field, we know g(A,)=0, h(A)=0.So,
f(A)=g(A)+h(A)=0. It indicates that quaternion
matrix A must be the root of its characteristic polyno-
mial f(4).

So, the proof is complete. []

Theorem 4.9. Let (where A=A +AjeH™
A,,A €C™) be given. A is a diagonalizable matrix
if and only if both A, and A, are diagonalizable ma-
trices.

Proof. A is diagonalizable matrix , that is ,there ex-
its an invertible quaternion matrix P such that
A=P *A*P . It is equivalent to A, =P,'A,P, and

A =P 'AP (where A=A,+A,j is diagonal matrix).

So, A is diagonalizable matrix if and only if both A,
and A, are diagonalizable matrices.

The proof is complete. [

Corollary 4.9. Let A=A +A je H™ (where
A, A €C™) be given. If Ay and A both have n
different eigenvalues, then A 1is diagonalizable matrix.

Corollary 4.9. Let A=A, +AjeH™ (where
A, A €C™) be given. Quaternion matrix A is di-
agonalizable matrix if and only if and A, both have n
linearly independent eigenvactors.

Corollary 4.9". Let A=A +AjeH™ (where
A,,A €C™) be given. Quaternion matrix A is di-
agonalizable matrix if and only if the geometric multi-
plicity of A, and A, both equal their algebraic multi-
plicity respectively.

In Section 3, we have given the new definition of the
inverse of quaternion matrix, but that of quaternion is not
defined. In fact, a quaternion can be treated as a 1x1
matrix. So we can define the inverse of quaternion as
follows:

Definition 4.3. For any quaternion a=a,+a,j, if
neither of a, and a, are zeroes, then a” =a;' +a;'j
is said to be the inverse of a, where a;'(s=0,1) is
the reciprocal of a, .

It is easy to verify the following facts. For any
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a,be H , we have:
1) a,*a=a%*a, =a;
2) a+b=b+a;
3) (a+b)*c=a*c+b=c;

4) a"=(a,)" +(a)" j;

5)If a=a,+a,j hastheinversea ,then a*a =a,.

In addition, we discover that there are some special
phenomena about the roots of quaternion polynomial
under the new definition of quaternion multiplication.

Definition 4.4. The polynomial which has the form as
follows: a,*x°+a, *x " 4..ra_ xxT+a #xO is
said to be quaternion polynomial with complex coeffi-
cients (where a;, i=0,1,---,n are all complex numbers,
X=X, +%j, X° is the *-product of iquaternion X
and x™ is unit quaternion).

Theorem 4.10. Let f(x) be a quaternion polyno-
mial with complex coefficients. Then f (X) has infinite
quaternion roots.

Proof. By Fundamental Theorem of algebra, f(X)
exists at least one complex root X,, then for any given
complex number X, obviously, X,+X ] is the root of

f(x).

The proof is complete. [

Theorem 4.11. Let f(x) be a quaternion polyno-
mial with complex coefficients and A=A+ A je H™"
be a given quaternion matrix (where, both A, and A
are compex matrices). If A is the eigenvalue of A,
then f(A4) isthe eigenvalue of f(A).

Proof. According to the new definition of quaternion
multiplication, we can easily obtain f(A)="f(A)).
Since A is the eigenvalue of A, so f(4) is the ei-
genvalue of f(A)).

The proof is complete. [

Under the new concept system, we can also solve the
problems of existence and uniqueness of the solutions to
the quaternion system of linear equations A* X =b,
where operator ‘#*’ denotes the new multiplication of
quaternion matrices.

As we known, for any Ae H™", A can be repre-
sented uniquely as A=A +Aj, where A (s=0,1)
are Nxn complex matrices. Let
X = (X + X,y JsXap + Xy Jo o5 Xgo + Xy ) and
b =(by +by,J,by +byJ,--by +by j) be nx1 quater-
nion vectors, then the following theorems are valid.

Theorem 4.12. Let A=A +AjeH™ be given
and X =X, +X,j be nxl quaternion vector. If rank
(A))=r, and the fundamental system of solutions to the
system of homogeneous linear equations A X, =0 is
M has™ > Mhnog) (s :0,1) respectively, then any solu-
tion to the quaternion system of homogeneous linear
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equations Ax* X =0 can be expressed as follows:

X = (C017701 +Coflop +-o0 Co(n—ro)no(n—ro))

+(C1177|1 *CioThy +“'C1(n—rl)771(n—r])) j

where Cy, € C,t,=0,---,n-r,s=0,1.

Proof. By the new definition of quaternion matrix
multiplication, the quaternion system of homogeneous
linear equations A* X =0 is equivalent to the system
AX,=0 .

. Since any
AX, =0
solution to the system of homogeneous linear equations
A X, =0 can expressed as

X, = (Cslnsl FCoullsy +o 0t Cs(n—ro)ns(n—ro))

(where Cq, eC, t.=1---,n-r,s=0,1)

of homogeneous linear equations {

and the solutions of the quaternion system of homoge-
neous linear equations A*X =0 are X =X+ X,]j.
So we can draw the conclusion.

So, the proof is complete. [

Corollary 4.12. Let A=A, + A j be a given quater-
nion matrix (where A €C™", s=0,1).

If rank (A,) =rank(A) = n, then the quaternion
system of homogeneous linear equations A#* X =0 has
unique solution X =0={0, 0,--~0}T )

Corollary 4.12'. Let A=A, +Aj be a given qua-
ternion matrix (where A, eC™" , s=0,1). If rank
(A))<n and rank (A)=n, then the quaternion sys-
tem of homogeneous linear equations A* X =0 only
exists complex solutions.

Theorem 4.13. Let A=A, +Aj be a given quater-
nion matrix, X =X, + X,;j and b=Db,+bj be qua-
ternion vectors (where A eC™", X, eC™,

b, = (By.beuuby ) s by €C, s=0,1, t=1,2,,n)
If there is at least one s, €{0,1} such that rank (&0)

< rank(ASO by, ) , then the quaternion system of linear

equations A* X =b has no solution.

Proof. By the new definition of quaternion matrix
multiplication, the quaternion system of linear equations
A*x X =b is equivalent to the system of linear equa-

tions {AOXO =b, , since rank(ﬂgﬂ )<rank(A50 by, ) , the

AX, =b
. . Ao Xo = bo .

system of linear equations have no solution,

AX, =b

that is, the quaternion system of linear equations
A=*X =D has no solution.

So, the proof is complete. [

Theorem 4.14. Let A= A,+A] be a given quater-
nion matrix and X = X, + X,j be a given quaternion

Copyright © 2011 SciRes.

vector (where A, eC™", X, eC™, s=0,1). We sup-
pose that the fundamental system of solutions to the sys-
tem of linear equations A X, =0 is M Mls2s™ s (o)
(s=0,1) respectively and & (s=0,1) is a special so-
lution of the system of linear equations A X, =bh, re-
spectively, and rank (A;) = rank (A i) (s=0,1),
then any solution to the quaternion system of linear
equations Ax* X =b can be expressed as:

X = (":0 *Corflor + Cooffop +- - + CO(n—rO)nO(n—ro))

+(§1 +Cy 7 +C, +"'C1(n—r1)771(n—r1)) ]

Proof. By the new definition of quaternion matrix
multiplication, the quaternion system of linear equations
A*x X =b is equivalent to the system of linear equa-

. A Xy = bo . .
ions . Since any solution to the system of
AX,=b
linear equations A, X, =Db, can expressed as follows:
Xs = gs +Calls + Colfsy +-o- Cs(n—rs)ns(n—rs) (Where

c,€C,t=12,---,n—r, s=0,1), so any solution to the
system of quaternion linear equations A#* X =Db can be
expressed as:

X = (":0 *Corflor + Cooffop +- - + CO(n—rO)nO(n—ro))

+(§1 +Cy 7 +C, +"'C1(n—r1)771(n—r1)) ]

The proof is complete. []

Theorem 4.15. Let A=A, +A] be a given quater-
nion matrix, X =X, + X,j and b=Db,+bj be quater-
nion vectors (where A eC™", X eC™, b, eC™,
(s=0,1)). If rank (A;) =rank(Ab,) = n (s=0,1),
then the quaternion system of linear equations A* X =b
exists unique solution.

Proof. By the new definition of quaternion matrix
multiplication, the quaternion system of linear equations
A= X =b is equivalent to the system of linear equations

AX, =b, .
, and rank = rank(A b)) = n,
{AX,:b, and ran (A%) ran (A§ S) we
. . AX, =D,
know the system of linear equations have
AX, =b

unique solution. So the quaternion system of linear equa-
tions A* X =D exists unique solution.

The proof is complete. [

Corollary 4.15. Let A=A, +Aj be a given nxn
quaternion matrix and b=b,+bj be a given nxl
quaternion vector. If rank (A;) = rank (Ajib;) = n
(s=0,1), then the solution of the quaternion system of
equations A*X =b is X = A'xb.

Corollary 4.15'. Let AeC™" and b=b,+hj
(where b, eC™,s=0,1, b #0) be given. Then the
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quaternion system of linear equations A#* X =b has no
solution.

Corollary 4.15". Let AeC™"

and beC™ be

given. If rank (A) = rank (Alb), then any solution to the
quaternion system of linear equations A* X =b can
expressedas X = A"'b+aj, where acC.
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