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ABSTRACT

The AGM axiom system is for the belief revision (revision by a single belief), and the DP axiom system is for the
iterated revision (revision by a finite sequence of beliefs). Li [1] gave an R-calculus for R-configurations A |T", where

A is a set of atomic formulas or the negations of atomic formulas, and T is a finite set of formulas. In propositional
logic programs, one R-calculus N will be given in this paper, such that N is sound and complete with respect to operator

s(A,t), where s(A,t) is a pseudo-theory minimal change of t by A.
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1. Introduction

The AGM axiom system is for the belief revision
(revision by a single belief) [2-5], and the DP axiom
system is for the iterated revision (revision by a finite
sequence of beliefs) [6,7]. These postulates list some
basic requirements a revision operator To® (a result
of theory T" revised by @ ) should satisfy.

The R -calculus ([1]) gave a Gentzen-type deduction
system to deduce a consistent one T"UA from an in-
consistent theory T"UA, where T"UA should be a
maximal consistent subtheory of T"UA which includes
A as a subset, where A|T is an R-configuration, T’
is a consistent set of formulas, and A is a consistent
sets of atomic formulas or the negation of atomic for-
mulas. It was proved that if A|T'= A|I"" is deducible
and AT’ isan R-termination, i.e., there is no R-rule to
reduce A|T" to another R-configuration A|T", then
AUT" isacontractionof T' by A.

The R -calculus is set-inclusion, that is, I',A are ta-
ken as belief bases, not as belief sets [8-11]. In the follow-
ing we shall take A,T" as belief bases, not belief sets.

We shall define an operator s(A,t), where A is a
set of theories and t is a theory in propositional logic
programs, such that
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o A,s(A,t) is consistent;
S(A,t) is a pseudo-subtheory of t;
S(A,t) is maximal such that A,s(A,t) is consistent,
and for any pseudo-subtheory 7 of t, if s(At) is

a pseudo-subtheory of » and 7 is not a pseudo-

subtheory of # then either A,nks(A,t) and

As(At)Fn, or A,n; isinconsistent.

Then, we give one R -calculus N such that N is sound
and complete with respect to operator s(A,t), where
- N is sound with respect to operator s(A,t), if

A|t= A,s being provable implies s=s(A,t), and
— N is complete with respect to operator s(A,t), if
At = A,s(A,t) isprovable.

Let T be the pseudo-subtheory relation, P(t) be
the set of all the pseudo-subtheories of t, and =, be
an equivalence relation on P(t) such that for any
mn, P m=,m, Iff AntA4An, Given a
pseudo-subtheory n Ct, let [r#] be the equivalence
class of r withrespectto =, .

About the minimal change, we prove that [s(A,t)] is
C -maximal in P(t)/=, such that A,s(A,t) is con-
sistent, that is,
¢ A, s(A,t) is consistent; and
¢ for any 7z such that [s(AD]C[7]C=[t],

[71C[s(A,1)] or A,7; isinconsistent.

[s(A,t)] being T -maximal implies that s(A,t) is a
minimal change of t by A in the syntactical sense, not
in the set-theoretic sense, i.e., S(A,t) is a minimal
change of t by A in the theoretic form such that s(A,t)

either
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is consistent with A,

The paper is organized as follows: the next section
gives the basic elements of the R-calculus and the de-
finition of subtheories and pseudo-subtheories; the third
section defines the R-calculus N; the fourth section prov-
es that N is sound and complete with respect to the
operator s(A,t); the fifth section discusses the logical
properties of t and s(A,t), and the last section con-
cludes the whole paper.

2. The R-Calculus

The R-calculus ([1]) is defined on a first-order logical
language. Let L' be a logical language of the first-order
logic; ¢,y formulas and T,A sets of formulas (the-
ories), where A is a set of atomic formulas or the ne-
gations of atomic formulas.

Given two theories ' and A, let A|T" be an R-
configuration.

The R-calculus consists of the following axiom and
inference rules:

(A7) Nl b, =Ap, T
(R*) Loty ooy DAl T, = AL,
Alo,T,,T, = A|T,,T,

Alg,T = A|T

Mo ¥, =AT

Al T =A|T Aly, T = A|T
Mo B, =AT

(R™) A p, AT ATy, =A T
Alp—>y, T =A|T

Alg[t!x],T = A|T

A|Vxp, T = A|T

(R")

(RY)

(R")

where in R™,p >, w means that ¢ occurs in the
proof tree T of yw from I, and ¢; andin R",t is
aterm,andisfreein ¢ for x.

Definition 2.1. A|I'= A'|T" is an R-theorem,
denoted by F A|T"= A’|T", if there is a sequence
{(a,,T;,A,,T;):i<n} such that

(i) AIT=A'|T"=A,|T, =A,|T,,

(if) for each 1<i<n, either A, |T, = A[|T] is an
axiom, or A, |I'; = Al |} is deduced by some R-rule
AT = AL |T

AT = AT

Definition 2.2. A|T = A|T"" is valid, denoted by
FEA|T = A|I", if for any contraction ® of T by
A,0 isacontractionof T by A

Theorem 2.3(The soundness and completeness the-
orem of the R-calculus). For any theories T',T"" and A,

FA|IT= AT

of form

if and only if
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EAIT= A|T.

Theorem 2.4. The R-rules preserve the strong validity.

Let L be the logical language of the propositional
logic. A literal | is an atomic formula or the negation of
an atomic formula; a clause c is the disjunction of
finitely many literals, and a theory t is the conjunction
of finitely many clauses.

Definition 2.5. Given a theory t, a theory s is a
sub-theory of t, denoted by s=<t, ifeither t=s, or

(i) if t=—t then s=<t;

(i) if t=t At, theneither s<t or s=<t,; and

(iii) if t=c, vc, theneither s<c, or s=c,.

Let t=(pvag)A(p'vq’). Then,

pva,p'vg =t
and

PAP QAP PA(P' VD) AL

Definition 2.6. Given a theory t[s,,...,
is an occurrence of s, in t, atheory
s=t[A,...,A]=1[s,/ 4,...,s,/ A], where the occurrence
s, is replaced by the empty theory A, is called a pseu-
do-subtheory of t, denoted by sCt.

Let t=(pvag)A(p'vq’). Then,
pPva,p'va,pAap.gap,pa(p'vVa)EL
Proposition 2.7. For any theories t,t,,s, and s,,

(i) s, <t implies s, <t vt, and s <t At,;

(i) s;Ct and s, Ct, imply
=8 C—t,svs, Ctvt, and s As, Tt At,.

Proposition 2.8. For any theories t and s, if
s <t then sCt.

Proof. By the induction on the structure of t.

Proposition 2.9. < and C are partial orderings on
the set of all the theories.

Given atheory t, let P(t) be the set of all the pseu-
do-subtheories of t. Each se P(t) is determined by a
set z(s)={[p,].-..[p,]}, where each [p] is an
occurrence of p; in t, such that

s=t([p]/ A [p,1/ ).
Givenany s,,s, € P(t), define

s,], where s

§ s, =max{s:sCs;,sCs,}
s Ms,=min{s:sJs;,s Js,}.
Proposition 2.10. For any pseudo-subtheories
s,,S, € P(t),s,Ms, and s LUs, exist.
Let P(t) =(P(t),u,m,t,A) be the lattice with the
greatest element t and the least element A.
Proposition 2.11. For any pseudo-subtheories
s,,S, € P(t),s, Cs, ifand only if z(s,) 2z(s,). More-
over,
(s, 118,) = 7(s)Uz(s,);
7(s, Us,) =7(s,)N7(s,).
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3. The R-Calculus N
The deduction system N:

A K-l At -l

NPy ———— N2y —————

( l)A||:>A,| ( 2)A||:>A,,1
Alt, = As

(N")
Alt At, = A |t

Alc, = A,d, Alc, = A,d,
Alc,ve, = Ad; vd,

(N7)

where A,t denotes a theory AU{t}; 4 is the empty
string, and if s is consistent then

AvS=SvA=S
AAS=SAA=S
A=A

and if s is inconsistent then

Avs=svi=4
AANS=SAA=A

Definition 3.1. A|t=A,s is N-provable if there is a
statement sequence {A; |t; = A;,s;:1<i<n} such that

[

Alt=As=A, |t, =>A,,S,,

and foreach i<n, A, |t = A, s iseitherbyan N?®-
ruleorbyan N”-,or NY-rule.

An example is the following deduction for
=L v v =l

=l |k = -l

=l |, = -l

L = =, Avl=—l,1,
e = -l

=l 1 |l = =l

ﬁ%bw ﬁ?ﬁ hb
=L Ev L = v LA L R
= _'Il’IZ'

Notice that —l, |1, = —l, and
L= vL)A(, v=l).

Theorem 3.2. For any theory set A and theory t,
there is a theory s such that A|t=A,s is N-prova-
ble.

Proof. We prove the theorem by the induction on the
structure of t.

If t=1 is a literal then either AF—l or A ¥ -l
If AF—l then A|l=>A4 and s=4; if AF-I
then A[l= Al and s=1;

If t=t At, then by the induction assumption, there
are theories sy, s, such that A|t, = A,s, and
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A,s |t, = As,,s,. Therefore, A|t At, =A,S,S,
and S=S AS,.

If t=c vc, then by the induction assumption, there
are theories s;,s, suchthat A|c, = A,s, and
Alc, = A,s,. Therefore, A|c ve,=A,svs, and
S=§ VS,.

Proposition 3.3. If A|t=A,s is N-provable then
sCt.

Proof. We prove the proposition by the induction on
the length of the proof of A|t= A,s.

If the last rule used is (N;) then t=1I, and
s=ICt=I;
If the last rule used is (Nj) then t=1I, and
s=ACt=I;

If the last rule used is (N") then A|t, = A,s and
As |t, = As,s,. By the induction assumption,
sCt and s,Ct,. Hence, s AsS,CtAt, =t;

If the last rule used is (N") then A|c,= A,s; and
Alc, = A,s,. By the induction assumption, s Ct
and s,Ct,. Hence, s,vs,Cc ve, =t

Proposition 3.4. If A|t=A,s is N-provable then
AU{s} is consistent.

Proof. We prove the proposition by the induction on
the length of the proof of A|t= A,s.

If the last rule used is (N?) then A¥-l, and
All= A,l. Then, AU{l} is consistent;

If the last rule used is (N7) then AF-l, and
All= A, A. Then, AU{A} is consistent;

If the last rule used is (N") then A|t, = A,s and
A,s, |t, = A,s,,s,. By the induction assumption,
AU{s;} and AU{s,,s,} isconsistent, and so is
AU As,}=A {s};

If the last rule used is (N“) then A|c,= A,s; and
Alc, = A,s,. By the induction assumption, AU{s}
and AU{s,} is consistent, and so is

AU{s, vs,}=A {s}.
4. The Completeness of the R-Calculus N
For any theory t, define s(A,t) as follows:
A if t=land At -l
| if t=landAF -l
s(A 1) =3s(A 1) As(AU{s(A 1)} L,)

if t=tAt,
s(A L) vs(AL) if t=t v,

About the inconsistence, we have the following facts:

e if A-—l then AU{l} isinconsistent;

o AU{t At} is inconsistent if and only if either
AU{t} is inconsistent or AU{t,t,} is in- con-
sistent;

e AU{c vc,} is inconsistent if and only if both
AU{c} and AU{c,} are inconsistent.
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Proposition 4.1. For any consistent theory set A and
atheory t,AU{s(A,t)} is consistent.

Proof. We prove the proposition by the induction on
the structure of t.

If t=1 and | is consistent with A then s(A,l) =1
is consistent with A; if t=1 and | is inconsistent
with A then s(A,1)= A isconsistent with A;

If t=t At, then by the induction assumption,
AU{s(A L)} and AUES(AL)s(A {s(At)}t,)} are
consistent, so AU{s(A,t, At,)} is consistent;

If t=c vc, then by the induction assumption,
AU{s(A,c))} and AU{s(A,c,)} are consistent, so
AULS(A,c,ve,)F=A {s(Ac)vs(Acc,)} is consis-
tent.

About the consistence, we have the following facts:

o if AF -l then AU{l} is consistent;

o AU{t At} is consistent if and only if AU{t} is
consistentand AU{t;,t,} is consistent;

e AU{c vc,} is consistent if and only if either

AU{c} or AU{c,} is consistent.

Theorem 4.2. If AU{t} is consistent then
AtEs(At) and A,s(At)Ht.

Proof. We prove the theorem by the induction on the
structure of t.

If t=1 and | s consistent with A then
s(A,1) =1, and the theorem holds for I;

If t=t At, then AU{t} and AU{t,t,} is con-
sistent, and by the induction assumption,

At F os(at)
As(AL) Y
A,s,,t, Fos(aAU{s}.t,)

A s(AU{s}.t,) F t,,
where s, =s(A,t;). Hence,
At AL, F os(A ) Aas(AU{s}t,)
A s(At)As(AU{s}.t,) F t at,.

If t=c vc, then either AU{c} or AU{c,c,} is
consistent, and by the induction assumption, either

A,c, F s(A,c)
As(Ac) F oc;
or
A,c, F s(Ac)
As(Ac,) o,
Hence, we have
A,c, v e, Fs(A,c) vs(A,c,)
As(A,c)vs(A,c,) Fo¢ve,.
Theorem 4.3. A|t= A,s is N-provable if and only
if s=s(A ).
Proof. (=) Assume that A|t= A,s is N-provable.
We assume that for any i <n, the claim holds.

Copyright © 2013 SciRes.

If t=1 and the last ruleis (N;) then AF¥ -l and
All= Al ltisclearthat s=1=s(Al);

If t=1 and the last ruleis (NJ) then AF-l and
All= A A ltisclearthat s=4=5s(Al);

If t=t At, andthelastruleis (N") then
Alt, = A5, and At At, = As |t, =>A,s,S,. By
the induction assumption, s(A,t)=s, and
s(AU{s,;},t,) =s,. Then,
s=5,AS, =S(A 1) AS(AU{s },t,) = s(A,t, AL);

If t=c vc, andthelastruleis (NY) then
Alc, = A5, and A|c,=A,s,. By the induction
assumption, s, =s(A,¢,),s, =s(A,c,), and
s=5,VvS, =5(A,¢)VvS(A,C,) =S(A,C, vE,).

(<) Let s=s(A,t). We prove that A|[t=A,s is
N-provable by the induction on the structure of t.

If t=1 and A+ -l then s(A,l)=4, and
Al = A4, ie, All=As;

If t=1 and A ¥ =l then s(Al)=1, and
All= Al e, All=As;

If t=t At, then
s(A L, AL) =S(AE) AS(AU{s(A,)}t,). By the induc-
tion assumption, A|t, = A,s(A,t) and
A,s |t, = A5, s(AU{s(A,1)}t,). Therefore,
At At, = A5, S(AULs(A 1)} L,);

If t=c vc, then
s(A,c, ve,) =s(A,¢) vs(AU{s(A,c)},c,). By the in-
duction assumption, A|c, = A,s(A,c;) and
Alc, = A,s(A,c,). Therefore,
Alc ve, = As(Ac)vs(AG).

5. The Logical Properties of tand s(A,t)

It is clear that we have the following
Proposition 5.1. For any theory set A and theory t,

(AT s(AlL).
Theorem 5.2. For any theory set A and theory t,

AEAL) Eos(AL);
As(At) E &AL
Proof. By the definitions of s(A,&),&(A,t) and the
induction on the structure of t.
Proposition 5.3. (i) If A,s(A,t) ¥t then A,t is in-
consistent;
(i) If A,s(A,t)-t then At is consistent.
Define
C} ={s e P(t) : AU{s} is consistent};
I} ={s e P(t) : AU{s} is inconsistent}.
Then, C*UI* =P(t) and C NI*=2.
Define an equivalence relation =, on P(t) such
that for any s, s, € P(t),

s =, 8, iff A;s, FHA,s,.
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24 One Sound and Complete R-Calculus with Pseudo-Subtheory Minimal Change Property

Given a pseudo-subtheory se P(t), let [r] be the
equivalence class of s. Then, we have that

[s(AD1[E(A D] C
Proposition 5.4. [s(A,t)] =[£(A,1)].
Define a relation ~ on P(t) such that for any s;
and s, € P(t),s, ~s, iff
I, =1, if ss=1ands, =1,
Ciy =Cp &Cj, =Cy 0 Cf =Cyy &Gy, =Cyy
if s;=c,vc,and s, =c, Ve,
S11 = s22 &512 = SZl 0 Sl{ = S21 &512 = SZZ
if s =s;As,ands, =5, AS,,

Proposition 5.5. ~ is an equivalence relation on
P(t), andforany s,,s, e P(t), if s, ~s, then
s Fs,.

Theorem 5.6. If A|t= A,s is provable then for any
n with sCnLCt,Aln=A,s isprovable.

Proof. We prove the theorem by the induction on the
structure of t.

If t=1 and AF—l then s=4, and for any 7
with sCn7Ct,n=4, and A|n= A,4 isprovable;

If t=1 and A¥ -l then s=1, and for any 7
with sCnCtp=1, and A|n=A,s isprovable;

If t=t At, and the theorem holds for both t and
t, then s=s As,, and for any n with sCpLCt,
thereare 7, and 7, suchthat s, C#n Ct and
s, Cn, Ct,. By theinduction assumption,

Al = As,A8 |7, = As,s,, andby (N*),
AlmAn, = As,s, = A5 AS,y;

If t=c vc, and the theorem holds for both ¢, and
c, then s=svs,, and for any n with sCnLCt,
thereare n, and 7, suchthat s C#n Cc, and
s, Cn, Cc,. By the induction assumption,

Aln, = As;A|n, = As,, andby (NY),
Alnpvn, = AS Vs,

Theorem 5.7. For any n with sCnpCt, if Apy
is consistent then A,nkF-A,s, and hence, [7]=/[s];
and if A,n is inconsistent then A,nH-A,t, and
hence, [n]=[t].

Proof. If A,n is consistent then by Theorem 6.6,
Aln=A,s, and we prove by the induction on the
structure of t that A,tHHA,s.

If t=1 and A¥ =l then s=1, and A/tFHA,S;

If t=t At, and the claim holds for both t and t,
then s=s As, At FHAs, and At, FH4A,s,. There-
fore, At At, F4A,S AS,.

If t=c,vc, and the theorem holds for both ¢, and
c, then d =d,vd,, and there are three cases:

Case 1. A,c, and A,c, are consistent. By the in-
duction assumption, we have that
A,c, F1A,d; A, c, FHA,d,, and hence,

A,c ve, F4Ad vd,;

Copyright © 2013 SciRes.

Case 2. A,c, is consistent and A,c, is inconsistent.
By the induction assumption, we have that
A,c,FHA,d;, and A|c, = A. Then,
Ad, = Ad, vd,

Fc
Fc Ve,
and
A,cve, = (AAc)v(Anc)
= AAC
= AcHd Fd vd,,
where d, = A.

Case 3. Similar to Case 2.

Corollary 5.8. For any n with sCnLCt, either
[71=[s] or [n]=1[t]. Therefore, [s] is C -maximal
such that A,s is consistent.

6. Conclusions and Further Works

We defined an R-calculus N in propositional logic pro-
grams such that N is sound and complete with respect to
the operator s(A,t).

The following axiom is one of the AGM postulates:

Extensionality : if pF4gthen Ko p=Koq

It is satisfied, because we have the following

Proposition 7.1. If t F-t,;t |s=t,s, and
t,|s=t,,s, then s Fs,.

Itis not true in N that

(*) if s Fds,;t|s, =t
s s,

A further work is to give an R-calculus having the
property (*).

A simplified form of (%) is

(**) if s ~s,t|s,=>t,s and t|s,=t,s, then
s/ F-'s;, which is not true in N either.

Another further work is to give an R-calculus having
the property (**) and having not the property (*).

and t|s,=t,s, then
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