Applied Mathematics, 2013, 4, 22-25

Published Online November 2013 (http://www.scirp.org/journal/am)

http://dx.doi.org/10.4236/am.2013.411A1004

o5 Scientific
(> )
+* Research

Spectra of 2 x 2 Upper-Triangular Operator Matrices

Haiyan Zhang
College of Mathematics and Information Science, Shangqiu Normal University, Shangqiu, China
Email: csqam@163.com

Received June 25, 2013; revised June 25, 2013; accepted August 2, 2013

Copyright © 2013 Haiyan Zhang. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

ABSTRACT

In [Perturbation of Spectrums of 2 x 2 Operator Matrices, Proceedings of the American Mathematical Society, Vol. 121,

1994], the authors asked whether there was an operator C, € B(K,H) such that o-(MCO ) =N

o(M;) fora

CeB(K,H)

A C
given pair (A,B) of operators, where the operator M. € B(K@H) was defined by M. = [0 B]' In this note, a

partial answer for the question is given.
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1. Introduction

In the last decades considerable attention has been paid
to upper triangular operator matrices, particularly to
spectra of operator matrices, see [1-8]. H. Du and J. Pan
firstly researched the intersection of the spectra of 2 x 2
upper triangular operator matrices, and also proposed
some open problems. In this note, we mainly study these
problems.

For the context, we give some notations. Let H and
K be Hilbert spaces, B(H), B(K) and B(K,H)
denote the sets of all linear bounded operators on H,
K and from K into H, respectively. For Ae B(H),
BeB(K), CeB(K,H), define an operator
M. eB(K®H) by

M. = A C
c o B)
Let N(T),R(T).o(T).0,(T), 0,(T). o(T).
n(T) and d(T) denote the nullspace, the range, the
spectrum, the point spectrum, the approximation point

spectrum of the resolvent set, the nullity and the defi-
ciency of an operator T , respectively, where

N(T)=dimN(T) and d(T)=dimN(T*)
use F(H), F(H) and SF(H) to denote the sets of
left Fredholm operators, right Fredhlom operators and

semi-Fredholm operators in B(H ), respectively. If T is
a semi-Fredholm operator, define the index of T, indT,
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by indT =n(T)—d(T). Note that indT e ZU{+w}
and it is necessary for either N(T) or N(T*) to be
finite dimensional in order for (1) to make sense ([3]).
For AeB(H), BeB(K), denote
U, (AB)={1ec(A)Uc(B):n(B-1)=d(A-21)
=kandd(B-4)=n(A-1)=0},

A(A,B):(G(A)UG(B))\ ﬂ O—(MC)'

CeB(K,H)

Under the situation that do not cause confusion, we
simplify U/ (A,B) as Uy.
In [2], H. Du and J. Pan have proved that,
o(M
CeB(K,H) ( C) )
=0, (A)Uo, (B)U{:n(B-2) 2d (A-A)},

for given Ae B(H) and Be B(K) , the author asked
a question that whether there exists an operator
C, €B(K,H) such that

O-(MCO ) :ﬂCeB(K,H)O-(MC)?

In this note, when A, =N.,Yr (@ is a natural
number), an affirmative answer of the question has been
obtained.

2. Main Results and Proofs

To prove the main result, we begin with some lemmas.
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Lemma 1. ([2]). Given AeB(H), BeB(K), then
B) =ﬂf:oul?'

Lemma 2. ([9]). Let G be an open connected subset
of o(A)\o.(A) and suppose 4, €G such that
ind(A—4,) =0, then there is a finite-rank operator F
such that A+F -4, is invertible, and also A+F -4
is invertible for every 1e€G.

Forany C'eB(K,H),itis clear that

ﬂCeB(K,H)O-(MC Jco(Me)co(A)Ua(B).
If there exists a C, € B(K,H) such that
(Mg, )N A g =P,
then
(Mg, ) = Necaeno(Mc ) -
But how to construct the operator such that
(Mg, )N A (g =®?

In the next theorem, we give a necessary condition of
the answer of the question.

Theorem 3. For a given pair (A,B) of operators,
where AeB(H), BeB(K), if A nk OUO (n
is a natural number) and each U, has finite simple
connected open sets, then there exists an operator
C, € B(K,H) such that

U(Mco)zﬂCeB(K,H)U(MC).

Proof. For convenience, we divide the proof into two
cases.

Case 1. Ifn

It is easy to see that o(A)Uo(B)=0c
lemma 1. Thus

o(M,)=

=0, that is, g =Uy =@, let C,=0.

(M) from

A

( )UO’( ) ﬂCeB(K H)O-(MC)’
so the result is obtained.
Case 2. If n#0, that is, A,g =[],

has finite simple connected open sets, now reor-
s). Thus there

U, . Then

Ane)
dering and denoting by U, (k=1.2,---,
exists a natural number m, such that

U, ={iec(A)Uc(B):n(B-1)=d(A-2)
=m andd(B-1)=n(A-1)=0}.

For each U, choose a 4, €U,, then A is a finite
subset of A, and

ind (M, -4 ) =ind (A-4,)+ind (B—4,) .

Next, the rest of proof is divided into two steps.

Open Access

Step 1. We construct C, as follows:

Let {fjl}rjnl:l and{g}}?]:1 are orthonormal basis for
N(B-4) and R(A-4)", respectively and denote
Ny (B 4)=N(B-4), Ry(A-4)=R(A-4).

First define an operator V, from N,(B-4 ) onto
(A /11) by Vfl—gj, 1<j<m, . Then define
C by

Cf=Vf, feN,(B-4),
Cf=0, fLN,(B-4).

It is clear that C, is well defined and C, € B(K,H).

If s=1,thenlet C, =C,.
If s#1, let {fj'}rjnil and{g}}rjni1 be orthonormal
basis for N(B-4,) and R(A-1) , respectively.

It is clear that {fjl}rﬁz and {fjl}r_nl are linear inde-
j=1 j=1

pendent. then there must be unit vectors

WL“MLfoH&U“qW’

() Ul
such that

m
= a, f+ 17
j=1
m
1‘22 = 20(2] fj1 + 7, fl'2 + f2'2,~~,
j=1
m my -1
f2 =Z}amj fi+ 2 7o £+ fo
1= 1=

Define an operator V, as follows:

Let

9{2 = glz -C f12 and V, fllz = 91,2 )

922 = gz2 -C f22 —7aVs fl’z and V, fz’2 = 922 57T
g,'nzz— —Cf2 2721 f/? and szm’zz—gr’nzz.

Since {gl-}rjnl:1 be and {gz}?;

i i be are linear inde-

1”2 m . . .
pendent, {g- } I8 linear independent. Let
j=

No(B-24)=v{f}"

j=1

R(A=4)" =v{g}} .

Then N(B-4)LN,(B-4,) and V, is an opera-

and
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tor from N,(B-4,) onto R,(A-Z) . Define C,
by

C,f :(V1 @VZ) f, fe NO(B—A)GB NO(B—Z,),
C,f=0, fJ_NO(B—/I,)@NO(B—ﬂl).
The process can be similarly done continuously.
Let {f-s}j:] and{g?}j:l

i be orthonormal basis for
N(B-4) and R(A-A)", respectively. It is clear

that {{ f jk }Til }Z:] is linear independent. Then there must
be unit vectors

f1o L@ Ny (B-4),

£ L@, (B- 4 )U{ "},
-1

1

for LOIN, (B-4)U{ T/}

such that

m s-1
s _ s g1 Xk M s gk s
f, —Z‘;aljfj+ i j/ljfj + 1,
]:

j=t

m s-1

s _ s g1 2K Mk s gk s ’s

f, —Zazjfj+z_ TR X0 T PRI
=

=1

fn. = ia;j fi+ z-ziilmk R TREA FEE M
Define an operator V, as follows:
Let
9°=0,-C,,f° and V,f" =g/,
09, =0,-C,,f, =6,V f® and V,f,°=g%, -,

S|Us )

m -1
07, =05, ~Coyff - T ANV and V17 g7
j=1
S
. 1) M e 1 : s\
Since {{gj}j:l}k:1 is linear independent, {gj } is

linear independent. Denote

N (B-2)=v[17]", and R,(A-A) =v{g7]",

Then
NO(B_ﬂ"I)J‘ N0<B_/1j):

1<i#j<s and V, is an operator from N (B-1)
onto R,(A-2)" . Define C,by

Cf :(@izlvk)fs fe®Ny(B-4),
C,f =0, f L& N,(B-4).

Let C,=C,. It is clear that C, is well defined and
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bounded with finite rank. By directly computation, we
can get

Cofj =9

C,f =0,

Step 2. We prove that C,eB(K,H) defined as
above such that

O-(Mco):mCeB(K,H)O-(MC).

It is sufficient to prove that for any AeA g,
M, —4 is invertible. From Lemma 2, it is oniy to
prove forany A4, M -4, is invertible. To finish it, it
is to prove that M. —4, is injective and surjective.

If there exists a vector X, =Y, @z, with

(M, =4 )% =0,
where y, eH and z,eK, then z,eN(B-4) and
Cyzy =—(A-4)z, € R(A-4). By definition of C,,
then C,z, e R(A=4,)", thus C,z,=0. On the other
hand, since C, is injective on N(B-4,), then z,=0,
and so, (A—4,)Y, = 0. By assumption that 4 ¢ o, (A),

hence Yy, =0. Therefore M. -4, is injective.
For any vector X=y@®z,where yeH and zeK.

Since 4 ¢0,(B) and 4 ¢0,(A), R(B-4)=K
and R(A-4) isclosed. Thus there is a vector z, € K
such that (B—A,)z =z. Because y—C,z, € H , there
exist £eR(A-4) and ¢ eR(A-4)" such that
y—Cyz, =&+ . Hence there exist z, e N(B—4)
and y, eH such that Cyz,=¢ and &=(A-A4)y,.
The last equality is possible, because C, is onto
R(A-4,)" . Therefore,

e, 2 ()

{71

As X isarbitrary, M¢ -4, is surjective.

1<k<s1<j<m,

f J—®i=1N0(B_lk)'

Hence, for any A1 e A(A)B) » Mg, -2 is invertible, i.e.,
G(Mco )mA(A,B) =®. So G(Mco ) = mCeB(K,H)G(MC )-
The proof is completed.

Example 4. If A=U and B=U*, U
operator on ', let

C (ffo,fl,fz,"')2((5030,0,“'),

is the shift

then Mg is invertible. From directly computation,
A(pg =D and o(A)Uo(B)=D, where D is the
interior of unit disk. For any A€A 5, Mg -4 is

AM



H.Y.ZHANG

invertible. Thus o (Mg, ) =Nogry (Me) = D.
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