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In this study, we investigate the form of the solutions of the following rational difference equation systems
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such that their solutions are associated with Padovan numbers.
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1. Introduction

Nonlinear difference equations have long interested re-
searchers in the field of mathematics as well as in other
sciences. They play a key role in many applications such
as the natural model of a discrete process. There are
many recent investigations and interest in the field of
nonlinear difference equations from several authors
[1-15]. For example, Tollu et al. [14] investigated the
solutions of two special types of Riccati difference equa-
tions

1
-1+,

Xn+l and yn+1 =

1+ X,
such that their solutions are associated with Fibonacci
numbers. In [2], Alogeili investigated the stability prop-
erties and semi-cycle behavior of the solutions and the
form of solutions of the difference equation

Xy
Xn-¢-1 = ] N
a—X X
In [4], author obtained the formulae of solutions of the
difference equations
Xn2

Xy = ———"2
bRl X X, X
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Also, he studied the global asymptotic stability of the
equilibrium points of these equations via the formulae. In
[5], Elabbasy et al obtained Fibonacci sequence in solu-
tions of some special cases of the following difference
equation

KXk '

bx, 0~ X g

In [6], author deals with the behavior of the solution of
the following nonlinear difference equation

bx, X,
ox, +dx

Also, he gives specific forms of the solutions of four
special cases of this equation. These specific forms also
contain Fibonacci numbers. In [7], Cinar studied the
positive solutions of the following difference equation
system

Xn+]

X =X +

1 Ya
Xn+ = 2 yn+ = .
: yn 1 yn—] Xn—l

In [10], Elsayed obtained the form of the solutions of
the following rational difference system

X0 Yos
T You = .
o bOFl+y,

_i1+xn—lyn’
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In [12], Stevic examined the solutions of the following
system of difference equations
_ @y AYn )

by, X, +C BXYoi 7

Now, we give information about Padovan numbers
that establish a large part of our study. The Padovan se-

Xn+l 4 yn+l =

quence {Pn}nEN , named after Richard Padovan, is de-
fined by
P|'1+1:P|’1—1+P|’1—23With P_ZZO,P_IZO,PO:I. (11)

It can be easily obtained that the characteristic equa-
tion of (1.1) has the form

X —x-1=0 (1.2)
having the roots
r’+12

- 6r

r’+12 . \B(r 2
It
p2=—r2+12+i£(1—£)

or 26 3r

where 1 =1108+12+/69. Furthermore, the unique real

root p is named as plastic number. Also there exists the
following limit

limi =p,

k—o0 Pk

where R, kth Padovan number. One can find more in-
formation associated with this sequence in [16,17].

We will need the following definition in the sequel.

Definition 1.1 [18] Let (X,y) be an equilibrium
point of a map F=(f,g), where f and g are con-
tinuously differentiable functions at (X,y). The Jaco-
bian matrix of F at (X,Yy) is the matrix

of _ _ o _ _
1 (v &(X; y) &(X, y)
T By B
ox T ox

Also, suppose that F=(f,g) is continuously dif-
ferentiable on an open set | in R’. Equilibrium point
(X,¥) is called a saddle point if one of the eigenvalues
of Jg(X,y) is larger and another is less than 1 in
absolute value.

In this study, we consider the solutions of the follow-
ing two difference equation systems

X, +1 Yo, +1

Xn+l s yn+l -
ynxnfl Xnyn—l

(1.3)

and
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| Y, —1

Xy =2y =2 (1.4)
yan—l Xnyn—l

such that their solutions are associated with Padovan

numbers. We also establish a relationship between Pa-

dovan numbers and the solutions of systems (1.3) and

(1.4).

2. Main Results

In this section, we prove our main results. The following
theorem studies the formulae of the solutions of systems
(1.3) and (1.4) with initial conditions not making the
denominator zero.

Teorem 2.1 Let {X,.Y,}  denote the solutions of
systems (1.3) and (1.4). Then, the forms of solutions

%2> Yn }::0 are given by

PX,Y, FP R
T an—)iyo + f;:))((—l + P”'l , 1f nis odd
T +
X, = Py —,yo_+P y Y .
+on 1% +_n+l =L~ nl " if nis even
P,y %FRYy,+P,
and
Py.% FP i
. Pny_1><o T - Yar o, if nisodd
T +
Y, = ”“y"x‘)f Yo * o2 , (22)
_BPX Yy TR X, +P if nis even

IDI'I—IX—IyO + PnX—l + Pn—2

where P, be the nth Padovan number.

The following lemma is necessary for determining the
initial conditions of the well-defined solutions of systems
(1.3) and (1.4).

Lemma 2.2 (Forbidden Set) Forbidden sets of
systems (1.3) and (1.4) are given by

0

Fo=U{(x0%. Y. %) : A =0,B, =0},

n=-1

and
F, = U {(x1:%:Y.0.%):C, =0,D, =0},
n=—1
where
A =By x+P. y,+P
B, =BX,Y, +P.X,+PF,
C =Ry %—-FR.y,+PF..
D, = anflyﬂ -P.X,+PB..
respectively.

Proof of Theorem 2.1 We will just prove for system
(1.3) since the other part can be proved in the same
manner. We use the method of induction on k. For k= 0,
we have
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_x,+1_RX,%+Px, +R
YoX,  RX,Y,+RX,+P,
_y.+1_PRy.%+Ry, +R

Now, suppose that our assumption holds for 2k — 1.
That is;

Pua Yo X + P Yo + Pucs

X2k— = >
' %Y., By, x+BRy,+P, ’ PisYaX + By + Py
For k= 1, we obtain X | = PiaXaYo + PiX + Py ’
_xHl_ %+l By X%+Ry,+R Fék*zx*y" " Fék*‘xf‘ y F;Z)“
Yi% X, y, +1 Py % +Ry,+R Vo s = k2 X Yo T o X+ Ry ,
XY, ProsXaYo + Pua X + Py
_ y0+]: y0+1 _ |32)(71y0+P3)(71+P1 Vi = F)zk—ly—lxo+|32ky—1+sz—2 ,
2 X Yo v X, +1 Px,y,+Rx,+P ) P YaX + P Yo +Pus
‘ YoX, From Equation (1.3), we can write for 2k,

Pra Y X + Py Yoy + Py +1
_ Xl PisY X +PunyY + Py
Yok 1%ok-2 [ P Yo X + PuYa + Py J( P2 Yo% + P Yo + P ]
PraYorXo + B Yo + P APy Yo + P Yo + Py

_ Py Py + B
P Y% + Py + Py

Xk

and

P X Yo + P X + Py
_ Yaotl PusXaYo + PiuaX + Py

Yok = =
Xok-1Y2k-2 ( PuaiXa Yo + PuX + Py ][ Pua X Yo + P X + Py ]
P X Yo + P X + Pus )\ P X Yo + P X + By

+1

_ P Yo+ P X + Py
PiaXa Yo + PyX + Py,

Similarly, from Equation (1.3), we obtain for 2k + 1,

PuaXaYo + PuX, + Py
_ X 1 P X Yo + Puai X + Py

+1

X2k+l - -

Yo %ok ( PuX Yo + P X + Py ]( P X Yo + PuX + Py j
P X Yo + PuXy + Py )\ P X Yo + Py X + Py
_ PX Yo + P X + Py
PX Yo + P X + By
and
P YoaX +PuY + Py +1
Voo, = Yo +1_ PiaY X + P Yo + P
+1

Xk Yok [ PuYi X + P Yo + Puy ][ Pua Y X + Py + Py J

P Yo% + B Yo + Py AP Yo X + B Yo + P
_ P % Py + By

PuYi% + Pua Yo + Py '
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which completes the proof m.

Theorem 2.3 The following statements hold:

1) System (1.3) has unique real equilibrium point
(p,p) and (p,p) isasaddle point,

2) System (1.4) has unique real equilibrium point
(-p,—p) and (—p,—p) isasaddle point,
where p is the plastic number.

Proof

1) Equilibrium point (X,y) of system (1.3) satisfy
the system of equations

+1

"y
In (2.3), by subtracting the second equation from the
first equation and after some operations, we have

(X-y-1)(X-¥)=0.

For X-y=1, the equations of (2.3) cannot be
satisfied and so X =Y. Consequently, we obtain the
following cubic equation

X -X-1=0.

The above cubic equation is the characteristic equation
of the recurrence relation of the Padovan numbers in (1.2)
having the unique real root p. Hence the unique
equilibrium point of system (1.3) is point (p, p). Now,
we show that the equilibrium point is a saddle point.
Firstly, system (1.3) is a special case of the general
system of the form

%o = F (Xis Va5
Yoot = 9 (X0 Yot )

x|

+
_ =
Xy

—_
<

i:

2.3)

<
x|

where f(x,y):x—Jrl and g(X,y)zy—H. Then, we
Xy Xy

calculate the Jacobian of the corresponding map

F(xy)=(f(xYy).9(xY)).

We get
_L _p+1
p’ p’
J.(p.p)=
- (P.P) p+1 1
PP

By taking into consideration (1.2), we obtain the cha-
racteristic equation of the Jacobian Matrix J. (p, p) as

2
[/H%j -1=0.
p

o 1
Hence, it is clearly seen that A :‘1——3 <1 and

Open Access

A, = >1, as desired m.

2) It can be proved in a similar manner.

Theorem 2.4 Let the initial conditions of the systems (1.3)
and (1.4) be x,.x.y,.Y, ¢F and x ,x,y,y, ¢F,
respectively. Then the following statements hold:

1) The every solution of the system (1.3) converges to
point (p,p).

2) The every solution of the system (1.4) converges to
point (—p,—p).

Proof We will only prove for even-subscripted terms
of X, . Since the other parts of the proof are quite similar,
they will be omited.

1) Let us take n = 2k in (2.1). Then, we can write

-1-—

PuYoaX + P Yo + B

Xk =
Pt YaX + Py + Py
P P
Y% tYat+tg—
— PZk+1 P2|<+1 1 1 sz+1
P2k sz—l sz—z )
P ’ y—l XO y—l P2k
L . R .
Also, by taking into account &1mﬁ = p, we obtain
—>0 K
the following equality
1 1
; ) BY-1X0+y_1+F B
kggo X2k - p 1 1 - ps
B Y% +y,t ?

as desired m.

3. Numerical Examples

In order to illustrate and support theoretical results of the
previous section, we consider several examples in this
section. These examples represent the qualitative beha-
vior of solutions of the mentioned nonlinear difference
equation systems.

Example 3.1 Consider system (1.3) with the inital

conditions X, =1.5,% =32,y ,=19,y,=23 (See
Figurel).

Example 3.2 Consider system (1.4) with the inital
conditions X, =2.5,% =12,y,=07,y,=15 (See
Figure?2).

4. Conclusion

In this study, we formulated the solutions of equation sys-
tems (1.3) and (1.4) and determined their forbidden sets.
Obtained formulae are given by means of Padovan num-
bers. Also, for x ,x,y Y, € F and x,,x,y,,y, €F,,
all the solutions of (1.3) and (1.4) interestingly tend to
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Figure1. Plot of x(n+1)=(x(n-1)-1)/y(n)x(n-1), y(n+1)=(y(n-1)-1)/x(n)y(n-1).

Plot of x(n+1)=(x(n-1)+1)/(y(n)x(n-1)), y(n+1)=(y(n-1)+1)/(x(n)y(n-1))

104

= x(n)
—y(n)
equilibrium point

x(n), y(n)

Figure2 Plot of x(n+1)=(x(n-1)-1)/y(n)x(n-1), y(n+1)=(y(n-1)-1)/x(n)y(n-1).

their equilibrium points (p, p) and (—p,—p), respec-
tively, where p is the plastic number.
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