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ABSTRACT

By the complete discrimination system for polynomial method, we obtained the classification of single traveling
wave solutions to the generalized strong nonlinear Boussinesq equation without dissipation termsin p=1.
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1. Introduction

There are many methods of obtaining the exact solutions for nonlinear evolution equations, such as the homo-
geneous balance method [1], the inverse scattering method [2], Hirotas bilinear transformation [3], the extended
tanh-function method [4], the sech-function method [5] and so on. Liu introduced complete discrimination
system for the polynomial method to obtain the classification of traveling wave solutions to some nonlinear
evolution equations [6-8]. In [9], the generalized strong nonlinear Boussinesq equation without dissipation terms
was given by

Uy +OU, —(blu +buPt + b3u2p+1) =0, 1)

XX

where §>0, p>0, b,b,, b, p,& areconstants. When b, =0, p=1, Equation (1) becomes
Uy + Suxxxx _(blu + b2u2 )xx = 01 (2)

Equation (2) is an important model equation in physics. It describes the wave propagation in the weakly
nonlinear and dispersive media. When & >0,b, =1 or 6 <0,b =1, the Equation (2) becomes good Bou-

ssinesq equation [10,11] or bad Boussinesq equation [12,13]. The good Boussinesq equation and bad Boussinesq
equation have been studied by many authors [10-17]. But the classification of single traveling wave solutions to
these equations hasn't been studied. In the present paper, we consider the following generalized strong nonlinear
Boussinesq equation without dissipation termsin p=1:

Ug + U, — (U +h,u? +b3u3)Xx =0, ®3)
where 6>0, b,b,,b;,§ are constants. By using Liu’s method, the classification of single traveling wave

solutions to Equation (3) is obtained.
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2. The Traveling Wave Solutions to the Equation (3)
Take wave transformation
u(x,t)=u(&),&=kx—ot. 4)
Substituting Equation (4) into Equation (3) yields the following nonlinear ordinary difference equation:
0"+ kU —k? (bu+b,u? +bu?) =0, )
Integrating Equation (5) once with respect to &, and setting the integration constant to zero yields:
@'+ 5KU" K (b +bu? + b ) =0, ©6)
Integrating Equation (6) twice with respectto & yields:
12 b, . 2b, 5 K'b-o
u') = + u’+
() 26k? 35k? ok*
where ¢, and c, are arbitrary constants.
In order to find the traveling wave solutions to the Equation (3), let us solve Equation (7). In this article, there

are two cases to discuss the exact solutions of Equation (7) according to the arbitrary constant c, .
Case 2.1 c, =0, then Equation (7) becomes

, b 2b kb, —
(u)zzu[257(2u3+35k22u2+ t;l‘k“ u+c1J. (8)

u? +cu+c,, )

Integrating Equation (8) once yields

du . b,
Im‘—\/;(f &) C))

where

2(k?b, —® 2
F(u)=u3+£u2+ ( bzl )u+25k G (10)
3b, kb, b,
If %3‘> 0, we take ¢=1; if %3< 0, we take ¢=-1. The complete discrimination system for the third
order polynomial F(u) is given as follows:

(128b§|<2 +14575k“c,b —648b,b, (bk” + o0® ))Z 4(18Kk%b, ~18c° —4K°b, )3

A= -
6 93 !
19683b5k* 729k°b3 (11)
D - 162k’b,b, —162b,0° —16k’b? |
' 81k *b?

In order to obtain the solutions to the Equation (9), according to the complete discrimination system for the
third order polynomial F (u), there are four cases to be discussed.

Case 2.1.1. A=0,D,<0 F(u)=(u —oz)2 (u-pB), where «,p are real constants, =S, f>0. If
e=1,when a>p and u> g, from Equation (9), we give the solution of Equation (7) as follows:

[Ja(u=p)~Ju(a-p)|
ju-4]

+ b
“V25k?

a(a-p)(¢-4&)=In : (12)

when a <0 and u< g, wehave

Mo [Va(u=p)-u(p-a)|
+ 25k2a(a—ﬂ)(§—§o)=ln , (13)

ju-4]
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when g >a >0, we have

L | B a(B-a)(E- =arcsina(u_ﬁ)+u(a_ﬂ)
—\/2&(2 (B-a)(&-&) Blu-a)] (14)

If ¢e=-1,when a> g and u> g, from Equation (9), we give the solutions of Equation (7)

b  [NeCuen) - \u(B-a) |
* —zgkza(ﬁ—a)(cf—go)—ln MY , (15)
when a<0,and u< /g, wehave
b - [VeCup) - u(e=p) |

when g >a >0, we have

/_ b, ~ N a(-u+pg)+u(f-a)
+ 25k20¢(a B)(&-& ) =arcsin |,B(u—a)| . a7

Case212. A=0,D,=0 F(u)=(u-a)’ where « isreal constant. If &=1,when u>a,we have

U 26k%a
a’by(£-&) —26K?
If ¢=-1,when u<a, we have

+a (18)

20K’
2 P +a
—a’by (&) —20k

(19)

Case 2.1.3. A>0,D,<0 F(u)=(u—-a)(u-pB)(u-y), where a,B,y are different real constants. If
&=1,when u<y, wehave

—7asn2[ _Zi'bkgz (a—ﬂ)(ée_égo)’mJ
U= (20)
—ysnz[ _2ﬂ5k32( —7)(5—50)!”1J—(0‘_7)
gy Lta- ) (e-a)m - pta
_ , 21
; [ [ -
—ysn —ngz( -7)(¢-&)m|-(a-7)
where mzz%.lf e=-1,when y<u’<},we have
a-=-y
—ﬂasn{ —5;(32 (a—ﬁ)(é‘—io):m}raﬂ
_ ’ 22
’ [ [/ “
—asn’| =< (a=7)(&=&)m|+p
e b—yﬁ , (23)
-er - 2 (a--c)m -
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where m? :—a(ﬂ—y)'
Bla-7)
Case 2.1.4. A<O,F(U):(U—Of)[(u—l)2+32:|, where a,l,s are all real constants, and « >0,l,s>0,
we have
acn| —=——(&£-&,),m [+b
o (675)
u= , (24)
cen| ————(&-&,),m |+d
o (E4)
where
s°—l(a-I
azla(c—d),bzla(d —c),c:a—l—i, d =—I—sm1,E=$,m1 =E+VE*+1,m* = L =
2 2 m, Sa 1+m;
Case 2.2 ¢, =0 Inorder to solve Equation (7), when %3> 0, we take the transformation as follows
1 1
b3 4 b2 b3 4
w= u+—=|,& =| —— . 25
[25k2j ( 3st 2 [25k2j d (29)
Combining the expression (7) with Equation (25) yields
w2 =F(w)=w'+pw’ +qw+r, (26)
where
1
. V2(kb-a®) b ~18K2bi,b, +180°bbb, + 275K D? ( b, j4
k*Job, 275Kk "2 26k%)
And r— —byk? +6hb,b,k*b, —6b,b,w° —18c,5k*b,b? e
545k ‘bS °
When %3 < 0, we take the following transformation:
1 1
b3 4 b2 b3 j4
w=|— u+—=1,& =| - . 27
( zakzj ( SbJ g [ 25k? d @7)
Combining the expression (7) with Equation (27) yields
w2 =—F(W):—(w4+ pw2+qw+r), (28)

where
1

. V2 (ko) o DK 18KDbb, +180%byb, +275KD] (b

k*J-6b, —275Kk"b? 26k%)
_ bik? —6b,bk7b, +Bh,b0” +1805KD,0!
- 545k b3

The complete discrimination system for the fourth order polynomial F(w)= w* + pw? +qw+r as follows:

and r -
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D, =4,D, =-p,D, =8rp—2p°-9¢°,
(29)
D, =4p’'r- p’q® +36prg® —32r°p? —2747q“ +64r°, E, =9p*-32pr.

In order to obtain the solutions to Equation (26) and Equation (28), according to the complete discrimination
system for the fourth order polynomial F (w) , there are nine cases to be discussed.

Case 221 D,<0, D,=0, and D, =0, then F(w):((w—l)2+sz)2. where s>0. For %3>O, the

solution of Equation (7) is

u:(ZET(ZJ_“[stan(s(gl—éo))nj—%. (30)
Case22.2. D,=0,D,=0, and D, =0, then F(w)=w". For %3> 0, the solution of Equation (7) is
L
u=—[2§12j 2(5—50)1—3%23- (31)

Case 223. D,>0,D,=0, D, =0 and E, >0, F(w)=(w-a) (w-p)°, where a> 4. For %3>0,

when w>¢a or w< g, the solution of Equation (7) is

b )4
. 7| (@=B)(E-4&)
u:( bgj f-a coth(zgk 1lip|-e (32)
26k 2 2 3b,
when g <w < « the solution of Equation (7) is
: (52 f(a—ﬂ)(é—é)
u=[ b32j 1222 tanh 20k” —-1|+p b (33)
25Kk 2 2 3b,

Case2.24. D,>0,D,=0, D,=0 and E, =0, then F(w)=(w—a)3(w—/3), when %3>0,

w>a,W> g or w<a,w< g, the solution of Equation (7) is

u:( b32j4 4(a—1ﬂ) +a —b—z, (34)
25k o b, ) , 3b,
(8-e) (mzj (§-6) -4

when %3< 0, w>a,w< g or w<a,w> g, the solution of Equation (7) is

u:( b )4 4a=p) T (35)
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Case 225 D,>0,D,>0, and D, =0, then F(w)z(w—a)z(w—ﬂ)(w—y). If %3>0, when a > f

and w> g orwhen a<y and w<y,wehave

exP{*[zsizf(aﬁ)(a7)(§§o)}
N(Z?kzji[“;éﬂ](“”\/[(zgiZJi(”+;§3J7J(aﬂ)] (36)
o)

when o> and w<y,orwhen a<y,and w< g3, we have

exp{{z?kzji(aﬁ)(a}/)(fféo)}
(2 oo (e (-2} ool e
(@ ()
when g >a >y, wehave 1
+sin[(227(2j4(ﬁa)(a7)(56%)}
L i e
&fiespe
If b?;3<0,when a>p and w> g orwhen a<y and w<y,we have
+[exp{+(2§12f(a/J’)(ay)(ééo)ﬂz
oSl oa (Lafls)ofpo o
S TR I N BV
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when o> and w<y,orwhen a<y,and w< g, we have

+[exp{+[ zgiz]i(aﬁxay)(ééo)ﬂz

[feag [
s o)

a2 )l ()

o) 7}(“ &

Jramefles)
- u+-2 |-«
26K? 3p,

when S >a >y, we have
+sin [— b j4(/5' (a-7)(E-&)
B 265K? °
b, ¢ b
{—[—Zakz) [ g ] )+ 25k2 u j—}/}(a—ﬂ) (41)
b3 4 b—z —a|(f-a)
25k2 3b3
where y=———,,and 5=4/(a-1) 2hs? -
(a I) (e ) +5°

Case2.26. D,>0,D,>0, and D,>0, F(w)=(w-a)(W-a,)(W-a;)(W-a,),

l——|l_—1

where o, >a, >a,>a,. If 33 >0, when w>g¢,, or w<g,, the solution of Equation (7) is

FNRI

az<a1—a4>sn{(2§3kz]“J(““%l(“”““)(é ‘) J (-

bZ b3 -
u=-——=
30, | 25K

a (42)
(0"1 —a4)Sn2 [(227(2 j4 \/(061 —053;(062 —0!4) (fég)ym](az —a4)
when «, <w<a,, the solution of Equation (7) is
1| % (Clz —0(3)Sn2 [[2;;2 j4 \/(0!1 _053;(052 —0!4) (g_éﬁo),mJ—as (0{2 —0!4)
b2 b3 K
“ala) J—a) (- (43)
3 sl —aog)a, —a,
(a2a3)sn2{[2§3k2j . (£-&), m](a2a4)

If b, > <0, when o, >w>q,, the solution of Equation (7) is
20k
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a, (0(1 0{2)Sn2 [( b3 2]4 \/(0!1_0!3)(0!2 CM) (é_go)an a, (al_a3)
1 26k
bZ b3 4
=—§(—25sz b, ¢ yflen—a)( ) -
3 s Jlg—ao)\a, —a,
(al—az)snz[(—z(;kzj 5 (6-4), ]‘(0‘1_0‘3)
when ¢, <w<ga,, the solution of Equation (7) is
. al(al—az)snz[(_zgi(zjzt\/(al—asl(az—%)(6:_50),mJ—a4(a3—al)
b, b, )+
:_5[_25#) i la—a)( ) -
3 s la—ag)a,—a,
(s A)Snz{(_ 2212) 2 (5—50),”1} (0 —1)

(al _az)(% _0‘4)

(al_a3)(a2_§4) l
Case 2.2.7. D,D,>0, and D, <0, F(w)=(w—a)(w—ﬂ)((w—l)2+sz).where a>p and s>0.

where m? =

The solution of Equation (7) (when %3 > 0, we take the positive sign; when %? <0, we take the negative) is

o o TP s
2 20k 2mm,
b, 4 b,
U:[i Zé‘kzj = _3b ) (46)
o o ) PP
20k 2mm,
_1 L _1 L ca -5 deaol-
where a_2(a+ﬂ)c 2(a p)d, b 2(a+,3)d 2(a B)c, c=a-I| -~ d=a-1-sm,

E=> +((a_|)ﬂ_l), m = E+VE 41, m =
s(a-p) 1+m,

Case 2.28. D,D,<0, and D, >0, then F(W)Z((W—|1)2+512)((W—|2)2+822), where s >s,>0. The

solution of Equation (7) is

u=[+ b, j411[asn(n(§1—§0),ml)+bcn(77(§—§0),ml) b,

+ -, 47
25Kk? csn(n(£-&).m)+den(n(4-4&).m) | 3b
S,4/(c® +d?)(mic? +d?
where 7= 2\/( cZJ)r(dzl ) a=lc+sd, b=1d-sgc, c:—sl—;—z, d=1-1,
1
E:—(II_IZ;::SIZJrszz, m =E+VE?-1.
1¥2

Case2.29. D,D,<0 and D, =0, then F(W):(W—a)z((w—l)z+s),where a,l and s arereal

numbers. If %3> 0, we have
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T AL (48)

_1
(5]
20k? 1

a-2l

where y = .
(oz—l)2 +¢?

4. Conclusion

By the complete discrimination system for polynomial method, we have obtained the classification of single
traveling wave solutions to the generalized strong nonlinear Boussinesq without dissipation termsin p=1 .These
solutions include trigonometric periodic solutions, rational function solution, hyperbolic funtion solutions,
Jacobi elliptic function solutions and so on. This method is simple and efficient.
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