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ABSTRACT

A continuous random variable is expanded as a sum of a sequence of uncorrelated random variables. These va-
riables are principal dimensions in continuous scaling on a distance function, as an extension of classic scaling on
a distance matrix. For a particular distance, these dimensions are principal components. Then some properties
are studied and an inequality is obtained. Diagonal expansions are considered from the same continuous scaling
point of view, by means of the chi-square distance. The geometric dimension of a bivariate distribution is defined
and illustrated with copulas. It is shown that the dimension can have the power of continuum.
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1. Introduction

Let X be a random variable on a probability space (€,.4,P) with range | :[a,b]c]ﬁ, absolutely conti-
nuous cdf F and density f w.r.t. the Lebesgue measure. Our main purpose is to expand (a function of) X
as

X=pu+Yb X, 1)

n>1

where (X, ) is a sequence of uncorrelated random variables, which can be seen as a decomposition of the
so-called geometric variability V,(X), defined below, a dispersion measure of X in relation with a suitable
distance function &(x,x’),x,x"e 1. Here orthogonality is synonymous with a lack of correlation.

Some goodness-of-fit statistics, which can be expressed as integrals of the empirical processes of a sample,
have expansions of this kind [1-3]. Expansion (1) is obtained following a similar procedure, except that we have
a sequence of uncorrelated rather than independent random variables. Finite orthogonal expansions appear in
analysis of variance and in factor analysis. Orthogonal expansions and series also appear in the theory of sto-
chastic processes, in martingales in the wide sense ([4], Chap. 4; [5], Chap. 10), in non-parametric statistics [6],
in goodness-of-fit tests [7,8], in testing independence [9] and in characterizing distributions [10].

The existence of an orthogonal expansion and some classical expansions is presented in Section 2. A conti-
nuous extension of matrix formulations in multidimensional scaling (MDS), which provides a wide class of ex-
pansions, is presented in Section 3. Some interesting expansions are obtained in Section 4 for a particular dis-
tance as well as additional results, such as an optimal property of the first dimension. Section 5 contains an in-
equality concerning the variance of a function. Section 6 is devoted to diagonal expansions from the continuous
scaling point of view. Sections 7 and 8 are devoted to canonical correlation analysis, including a continuous ge-
neralization. This paper extends the previous results on continuous scaling [11-14], and other related topics
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[15,16].

2. Existence and Classical Expansions

There are many ways of obtaining expansion (1). Our aim is to obtain some explicit expansions with good prop-
erties from a multivariate analysis point of view. However, before doing this, let us prove that a such expansion
exists and present some classical expansions.

Theorem 1. Let X be an absolutely continuous r.v. with density f and support 1 and h a measurable
function such that E[h(X)]=0 and var[h(X)]<o. Then there exists a sequence (V,) of uncorrelated
r.v.’s such that

h(X)=3V,, @
nx1
with var[h(X)]=>  var(V,), where the series > V.
surely.

Proof. Consider the Lebesgue spaces L*(1) and L*(f) of measurable functions u on I such that

Jlul? _J' x“dx <o, and |uf’ = J' |X* f (x)dx <o, respectively. Obviously, L*(1) and L°(f) are separa-

1
ble Hilbert spaces with quadratic-norms | and ||, , respectively. Moreover T, given by T.u=f 2u,

converges in the mean square as well as almost

pn>1n

(UeLZ(I)), is a linear isometry of L*(1) onto L*(f) i.e, ||Tfu||f:||u||.

*

Let (u,) bean orthonormal basis for L*(1). Accordingly, (un), given by

1
u,=T,u, =f 2u, nx1

is an orthonormal basis for L*( f). The assumption var[h(X )] <o, together with E[h X)]=0, is equiva-
lentto hel’(f).Infact, |h[; = [h(x)" f(x)dx=var[h(X)]<co. Hence h=3 bu:, where b, arethe

n>1-n Un:

Fourier coefficients and Y b?=||[’. Letting v, =bu;, we deduce that h=3" where the series

n“n? >1n’

converges in L*(f) and (v,,v,), =b%5,

m?'n mn’

and defining V, =v, (X), we obtain h(X)=3 V..

This series converges almost surely, since the series Y v -V, converges in Lz(f). We may suppose
E(V,)=0. Next, for m,n>1, we have cov (V,.V,)=E(V,V,)=(V,.v,), =b?5,,. asasserted. Finally, note

m,n>1, where ¢,, is Kronecker’s delta. Replacing X by X,

nm?

that var[h(X)]= ||h||2f =" var(V,). Inparticular, the series in (2) converges also in the mean square. [J

Some classical expansions for X or a function of X are next given.

2.1. Legendre Expansions

Let F be the cdf of X. An all-purpose expansion can be obtained from the shifted Legendre polynomials
(L,) on [01], where L,(x)=+v2n+1P,(2x—1). The first three are

L (x)=+3(2x-1), L, (x) =5 (8x* =6x+1), Ly(x)=7(20%° —30x* +12x-1),

Note that E[L,(F(X))]=0, cov(L,(F(X)), L,(F(X)))=8,,. Thus we may consider the orthogonal
expansion

X =u+ybL[F(X)],

nx1

where x=E(X) and b, =cov(X,L,(X)) are the Fourier coefficients. This expansion is quite useful due to
the simplicity of these polynomials, is optimal for the logistic distribution, but may be improved for other dis-
tributions, as it is shown below.

2.2. Univariate Expansions

A class of orthogonal expansions arises from
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n(x)=g(0) 1+ T ()] @

n>1

where both h,g are probability density functions. Then (A1 (X )) is a complete orthonormal set w.r.t. g.

2.3. Diagonal Expansions

Lancaster [17] studied the orthogonal expansions

h(69)= 1 (99(9) 2+ 0 (0, ()| @

n>1
where h is a bivariate probability density with marginal densities f,g. Then (u,), (vn) are complete or-
thonormal sets w.rt f and g, respectively. Moreover E[u,(X)]= E[v (Y)]=0 and E[u,(X)v,(Y)]=

P.Om, Where p, is the n-th canonical correlation between X and Y
Expansion (4) can be viewed as a particular extension of Theorem 3, proved below, when the distance is the
so-called chi-square distance. This is proved in [18]. See Section 6.

3. Continuous Scaling Expansions

In this section we propose a distance-based approach for obtaining orthogonal expansions for a r.v. X, which
contains the Karhunen-Loéve expansion of a Bernoulli process related to X as a particular case. We will prove
that we can obtain suitable expansions using continuous multidimensional scaling on a Euclidean distance.
Let 6:1xI —R" beadissimilarity function, i.e., §(x,y)=5(y,x)>0 and &(x,x)=0 forall x,yel.
Definition 1. We say that & is a Euclidean distance function if there exists an embedding x — ¢(x) € E,
where E is a real separable Hilbert space with quadratic norm ||, such that &(x,x") = |¢(x)—-¢(x')|-

We may always view the Hilbert space E as a closed linear subspace of ¢2. In this case, we may identify
#(x) with Q(x), where for xel, Q(x)=(Q(x),Q,(x),--) is a vector in ¢?. Accordingly, for
X, X"el

 (xx) = [, (-0, ()] <o -Q(x)[" ©

Definition 2. Q(x (Q (x).Q ) is called a Euclidean configuration to represent (1,5). The geo-
metric variability of X w.rt. & |s deflned by

V, (X) =507 (xX') £ (x) £ (x')deax..

The proximity function of X to X is defined by

D} (%, X)=E[8%(x, X) ] =V, (X). (6)
The double-centered inner product related to & is the symmetric function
G(xx') = =3[ 8 (x,x)~ D (x. X )~ D} (X, X)]. )

These definitions can easily be extended to random vectors. For example, if X is Np(y,z), X is
an observation of X and & is the Euclidean distance in R, then V,(X)=tr(X) and DZ(x,X)=

(x —,u), T (x—pu) is the Mahalanobis distance from X to .
The function G is symmetric, semi-definite positive and satisfies

5%(x,X')=G(xx)+G(x,x")-2G(x,X). (8)
It can be proved [19], that there is an embedding x—>(Ql( ),Q, (%), ) of 1 into ¢* such that
v () =E[JleCOf |- [E(@e)]"
D3 (%, X) = JQ(%) - E[(X)]|"

G is the continuous counterpart of the centered inner product matrix computed from a nxn distance matrix
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and used in metric multidimensional scaling [20,21]. The Euclidean embedding or method of finding the Eucli-
dean coordinates from the Euclidean distances was first given by Schoenberg [22]. The concepts of geometric
variability and proximity function, were originated in [23] and are used in discriminant analysis [19], and in
constructing probability densities from distances [24]. In fact, V,(X) is a variant of Rao’s quadratic entropy
[25]. See also [14,26].

In order to obtain expansions, our interestison &(X,X'),Q(X) and G(X,X’), i.e., we substitute X by
therv. X.

For convenience and analogy with the finite classic scaling, let us use a generalized product matrix notation
(e, a “multivariate analysis notation”), following [18]. We write G(X,X') as G=QQ', where
Q =(Q1(X),Q2(X),---) is a Euclidean centered configuration to represent (1,5), according to (5), (8), i.e.,
we substitute X by X in Q(x) =(Q1(x),Q2(x),~--) and suppose that each Q, (X ) has mean 0. The cova-
riance matrix of Q is £=(oy), wherefor i,j>1, o= E(Qin)zLQi (x)Q; (x) f (x)dx, and may be ex-
pressed as

Z=Qf"x 17,

where f¥? stands for the continuous diagonal matrix diag f”z(x)) and the row x column multiplication,

denoted by =, isevaluatedat x| and then follows an integration w.r.t. X
1 1 1

1 1 1 1
In the theorems below, 2 ® f2G and u, ®u, standsfor f2(x)f2(x')G(x,x’) and u,(x)u,(x’).

Theorem 2. Suppose that for a Euclidean distance & the geometric variability V;(X) is finite. Define
try (G)=E[G(X,X)]. Then:
1V, (X)=tr (G).
1 1

2. f2® f2G is a Hilbert-Schmidt kernel, i.e.,
[G(x x')* £ (x) £ (x")dxdx’ <o,

Proof. Let X,X' be i.i.d. and write v=V,(X). From (7) E[G(X,X’)]:—%(Zv—v—v)zo, and hence
using (8),
1 ! ’ ’
v:Ej'lzéz(x,x)f(x)dxf (x")dx

=%[2E(G(X,X))—ZE(G(X,X'))]
=tr, (G).
This proves 1). Next, G isp.s.d., sofor x,---,x, the nxn matrix with entries G(xi,xj) is p.s.d. In par-
ticular, for n=2 with x =X, X, =X, the determinant
G(x,x) G(xx)
G(xx) G(X,x)

is non-negative. Thus
f(X)G(xx)G(x',x') f(x)= f(x)G(x,x')2 f(x).
Integrating this inequality over 17 gives
tr, (G)2 > LZG(X’ x’)2 f(x) f(x")dxdx’,

and 2) is also proved. OJ
1 1

Theorem 3. Suppose that V(X ) for a Euclidean distance & is finite. Then the kernel f2® f2G admits

the expansion
1 1

f2@f2G=>A4u, ®u,, ©)

n>1
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where (u,) isacomplete orthonormal set of eigenfunctions in LZ(I). Let
1

Co =~ f 2u,, (10)
and C,=c,(X),n>1. Then A =var(C,) and (C,) is a sequence of centered and uncorrelated r.v.’s,
which are principal components of Q, where G=QQ’ and
tr, (G)=V,(X)=3A,
n=1

Proof. The eigendecomposition (9) exists because f¥?® f¥2G is a Hilbert-Schmidt kernel and
tr, (G) <o, by Theorem 2. Next, (9) and (10) can be written as

1 1
f2Gf2 =UAU/, (11)
1 1 1 1

ie, f2Gf?xU=UA, and C=f 2UA?, G=CC, where U=(y), C=(g), " =diag(f"),

A =diag(4). Thus, forall x,X'el,
G(X’ X,): zcn (X)Cn (X’)'

n>1

Next, for xe| wehave E[G(x X)]|=E[G(X,x)]=0. In particular, since
G(X,x)=2rc,(X)c,(x), (xel),
n>1

we have E[c,(X)]=0. Moreover, from (10) we also have
cov(c, (X),¢,(X))= 2,5

'~n m~mn?

where &, is Kronecker’s delta, showing that the variables c,(X) are centered and uncorrelated.
Recall the product matrix notation. The principal components of Q suchthat QQ'=G are Q® where

T =QfY2x fY2Q = DAD’ (12)
1
is the spectral decomposition of X. Premultiplying (12) by f2Q and postmultiplying by @' we obtain

1 1 1 1

f2Gf2* f2Qd = f2Q®A and therefore

1 1 1 1

f2Gf 2« f2QDAY? = f 2QDAY2A.

1 1 1 1
Thus the columns of f2Q®A™Y? are eigenfunctions of f2Gf2. This shows that f2Q®AY?=U, see

(11), and C:Qq)z(cl(x),cz(x),---) contains the principal components of Q. The rows in C may be
accordingly called the principal coordinates of distance & . This name can be justified as follows.

Let us write the coordinates C(x)=(c,(x),c,(x),.-) and suppose that P(x)=(p,(x),p,(x), ) is
another Euclidean configurations giving the same distance & . The linear transformation C(x)— P(x) is or-
thogonal and p, (x)=C(x)a, with |a,| = =1. Then the rv.’s p,(X),p,(X),-- are uncorre-
lated and

2
n zlan m

var[ p, (X)]= %;afm/ln <Jlan|f 24 = var[c,(X)].

Thus c,(x) is the first principal coordinate in the sense that var[cl(x )] is maximum. The second coordi-
nate c,(x) isorthogonalto c (x) and has maximum variance, and so on with the others coordinates. [J
The following expansions hold as an immediate consequence of this theorem:

G(X,X")=Yc,Cl, (13)
G(X,a)=>¢,(a)C,, (14)
8% (X, X")=2(C,~Ch Y, (15)

n=1
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where ael and (C,), (C,),with C ,=c, (X),C}=c,(X'),n>1, are sequences of centered and uncorre-
lated random variables, which are principal components of Q. We next obtain some concrete expansions.

4. A Particular Expansion

If X isa continuous r.v. with finite mean and variance, u= E(X ) o’ =vargX), say, and & is the ordi-
nary Euclidean distance |x—x'|, then it is easy to prove that V;(X)=0c?, Dﬁ(x,x)=(x—y)2, G(x,x')=
(x—u)(X'— ). Then from (14) and taking X'=a, we obtain G(X,a)=(X —u)(a—u), which provides
the trivial expansion X = X. A much more interesting expansion can be obtained by taking the square root of
|x—x].

4.1. The Square Root Distance

Let us consider the distance function

S(xx")=/|x=x. (16)

The double-centered inner product G(x,x') is next given.

Definition 3. Let h (x) be definedas h, (x)=c,(x)-c,(a), where c, is defined in (10).

We immediately have the following result.

Proposition 1. The function h, satisfies:

1 E[h,(X)]=u,=-c,(a).

2. h,(a)=0.

3. h,=c, +u,.

Proposition 2. Assuming X, X' iid., if iz=E,.[min{X,X"}], then

min{x,x'} = 1+ G(x,x')-G(x,a)-G(a,x). a7)

Proof. From |x—x'|=x+x'—2min{x,x’} and combining (7) and (6), we obtain G (x,x’)=min{x,x'} —¢(x)
—p(x')+ i, where ¢(x)=E, min{X,x}, which satisfies ¢(a)=a, ¢(b)=E(X)=p,. Hence ¢(x)=
a—G(x,a) and (17) holds. O

Proposition 3. The following expansion holds

min {x,x'} = %, +Z[hn(x)hn(x’)—hn (%)h, (b)} (18)

n>1
Proof. Using (17) and expanding min{x,x'} —min{y,y’} and setting y=h,y =x,, we get (18). O
Replacing x by X we have the expansion
min{x'xl}:XO'FZI:Xan:_hn(xo)hn(b)]' (19)

n=1
and, as a consequence [12]:
X =X=2 (%, = X;)",
n>1

where X' isdistributedas X and X;=h (X'). Thisexpansion also follows from (15).
If u,=E(X), m,=E(X,), from (19)we can also obtain the expansions

X =% +§‘n(b)[xn ~h, (%)),

X :ﬂ0+zhn(b)(xn _fun)’

n>1

(20)

as well as
X =%, +Z[Xf _hn(xo)hn(b)]'
X =yO+Zl[X§ — by (b) ], @)

X =i+ Y (Xy+ )Xy =ty

n>1

OPEN ACCESS 0JS



160 C. M. CUADRAS

where the convergence is in the mean square sense [27].

4.2. Principal Components

Related to the r.v. X with cdf F, let us define the stochastic process X ={Xt,t e I}, where X, is the in-
dicator of [X >t] and follows the Bernoulli B(1,p) distribution with p=1-F(t). For the distance (16),
the relation between X, the Bernoulli process X and & is
[P(x —x) dt=]"(0-1) dt=|x—x], (22)
where X (w)=x and X,(w)=x is a realization of X. Thus X is a continuous configuration for 5. Note
that, if a is finite, then
X =a+ Xdt.
The covariance kernel K(s,t) of X is given by K(s,t)zmin{F(s),F(t)}—F(s)F(t). Let us consider
the integral operator X with kernel K
(Ko)(t IK (s,t)o(s)ds,

where ¢ is an integrable function on | =[a,b]. Let (l//n (t)),n >1, be the countable orthonormal set of ei-
genfunctions of K, i.e., Ky, =4, We may suppose that (y,) constitutes a basis of L,(1) and the ei-
genvalues (4,) are arranged in descending order. As a consequence of Mercer’s theorem, the covariance ker-
nel K(s,t)=min{F(s),F(t)}-F(s)F(t) canbe expanded as

K (s.8) = S Aw, (5w (t). (23)

n>1
Theorem 4. The functions h, =c, —c,(a) (see definition 3), satisfy:
L b (x)=[w,(s)ds
2. (h,(X)) isacountable set of uncorrelated r.v.’s such that var[h (X)]=24,,n>1.
3. (hl(x) hz(x),m) are principal coordinates for the distance |x—x'|, ie.,

|x =X =§[hn (x)-h, (x’)]z.

Proof. To prove 1), let us use the multiplication “+” and write K(s,t) as K =Xf¥** f¥*X = @AD",
where

X ={X =X, ~[1-F(t)],te[ab]},

e, K(st)=[ (% ()= ) f ()% ()= Jdx, with g =1-F(t), where x (x)=1 if x>s and 0 oth-
erwise. Then X is a centered continuous configuration for & and clearly G =X *X". Arguing as in Theo-
rem 3, the centered principal coordinatesare C =X *®, i.e.,

X) = [ X, ()dt = [ [L1=F (t) Jw, (t)clt
—J.z//n t)dt — g, =h, (X)— g4,

2) is a consequence of Theorem 3. An alternative proof follows by taking e =h_,#=h,,L=K, in the for-
mula for the covariance [28]:

cov(a(X),B j_[ M (x,y)de(x)dB(y). (24)

where M (x,y)=min{F (x),F(y)}-F(x) y) See Theorem 6.
To prove 3), let X(w ) x<X (0)=x" and x =X (@),x =X (). Then x =3 _h (x)w,(t) and
|x—x/|, see(22),is

Ji(x =) dt=[ 300 ()=, ()] wid (1)l

n>1

=>[h (x)-h,(x) ]

n>1

OPEN ACCESS 0JS



C. M. CUADRAS 161

This proves that (hl(x), h, (x)) are principal coordinates for the distance &5(x,x")=/|x—x|.0
The above results have been obtained via continuous scaling. For this particular distance, we get the same re-
sults by using the Karhunen-Loéve (also called Kac-Siegert) expansion of X, namely,

X, = S0 ()X, 25)

n>1
where X, _I X, (t)dt, ie, X,=h (X). Thuseach X, is a principal component of X and the sequence
X,=h,(X),n>1, constitutes a countable set of uncorrelated random variables.
4.3. The Differential Equation

Let g,=h, —u, where y =E(X,). Itcan be proved [12] that the means y,, eigenvalues 4, and func-
tions g,, satisfy the second order differential equation

A9"(x)+g(x)f(x)=0, g(a)=-u,g'(a)=0. (26)

The solution of this equation is well-known when X is (0,1) uniform.

Examples of eigenfunctions ,, principal components h (X) and the corresponding variances A, are
[12,27,29]:

1. X is (0,1) uniform: wn(x):ﬁsin(nnx), h, (X) [\/_/ nn}l cosnnX ), A4, 1/ nn

2. X isexponential with unit mean. If ¢, =¢& J,(&,),
v (X) = exp(=x/2) 3, (&, exp(=%/2)) /35 (£,),
h, (X)=[23, (& exp(-X/2))-23,(&,) /e,

A, =4/, where & isthen-th posmve root of J and J,,J, arethe Bessel functions of the first order.
3 X is standard logistic F (x) ]/[1+exp , —0o<X<oo If ¢, =n(n+1), d =2n+1,

_1 /G n—l(F(X)) L. (F())
Wn(x)_%\g{ Ja-2 a2 | (27)
hy (X)= %[ L, (F (X)) +(-2)"" g, |,

4, =1[n (n+1)], where (L,) are the shifted Legendre polynomials on [0,1].
=1-x3x>1:

4. X isParetowith F(x
=c,[sin(&,/x) - (1/x)cos(&,/x)],
h, (X)=c,[ Xsin(&,/X)=sin(&,)].

A, =3/&2, where
¢, =25, 2¢, -sin(25,)]
and & =tan(<&,).

Note that the change of variable y:x/a transforms g in g, and(26)in
(Aa)g /«/—+g )/«/Eaf(ay):O

Hence h,(x)—h,(ay) /\/7 v, (X —>\/—y/n(ay) and 4, > A,/a, providing solutions for the variable
X/a. For instance, we immediately can obtain the principal d|men3|ons of the Pareto distribution with cdf
1-(x/a)”, x>a.

4.4. A Comparison

The results obtained in the previous sections can be compared and summarized in Table 1, where X is a ran-
dom variable with absolutely continuous cdf F, density f and support | :[a,b]. The continuous scaling
expansion is found w.r.t. the distance (16). Note that we reach the same orthogonal expansions (we only include
two), but this continuous scaling approach is more general, since by changing the distance we may find other
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Table 1. Principal components and principal directions of a random variable.

Principal components expansion Continuous scaling expansion
Bernoulli process Euclidean distance
X =Ly 3(xx) = x=x] =[(x)-Q(x)
Mercer’s theorem Eigen decomposition of G
K(sit)=cov(X,.X,)=3. Aw, (), (s) G(xx)=QQ' =Y. Af (x)’% u, (x) f (x’)’% u,(x)

Orthogonal sequence Orthogonal sequence (centered)

h(x)= [, (et 6, (x) =7 £ (x) 7u,(x)
Principal components Principal dimensions

X, = [ X, (t)dt=h,(X) X, =h (X)=c,(X)-c,(a)

Karhunen-Loéve expansion Continuous scaling expansion

X, =Y w.(t)X, G(xx)=Y. ¢ (X)c,(x)
Trace of K Geometric variability

tr(K)=[K(s,s)ds VO.(X):%J‘Iﬁ(x,x’)zdF(x)dF(x')
Decomposition of tr(K) Decomposition of V,(X)
r(K) =2 A4 =2, var(X,) Vo(X)= 2 = 20, var(X,)

Orthogonal expansions
X=X+ thn (b)[hn(x ) -h, (Xo)]
X -x1=3 [h(X)-n,(X)]

principal directions and expansions. This distance-based approach may be an alternative to the problem of find-
ing nonlinear principal dimensions [30].

4.5. Some Properties of the Eigenfunctions

In this section we study some properties of the eigenfunctions i, and their integrals h,,.
Proposition 4. The first eigenfunction , is strictly positive and satisfies

v, (X)>w,(a)=w,(b)=0, xe(ab),n>2.
Proof. K is positive, so v, is also positive (Perron-Frobenius theorem). On the other hand K (t,t)=
F(O)[1-F(t1)]=3, AW, (t)", which satisfies K(a,a)=K(bb)=0. O

Clearly, if w, is positive, h, isincreasing and positive. Moreover, any h, satisfies the following bound.
Proposition 5. If & =var(X) is finite then h, (b) is also finite and

h,(b)<——, n=>1. (28)

N
Proof. y, =h, isan eigenfunction and from (24)
L (LK (x,yY)w, (x)dx)dy
=2, [wa (y)dy = 4,0, (b) = cov(h, (X), X).

Hence A2h, (b)’ < 2,02 O

Proposition 6. The principal components (hn(X)) of X, constitutes a complete orthogonal system of
L*(F).

Proof. The orthogonality has been proved as a consequence of (24). Let ¢ < L2 ( F) be a continuous function
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such that cov(¢(x),hn( ))—O n>1. Suppose that ¢' exists. As (y,) is a complete system
¢'=> _Cw, and integrating, we have ¢=c,+ ch. But cov(¢(X),h (X))=c,4, =0, nx1, which
shows that ¢ must be constant. (]

4.6. The First Principal Component

In this section we prove two interesting properties of h, and the first principal component h, (X ), see [10].
Proposition 7. The increasing function h, characterizes the distribution of X.
Proof. Write z=h,. Then z satisfies the differential equation (see (26))

A7"+(z-u) =0, z(a)=17'(a)=0, (29)

where p=E[z(X)], A=var[z(X)]. When the function z is given, x and A may be obtained by
solving the equations

—Az7" —A7"
dx=1, zdx =y,
W
and the density of X is f=-1z"/(z—u). O
Proposition 8. For a fixed t let p?(X,,g(X)) denote the squared correlation between X, and a func-
tion g(X). The average of p°(X,.¢(X)) weighted by K(t,t)=F(t)[1-F(t)] is maximum for g=h,,
i.e.,

supjlpz(xt,g(x))K(t,t)dt =[P (X f(X))K(tt)dt.

Proof. Let us write (see Proposition 6) g=)_ah. Then var(g(X))=Y
> . =1. From (25)

@4, and we can suppose

Jeov(X, (X )) dt=>a%i2.

n>1

As var(X,)=K(tt), wehave
Sngpjlpz(Xl,g(X))K (t,t)dt

:(éag,lfj/(;an ”J_ (ga j/(;afﬂnj:

Thus the supreme is attained at g =h,.[

5. An Inequality
The following inequality holds for X with the normal N (0,1) distribution [31,32]:

{E[g'(X)]}Z <var[g(X)]< E{[g'(x)]z},

where g is an absolutely continuous function and g(X) has finite variance. This inequality has been ex-
tended to other distributions by Klaassen [33]. Let us prove a related inequality concerning the function of a
random variable and its derivative.

If h (X) is the first principal dimension, then y, =h/>0 and h (b Il//l x)dx <oo. We can define the
probability density f, with support 1 =[a,b] given by

_w(y)
fl(y)_%.

Theorem 5. Let Y bear.v.withpdf f. If g isanabsolutely continuous functionand g(X) has finite
variance, the following inequality holds

h(b)" 2 {E[9'(Y)]} < var[g(X)]< 4 [o'(x)] o, (30)
with equality if g is h.
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Proof. From Proposition 6, we can write g'=» _aw,, where a = jz//1 g'(x)dx=h (b)E(g'(Y)).

Then g=> ah and var[h (X)]=4,,s0

var[ g(X)]="a4,

n=1

From Parseval’s identity » = L [g’(x)]2 dx=Y _a’ Thuswe have

8l < XAk < v,

nx1
proving (30). Moreover, if g=hwe have hl(b)z[E(g’(Y)ﬂ2 =1 and J. [g’(x)]2 dx=1.0
Inequality (30) is equivalent to

{Jg dx} <var[g(X)]< /ﬁl[g'(x)]de.

Some examples are next given.

5.1. Uniform Distribution
Suppose X uniform (0,1). Then f (y)=m=sin(ny)/2, 0<y<l and A, =1/m*. We obtain

{fg sin (nx dx}<var[g %ﬁ[g’(X)]zdx.

5.2. Exponential Distribution
Suppose X exponential with mean 1. Then 2,1:4/512
f(y)= exp(-y/2) (G exp(-y/2))
2[1_‘]0(51)]
where & =3.83171 satisfies J,(&)=0. Inequality (31) is

c {J’:g’(x)efx/zjl(gle*x/z)dx} <var[g(X)]< gilzj:[g'(x)]z dx,

where 01:4/[51230(51)].
5.3. Pareto Distribution

Suppose X withdensity f(x)=1-x for x>1. Then 4 =3/&’ and

,(y)= sin (51/2 _(S]|/ny()§(1:;S(§l/y)

where & =4.49341 satisfies & =tan(&). Inequality (31) is

{IQ( {Sln( j )l(cos(‘flﬂdx}svar[g(x)]sé_sizj'lw[g/(x)]zdx’

where ¢, =3/{4£7[ 2 —sin(2,)]}.

5.4. Logistic Distribution
Suppose that X follows the standard logistic distribution. The cdf is
=[1+ exp(—x)]_l , —00 < X < +0,

and the density is f =F(1-F).

This distribution has especial interest, as the two first principal components are h, =+/6F, h, =4/30f,

(31)

ie.,

proportional to the cdf and the density, respectively. Note that h, can be obtained directly, as if we write
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h =cF, then u=c/2,4=c?/12 and (29) gives
2
C—(1—2F)+[F—1j=o,
12 2
so c=+/6. Similarly, we can obtain h,. Besides
SL;prz(Xl,qﬁ(X))f(t)dt:.[lpz(xt,F(X))f(t)dt,

i.e., the expectation of pz(xt,¢(x)) w.rt. t withdensity f(t) is maximumfor ¢=F.

Now 4 =2 and h (b)=+/6. The density f,=y,/h(b) isjust f, therefore inequality (30) for the lo-
gistic distribution reduces to

, 2 1 +00 ,
3[E(g (X))] £var[g(X)]sE.|lw[g (X):|2dX.

In general, if Z is logistic with variance o then Z =aX with az(\/g/n)a. Noting that the func-

tions h;,n>2, areorthogonalto f and using (24), we obtain
cov(F(X),g(aX))

= [(VB (0] 6], 5 £ ()0 () oy = S E (o).

2
As var[F ( X )] =1/12, the Cauchy-Schwarz inequality proves that

warfo(2)]2 (& wr(z [E(g'2))]

6. Diagonal Expansions

Correspondence analysis is a variant of multidimensional scaling, used for representing the rows and columns of
a contingency table, as points in a space of low-dimension separated by the chi-square distance. See [15,34].
This method employs a singular value decomposition (SVD) of a transformed matrix. A continuous scaling ex-
pansion, viewed as a generalization of correspondence analysis, can be obtained from (3) and (4).

6.1. Univariate Case
Let h, f be two densities with the same support 1. Define the squared distance
’ ’ ’ 2
52 (xX)=[n(x)/ T (X)=n(x)/ 1 ()]
The double-centered inner product is given by
G(xx)=[h(x)/ (x)-1][h(x)/f (x')-1]
and the geometric variability is

tr (G) = [ [h(x)/f (x)-1]"  (x)dx,

which is a Pearson measure of divergence between h and f. If (u ) is an orthonormal basis for LZ(I),

we may consider the expansion

n

[h(x)/ £ (x)=2] £ ()** = X (x)

n>1

and defining A, =, f *?u,, then

h(x)= 1 (] 1+ SA (0

n>1

and

52 (% x)= T [ A (x) - A ()]

n>1
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However, (A (x),A,(x),-) are not the principal coordinates related to the above distance. In fact, the con-
tinuous scaling dimension is 1 for this distance and it can be found in a straightforward way.
6.2. Bivariate Case

Let us write (4) as
h-f®g=>p, fa, ®gb,, (32)

n>1
where a, = f b, =g™,, nx1, are the canonical functions and (p,) is the sequence of canonical
correlations. Note that E, [a,(X)]|=E,[b,(Y)]=0 and E, [an (X )2} =E, [bn (Y )2} =1
Suppose that h is absolutely continuous w.r.t. fxg and let us consider the Radom-Nikodym derivative

r(x :—h(x,y)
=000y

The so-called chi-square distance between x,x’e[a,b] is given by
52 (x,x') =Ld[f (y/x)-f (y/x')]2 g(y) dy
—€,{[r(xY)-r(x.V)]'}

Let z= j:j: [h(x, y)/(f(x)g (y))}2 dxdy, the Pearson contingency coefficient is defined by

¢ = f:j: [h(X' yf)(_x;é)((z/? (y)] dxdy =z-1.

The geometric variability of the chi-square distance is V, =¢°. In fact
20, = [L L (0= £ (y/x) a(y) ey =222,
The proximity function is
D} (x) = Ex[ 6% (x. X)]-V, =€, [r*(xY)]-1

=E, {[r(xY)-1][r(xY)-1]},
and the double-centered inner product is
G(xx)=E, {r(xY)r(x,Y)}-1

=E [{r(xY)-1}{r(x\,Y)-1}].

We can express (32) as
f2@g¥ (r-1)=>p,u, ®V,.

n>1

This SVD exists provided that ¢* <c. Multiplying fv2 ®g”2(r—l) by himself and integrating w.r.t. y
we readily obtain
2@ f¥°G = plu, ®u,.
n>1
Comparing with (9) we have the principal coordinates (A (x),A,(x),---), where A =p, f*?u,, which
satisfy

5 (xx) = Y[ A (x)-A ()]

n>1

Then

¢ = ph

n>1
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See [18] for further details.
Finally, the following expansion in terms of cdf’s holds [35]:

H (% y)-F(x)G(y) =§pnj:Ml(x,s)dan (5)["M, (t. y)db, (1), (33)

where M, (x,y)=min{F (x),F(y)}-F(X)F(y), M,(x,y)=min{G(x),G(y)}-G(x)G(y). Using a ma-
trix notation, this diagonal expansion can be written as

H-F®G= Dle*(dA)®M2 *(dB),
where D, stands for the diagonal matrix with the canonical correlations, and dA:(dai,daz,-u)', dB =
(dbl,dbz,---) .
7. The Covariance between Two Functions

Here we generalize the well-known Hoeffding’s formula

cov(X,Y) Ij [H(xy)- (y)]dxdy,

which provides the covariance in terms of the bivariate and univariate cdf’s. The proof of the generalization be-
low uses Fubini’s theorem and integration by parts, being different from the proof given in [28].

Let us suppose that the supports of X,Y are the intervals [a,b],[c,d]=RR, respectively, although the re-
sults may also hold for other subsets of R. We then have

F(a)=G(c)=0, F(b)=G(d)=1.

Theorem 6. If «(x),£(y) are two functions defined on [a,b],[c,d], respectively, such that:
1. Both functions are of bounded variation.

2. a(a)F(a) :ﬂ(c)G(c) =0.

3. The expectations E (ja(X)B(Y)|).E(ja(X))).E(|B(Y)|) arefinite.

Then:

cov (e ( _H [H(xy)- (y)]da(x)dB(y). (34)

Proof. The covariance exists and is
e = () B(y)dH (x.y) = [} (x)9F () [[B(y)dG (),
where S =[a,b]x[c,d]. Integration by parts gives
A=[la(x)dF (x)=a(b)-['F (x)da(x)=a(b)- I,
and similarly B=p(d)-I5. By Fubini’s theorem for transition probabilities
E[6(X.Y)]=[2( 74 (x y)dF, (v))aF (x),
where F (y) isthecdfof Y given X =x,we can write

C=Jaf (x.y)=[La(x)dF (x) [ B(y)dF,(y).

We first integrate with respect to y. Setting u=A(y),v= de (t), to find judv integration by parts
gives

[CB(y)dF, (v)= p(d)['dF, (t)~ [ ['dF, (t)dp(y).

Since dF (x)dF,(t)=dH (x,t), setting u:a(x),v:LchdH(x,t):F(x), we find

= p(d))[La(x)['dF (x)dF, (t)

= B(d) [a (b) —J':F(x)da(x)]
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and setting u=a(x),v= Ldj:jcde (s,1)dB(y)= LdH (x,y)dB(y), again integration by parts gives

czzj:a( HdF
—a(x)['H (x y)dB(y )\ ,
b) LG y)d

where 1, =_[SH x,y)de(x)dB(y). Therefore
C=C,~C,=a(b)(d)-B(d)[.F( (b)['G(y)dB(y)+
A last simplification shows that |, =C-AxB=1, -1 xl5. O

8. Canonical Analysis

Given two sets of variables, the purpose of canonical correlation analysis is to find sets of linear combinations
with maximal correlation. In Section 6.2 we studied, from a multidimensional scaling perspective, the nonlinear
canonical functions of X and Y, with joint pdf h. Here we find the canonical correlations and functions for
several copulas.

Let (U,V) be a bivariate random vector with cdf C(u,v), where U and V are (0,1) uniform. Then
C is a cdf called copula [36]. Let us suppose C symmetric. Then cov(g4(U),o(V))=cov(e(U).4(V)).
Therefore, in finding the canonical functions, we can suppose ¢ = ¢.

Let us consider the symmetric kernels

K(u,v)=C(u,v)-uv, L(u,v)=min{u,v}-uv.
We seek the canonical functions ¢(U),¢(V) and the corresponding canonical correlations, i.e.,
p= SL;pcor(;zﬁ(U ).6(V))- (35)
Definition 4. A generalized eigenfuction of K w.r.t. L witheigenvalue A isafunction ¢ such that
j (u,v)dg(v) lj u,v)dg(v). (36)
From the theory of integral equations, we have

1:5[;pJ:K(u,V)d¢(U)d¢(V) 37)

constrained to j:L(u,v)d¢(u)d¢(v) =1
Definition 5. On the set of functions in LZ(I ) with | :[0,1], we define the inner products
(¢,Kp) =K (u,v)dg(u)do(v),
2 L¢):IZL(u,v)d¢(u)d¢(v).

Clearly, see Theorem 6, if ¢ is eigenfunction of K w.rt. L with eigenvalue A, we have the covariance
covS¢(U), (V))=(¢.K¢) and the variance var[4(U)]=(¢,Lg). Therefore the correlation between 4(U),
V) is:

cor(0).60V)) - {4 -

Thus the canonical correlations of (U,V) are the eigenvalues of K w.r.t. L.

Justified by the embedding in a Euclidean or Hilbert space via the chi-square distance, the geometric dimen-
sion of a copula C is defined as the cardinal of the set (p,) of canonical correlations. The dimension can be
finite, infinite countable (cardinality of ;) or uncountable (cardinality of the continuum C).

We next illustrate these results with some copulas. Since min{u,v} is a copula, the so-called Fréchet-
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Hoeffding upper bound, we firstly suggest a procedure for constructing copulas and performing canonical anal-
ysis. This procedure is based on the expansion (23) for the logistic distribution.
For this distribution, if ¢, =n(n+1), d, =2n+1, we have [27]:

min {F (x), F ()] =F (x)F (y) = X', (F (x))v (F (v).
where y, (x) isgivenin (27). With the change u=F(x), v=F(y), we find:
min{u,v}:uv+§cn’lz//;(u)z//;(v), (38)

with 0<u,v<1 and

yo(u)= l([nP (2u-1)-n(2u-1)R,(2u-1)]

([P (2u-1)-P,,(2u-1)]

S E—
where P, are Legendre polynomials and L, are shifted Legendre polynomials on [0 1] Thus wl( )
Jéu(1- u) w; (u)= \/3_0p(1 u)(2u-1), 1//3() V/84u(-5u° +10u° - 6u+1), etc.

8.1. FGM Copula
If we consider only ;" in (38), we obtain the Farlie-Gumbel-Morgenstern copula:

FGM, (u,v)=u[1+0(1-u)(1-v)], -1<O<L

Then [[K (u,v)dg(v)=(6/6)u(1-u) and ['L(uv)dg(v)=(y2)u(l-u) if $(v)=v. Thus Vv is an ei-
genfunction with eigenvalue /3. Then u and v are the canonical functions with canonical correlation
|6|/3. The geometric dimension is one.

8.2. Extended FGM Copula
By taking more terms in expansion (38), we may consider the following copula
Cy(u,v)=uv+6u(1-u)v(1-v)+6,(2u-1)u(1-u)(2v-1)v(1-v)
+6,u(5u° ~100° + 6u~1)v(5v° ~10v* + 6v -1},
where —1<¢, <1. The canonical correlations are p, =|6,/3|, p, =|6,/5|, p; =|6,/7|. The canonical functions
are y,'(u)=~6(1-2u), ;' (u)=+/30(6u"—6u+1), w3 (u)=+/84(20u°~30u°+6u—1), respectively.
This copula has dimension 3.

Clearly C, reduces to the FGM copula if 6, =6, =0. When the dimension is 2, i.e., 6,=0, we have a

copula with cubic sections [37]. A generalization is given in [38].
8.3. Cuadras-Augé Copula

The Cuadras-Augé family of copulas [39] is defined as the weighted geometric mean of min {u,v} and uv:

CA, (u,v) :(uv)H(min{u,v})a, 0<O<1.

For this copula, the canonical correlations constitute a continuous set. If ¢, (x)=1 for x=y and 0 other-
wise, it can be proved [40] that the set (¢7,/17) of eigenpairs of K, (u,v)=CA,(u,v)-uv w.rt L=K, is
given by

4,4, =6y’ 0<y<l.
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Thus, the set of canonical functions and correlations for the Cuadras-Augé copula is the uncountable set
(¢ ,4971‘9), 0<y <1, with dimension of the power of the continuum. In particular, the maximum correlation
is the parameter & with canonical function the Heaviside distribution 7,. The maximum correlation 8 was
obtained by Cuadras [28].
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