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Abstract

The paper considers the problem of full transitivity of a cotorsion hull G* of a separable primary
group G when a ring of endomorphisms E (G) of the group G has the form E, (G)EB Jos

where E (G) is a subring of small endomorphisms of the ring E(G), whereas J, is a ring of
integer p-adic numbers. Investigation of the issue of full transitivity of a group is essentially
helpful in studying its fully invariant subgroups as well as the lattice formed by these subgroups. It

is proved that in the considered case, the cotorsion hull is not fully transitive. A lemma is proposed,
which can be used in the study of full transitivity of a group and in other cases.
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1. Introduction

The groups discussed in the paper are abelian and the operation is written in additive terms. We use here the no-
tation and terminology of the monographs [1] [2].

The symbol p denotes a fixed prime number. Z and Q are respectively the groups of integer and ratio-
nal numbers. A subgroup B of the group A is called fully invariant if it is self-mapped for any endomor-
phism of the group A.

The knowledge of the construction of fully invariant subgroups of an abelian group and their lattice is
essentially helpful in the study of the properties of the group itself and also in the investigation of the properties
of its rings of endomorphisms and quasi-endomorphisms, the group of automorphisms and other algebraic
systems connected with the initial group.

For a sufficiently wide class of p-groups these topics were studied by R. Baer, I. Kaplansky, P. Linton, R.
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Pierce, D. Moore, E. Hewett and others. The works of A. Mader, R. Gébel, P. A. Krylov, S. Ya. Grinshpon, A. I.
Moskalenko and other authors are dedicated to the investigation of these topics in torsion-free and mixed
groups.

However little is known about the results obtained in this area for the class of cotorsion groups. A group A
is called a cotorsion group if its extension by means of any torsion-free group C splits as follows:

Ext(C, A) =0. The importance of the class of cotorsion groups in the theory of abelian groups is due to two
factors: for any groups A, B, the group Ext(A,B) is a cotorsion one and any reduced group G is

isomorphically embeddable in the group G® = Ext(Q/Z ,G) called the cotorsion hull of the group G. If the
torsion part of the group G is denoted by tG , then

Ext(Q/Z.16) = [TExt(2(p").T, )

where tG =@®T,. Thus the study of cotorsion groups essentially reduces to the study of groups of the form
Ext(Z(p“’),T):T' ,where T isa p-primary group.

It is noteworthy that endomorpohisms in cotorsion groups are completely defined by their action on the
torsion part and, as shown by W. May and E. Toubassi [3], for a mixed group A the ring of endomorphisms
E(A) isisomorphicto E(tA) ifandonlyif A isa fully invariant subgroup of the cotorsion hull (tA)".

The notion of full transitivity of a group plays an essential role in describing the lattice of fully invariant sub-
groups.

By the p-indicator of an element a of the group A we mean an increasing sequence of ordinal numbers

H(a)=(N(a),h(pa),~-,h(p"a), )

where h is the generalized p-height of an element, i.e. for h(a)=oc if ae p”A\p°"A and h(0)=oo.
Now for the set of indicators we can introduce the order

H(a)<H(b)<h(p'a)<h(p'b),i=01,-

A reduced p-group is called fully transitive if for arbitrary elements a and b, when H(a)<H (b) there
exists an endomorphism ¢ of the group such that gpa =b. The class of fully transitive groups includes such
important groups as separable p -groups, algebraically compact groups and quasi-pure injective groups.

Using the indicators of fully transitive groups we can describe the lattice of fully invariant subgroups (see
[4]-[11]).

For a module over a commutative ring, A. Mader formulated a general scheme that can be used to describe
the lattice of fully invariant submodules of the module (see [10], Theorem 2.1 or [12], Theorem 1.1).

In the same way as we did for a p -group we define the notion of full transitivity for the group

T = Ext(Z ( pw),T). According to A. Mader [10], an algebraically compact group is fully transitive and de-
scribed with the aid of indicators the lattice of fully invariant subgroups of this group. This means to describe
the lattice of fully invariant subgroups of the group T® = Ext(Z(p“),T) when T is a torsion-complete

group. When T is the direct sum of cyclic p-groups, A. Moskalenko [11] proved that T is also fully tran-
sitive and described by means of indicators the lattice of fully invariant subgroups of the group T°. In general,
for the separable primary group T, the cotorsion hull T* is not fully transitive. In particular if T is an infi-
nite direct sum of torsion-complete groups, then, as shown by the author [13], the group T° is not fully transi-
tive and in that case the lattice of fully invariant subgroups of the group T*° cannot be described by means of
indicators (see [12]).

R. Pierce [14] considered the primary group G, a ring of whose endomorphisms has the form

E(G)=E,(G)®J, (L.1)

where E, (G) is the ring of small endomorphisms of the group G which is the ideal of the ring of endomor-
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phisms E(G) of the group G, whereas J, is the ring of integer p-adic numbers. A small endomorphism
of the group G is defined as follows (see [14]).
Forall k>0 there existsaninteger n such that

e(x)<k and h(x)=n imply ¢(x)=0. (1.2)

The Pierce group G is important when studying the ring of endomorphisms of abelian groups (see [15]).
The aim of the present paper consists in elucidating the full transitivity of the cotorsion hull G* and also in
finding the conditions, under which the cotorsion hull is not fully transitive.

2. Full Transitivity of the Cotorsion Hull of the Pierce Group

As mentioned above, R. Pierce [14] considered the separable primary group G with a standard basic subgroup
B=@B,, B, = Z(p”), n=12.-, BcGcB, where B is a torsion-complete group, i.e. the torsion part
n=1

of a p-adic completion of the group B. The cardinality is |G|=2" and the ring of endomorphisms of the
group G has form (1.1).

To study the full transitivity of the group G*, we use the following representation of elements of the cotor-
sion hull of T* given by A. Moskalenko [11] for the separable p-group T

T ={(ay.a,+T 3 +T,)a eT, pa, -8 T,i=01- . (2.1)

i+1
Representation of elements in this form makes it easy to calculate the height and the indicator. In particular, if
a=(ay,,a+T, ), then

H; (ay) if O(ay)=o»,

(hf(ao)’hf(pao)""ahf(pn_lao),a)+m,a)+m+1,...)

H.. (a) = if a, eT\T, O(a,)=p", O(a,+T)=p"", o
(hr(ao)'hr(pao)r'th(Pn’lao),a)+n+k,a)+n+k+1,~~)

if O(ao): p”’ a,,8,, 8, eT, A, T,
H; (a,) if a €T foranyi,

where @ is the smallest infinite ordinal number.
Let B be a basic subgroup of the reduced separable p-group T lying between B and B. Elements

ag,b, eT, O(ay)=0(a,)=p, 3, «T.Asisknow, an endomorphism ¢ of the group T extends uniquely

to an endomorphism of T.
The following lemma is true.

Lemma 2.1. If h.(a)<h.(b)) and there exists no endomorphism ¢ of the group T for which

@a, =b, , then a cotorsion hull T* is not fully transitive.
Proof. Consider two elements

a=(ay,a+T,a,+T, ), b=(by,b+T,b, +T )
of the group T*°. Then by the condition of the theorem and (2.2) we have H_,(a)<H_. (b). As is known,

each endomorphism of the group T extends uniquely to an endomorphism of the group T°. We will show that
if for an endomorphism ¢, ga=b,then ¢a, =b,. Let

E:0—T—4>G—>Z(p”)—0 (2.3)
be the element of the group T° defined by the sequence a:(ao,a1+T,--~). For an endomorphism ¢ of the

group T let us show that gaa:(guao,goa1 +T,-~~). According to ([1], Section 50), the extension of @E is
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defined from the commutative diagram
E:0 T—5G—1>7(p”) 0
oo I (2.4)
@E 0 T——G ——7Z(p")—0

u 7

where x4 isthe identical inclusion,
G =(T®G)/H, H={(-gt,ut) teTl},
uit—>(t,0)+H, 7:9—>(0,9)+H,
7 i(t,g)+H >yg, teT, geG.

The commutativity of diagram (2.4) immediately follows from the definition of these homomorphisms.
To extension (2.3) there corresponds the sequence (ao,a1 +T,-~-) , where elements are defined as follows: fix

a system of generators {g, :ne N} of the groupZ(pw), 9,=0, pg,,=0,.Let {g,}, g,=0, be asys-

tem of representatives of the adjacent classes @, of the group G, §,=9,+T, pg9,,=0,+C,, C,€T.
Denote

+--+p"C, ), a€eT,i=01,--

I+n

a = Iim(ci + pc

n—oo

i+1
Then for each i,

pa,, —a =—CeT.
For an endomorphism ¢ of thegroup T wehave ¢c, €T, ne N, and can define

Qa; = |im(¢)Ci +P@C,, +--t pn¢ci+n) (2.5)
n—o

It is obvious that the right-hand part of equality (2.5) defines the extension of an endomorphism ¢ on T
and if ¢" is some other endomorphism of the group T, which induces @ on T, then Ker((p—q)*)
contains T>B and ¢=¢" ([1], Proposition 34.1). From (2.5) we have

popa,,, —pa, =—¢C, T .
Now we can consider an element
(pag,pa, +T,pa, +T,-) (2.6)

of the group T° and with its aid define the corresponding short exact sequence.
Let G’ be the group defined by a system of generators T U{g{, ie N} which are defined by the relations

of thegroup T and the equalities pg;,, =9/ +¢cC,, g, =0, i=12,---. Then
E':0 T—5G'—57(p") 0 (2.7)

where ' is the identical inclusion and, for each element c+kg/, ceT, keZ, y'(c+kg/)=kg isa
short exact sequence. To extension (2.7) there corresponds sequence (2.6) (see [11], Proof of Theorem 1). Let us
show that by using extensions (2.3) and (2.7) we can compose the commutative diagram

E:0 T—>G—>7Z(p") 0
) N I (2.8)
E':0—>T——G'——7(p”) 0

where ¢ is the above-mentioned endomorphism and n’(c+ kg; ) =@c+kg/, ceT, keZ, g, €G. Indeed,

from the definition of a triple ((0,77',2) we immediately conclude that (2.8) is a commutative diagram.
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Thus we have shown that (2.4) and (2.8) are commutative diagrams. Then, according to ([1], Section 50),
@E and E' are equivalent extensions and thereby define one and the same sequence from T°. But, by virtue

of our construction, (goao,(pa1 +T,-~-) is the sequence corresponding to the extension E’; therefore it cor-
responds to the extension @E , too. Thus @a =(ga,,pa, +T,---). Therefore if the endomorphism ¢ maps the
element a=(a,,8+T,--:) into b=(by,b +T,-), then ga, =by,pa, +T =b +T,---, i.e. we have proved

more than what has been mentioned at the beginning of the proof of the lemma. Thus it obviously follows that if
there exists no endomorphism ¢ of the group T for which g¢a, =b,, then there exists no endomorphism ¢
of the group T° which maps the element a into b,i.e. T* isnot fully transitive. The lemma is proved.

For the Pierce group G the following statement is true.

Theorem 2.1. The cotorsion hull G* of the group G is not fully transitive.

Proof. We use representation (2.1) of cotorsion hull elements and assume that a:(ao,a1+G,~--) and
c=(c,,c,+G,---) are elements of the group G*, where O(a,)=0(c,)=p, a,c, € B\G . By virtue of (11,
Item 2), elements a, and b, can be written in the form

a, =by + pb, + p2b2 T

Co =hg + pbf + p%b; +--,
.,b'eB, i=01---. Since BcGcB and B is infinite, taking into account ([14]: Lemma 15.1,
Theorem 15.4) we can assume that

where b ,b

a,-C eG (2.9
By (22) wehave H_.(a)=H_.(c)=(0,® ), ie.the following condition is fulfilled
H.(a)<H.(c).
Let ¢ be an endomorphism of the group G. Using (1.1) we have ¢ =y +«, where  is a small endo-
morphism of the group G and « isthe p-adic number a=a,+ap+a,p’ +-- (an =01, p—l). As is

known ([1], Section 39), the endomorphism ¢ uniquely extends to the endomorphism @ = +a of the
group B

(V+a)a, =wa, +aa,
¥ (I + pby + b, +-+-)+ @ (by + by + pZb, +---).

7z

Since
O(p'b)<p, i=01- (2.10)
and ¢ is asmall endomorphism of the group G (see (1.2)), starting with some k we have
7(pb)=w(p"b,)=0.

Therefore

wa, :y/(bo + pb, + pb, +---+ p"’lbkfl): geG,

b, + pb, + p%b, +---+ p* ', e BcG.
On the other hand, from (2.10) we obtain

@8, = (g + o p+a,pt +-+-)(by + oy +---)
= apby +a, pby + - =ao(b0 + pb, + p’b, +) = o,y

Therefore
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Pa, =g+a,a, 9eG
But g+a,a, #¢, since O(a,)=p, a,€{01--,p-1}, and in that case the equality g-+a,a,=c¢,
would contradict condition (2.9). Therefore
@a, #C,.

Thus there exists no endomorphism ¢ of the group G which extends to the endomorphism ¢ of the
group B and @a, =c,. Then from Lemma 1.1 it follows that Theorem 2.1 is valid.

Note that one more example of a separable primary group, the cotorsion hull of which is not fully transitive,
can be found in ([11], item 3).

As mentioned above, if the separable primary group T is a direct sum of cyclic p-groups or a cotorsion-
complete group, then the cotorsion hull T* is fully transitive. In 1993, at Professor A. Fomin’s seminar A.
Moskalenko made a conjecture that T* is fully transitive only in these two cases. The proved lemma and theo-
rem may serve as a positive argument in favor of this conjecture.
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