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ABSTRACT

We considered a kind of singular integral operator with Weierstrass function kernel on a simple closed smooth curve in
a fundamental period parallelogram. Using the method of complex functions, we established the Bertrand Poincaré
formula for changing order of the corresponding integration, and some important properties for this kind of singular

integral operator.
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1. Introduction

The properties of singular integral operator with Cauchy
or Hilbert kernel on simple closed smooth curve or open
arc have been claborately discussed in [1-3]. Based on
these, for the boundary curve is a closed curve or an open
arc, the authors discussed the singular integral operators
and corresponding equation with Cauchy kernel or Hil-
bert kernel in [1-3]. In recent years, many authors dis-
cussed the numerical solution of a class of systems of
Cauchy singular integral equations with constant coeffi-
cients, Numerical methods for nonlinear singular Vol-
terra integral equations in [4-6].

In this paper, we consider a kind of singular integral
operator with Weierstrass function kernel on a simple
closed smooth curve in a fundamental period parallelo-
gram. Our goal is to develop the Bertrand poincaré for-
mula for changing order of the corresponding integration,
and some important properties of the above singular in-
tegral operator.

2. Preliminaries

Definition 1 Suppose that @,,®, are complex constants
with Im(@ /w,)#0, and P denotes the fundamental
period parallelogram with vertices t@, +®,. Then the

Kep=a(t))p(t))+ -

b(t,)

function
¢(2)=1/z +Z'[1/(z —Q, )+ O, + z/szn]

is called the Weierstrass ¢ -function, where
Q.. =2mo, +2nw,

>’ denotes the sum of all m,n=0,+1,%2,---, except
formm=n=0.

Definition 2 Suppose that L, is a smooth closed
curve in the counterclockwise direction, lying entirely in
the fundamental period parallelogram P, with ZO(¢ 0)
and the origin lying in the domain S; enclosed by L.
The following operator

Kop= a(to)ga(to)
(1)
+ [ P(OK GO (1-4)+ (1, -2,)Jdut e Ly

is called the singular integral operator with ¢ -function
kernel on L,, where ¢(t)eH(L,) is the unknown
function, and

K(toat)e H (LOXLO)’ a(t)e H (Lo)

are the given functions.
Letting b(t)=K(t,t), then (1) becomes

J.Low(t)[g(t_to)"‘g(to _Zo)]dt

2
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Since ¢ (t) is uniformly convergent in any closed

bounded region lying entirely in P,

S (t=t))+ ¢ (t,—2,)| < Yt—t,[+M
for any t,,tel,, where M is some positive finite
constant. By noting that K(t,,t)e H*(0<a<l1), we

K°¢za(to)(p(t0)+b(t_O).[Lo(p(t)[g(t

(1) = K (40K () € (1) +£ (,-2,)]
ko= k(t,.t)e

then (1) can be rewritten in the form
(K" +k)g, 3)

where k is a Fredholm operator and K° is called the
characteristic operator of K. Now the index of K is

(t)dt

obtain
[ (t,,1)-K

(0<2<1), where N is some positive finite constant.
Write

(tooto) J[€ (t=1)+ ¢ (8~ 2,) ] < N/t-t,|"

~t,)+¢ (t, —2,)]dt,

D(t
defined as K:%{arg ( )} , where
T

s(t) ],
S(t)=a(t)+b(t), D(t)=a(t)-b(t)

and for definiteness we assume that a’(t)—b*(t)=0
namely we assume that K is an operator of normal

type.
Now the associated operator of (1) takes the form

K'y =a(t ——j (Lt )wt[ ¢ (t-t)+< (t,—2,) |dt,t, €L, (4)
or
Ky =a(t ——j b(t)w (t)[ < (t 2,)]dt+[ k(tt)w(t)dt t <L, @y
and so that the associated operator of K° becomes
K =a(t, ——jb (W[ (t-1,)+¢ (t,—2,)]dt.t, e L.
In addition, if we write
1
knW(tO):_[LO{k(t»to)_E[b(t)_b(to)][g(t_to)"’é’(to _Zo)]}‘//(t)dt’ el
then (4) can be rewritten as
b(t,
Ky =a(t)w(t)- Sﬂ)j ([ (t-t))+ < (t, —7,) Jdt+kw ().t € L, )

where
[o()-b(t)][¢(t-t)+¢ (6 -2)

So ki is a Fredholm operator, and then the charac-

b(t)J

|

Ky =a(t, v () -

Therefore, we concluded that K"y = K"y usually
can not be established, that is K"’y # K"y
For convenience, we write

X(z,0)=¢(z2-0)+{(0-1,)
where the fixed nonzero point z, and the origin lie in
S, - It is not difficult to get the following results.
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}| < D/|t —t0|ﬂ (0<A<1, D issome finite constant).

teristic operator of K’ operator becomes

(W[ (t-t))+ < (t,—z,)]dt (6)

Lemma 1 Suppose that f(t,z)eH(L,xL,), and
with the same L, as mentioned before, then

a) jLO dthO f(t,7)X(z,t)dr = jLO derO f(t,7)X(z,t)dt,

jLOX(r,t)dtILO f(t,r)dr= ju)der0 f(t,7)X(z,t)dt
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b) (Poincare-Bertrand formula)

k,

X(t,to)dtho f(t,7)X(z,t)dz =-n*f (t,t,)

I, K600 (t)d- ] K (tt)o(t

for any t,t,el,, where M and N are all finite

< t] _tz

1233

3. Some Properties of Operator K

1)If peH  then KpeH .
Proof Through calculation and estimation, we have

)< (t)dt| <Mt —t, " +N|.§(tl)—§(t2)| (7

constant. While for any t,t, €L, we have

|§(tl)_§(t2)| +%’

Lt

where Q is some finite constant. Substituting (8) into
(7), we obtain

Similarly we know that

jLO K (t,,1)e(t)< (t

Consequently, we have Kpe H .
2) If K,,K, are singular integral operator, then

w)e e

K. (D a t()s

then
KiKyo =[a (t,)a, (t,)+b, (t,)b, (t,) e (ty)
J [a (1)K, (t,,t)+a, (1)K, (to,t]
Lo

i

Im{jm Ki (6, t)K

M[<(

1
— (D[t -t,)
(i) Lt -t)+e(t

where the sum of the former two terms in the right hand
of Equation (10) are the characteristic operator, and the

K Kap =2, (1) () o(t) + ] a(t)

ud |

e ], @ (0K (Lo

T
where

K, (to,t)[é’(t—to)+;’(t0 -

By virtue of Lemma 1 (b), C(t,)can be rewritten in

L
(i)’

Consequently, (10) is established.
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—t,)dt, ILOK(tO,t)go(t)g(to—

_t0)+§(to_

ILO {.[LO K, (tO’tI)K2 (tl’t)[g(tl _to)

+y Itgz <Qft-ty| ®)

j% K (t),t) (1)< (t,)dt e H ©9)

z,)dt, a(ty)e(t,)eH

K,K, 1is also a singular integral operator. That is, if

D[S (t-t,)+<(t —2,)]dt, j=1.2

tt+g’

~1z,)]dt , (10)

—2,) [[¢(t-t)+< (1, t)dt

jdt}

remainder in that is a Fredholm operator.
Proof By definition, we deduce that

K, (to»t)¢(t)[§(t_to)+§(to —Z )]dt

z,)]dt+C(t,)

zo)]{jL0 K, (L)< (t -t)+< (-2, )]w(tl)dtl}dt

the form

2,)][£(t-4)+¢ (4 -2) Jdt fo(t)at

Now we write
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T K (DK (01 ~1)£ (18t = 1)+ (2)+(3)+ (4)

where

K, (.1, ) K, (1)
<1>:Ito (t,—t,)(t—t)

K (.t ) K, (1)

t1 _to m,

d, , (2>:LK'(t°’tl)K2(t“t) { S +t_tl}dtl,

-], Sy

m,n

4) =] K (t.t)K t,,t

[1/t t-Q

By [1], we know that (1) is a Fredholm integral. For
(4) , we know from

K, (t,t,), K, (t,,t)) € H (L, x L)

that ( ) is continuous about the variable te L, and so

that j @(t)dt is also a Fredholm integral. By noth-

ing that <2> and (3) have the same form, we only need
to discuss either one of them. Here we consider the inte-
gral <2> . Write

h(z)= mz'[1/(t—z—9mn)+1/Qmn +(t-2)/Q2, |

then h(t)eH(L,) is analytic in P and so that
h(t,) e H (L, ). Consequently, we read from

K, (to.1,), Ky (t,t) e H(Ly x L)

that <2>€ H(L,) and so that (2) is continuous on Ly,
therefore -[Lo 2)¢(t)dt is also a Fredholm integral.

So far, we conclude that KK, 1is a singular integral
operator.

3) Let K, =K/K,, where «; denotes the indices of
K;(j=123),then &;=x +x,.

Proof From 2), we know

)+l_j K(tt
—j dt+—j

ILOy/Kwdt = ILO y/t{a(t)(p(t

Whereas
J-LOQJK’l/IdtZJ.LOa(t)q)( v ( dt——j

Let

) Y +(t=1)/Q2, |- X

—Z
[ 1 +1+t120}dt1,
t,-Q, Q. O

Tyt -t -

m,n

m ) F1/Qnn +

~t)/ 2 Jat,.

a, =aa, +bb,, b, =ab, +a,b
and
S;=35,,D,=D,D,

SO Ky =K, +K,.
In addition, we can see from

a, =aa,+bb, and b, =ab, +a,b,

that when K, K, are normal,

4) (KK,)K, =K (K,K;).

5) If K is a singular integral operator, and k is a
Fredholm integral operator of the first kind, then kK
and Kk are also Fredholm integral operators of the first
kind.

6) If the indies of K and K' are x and «' re-
spectively , then «'=—x .

7) (KK,) =KiK/.

Through careful calculation, we may obtain 4) - 7).

8) Generally speaking,

J‘L(, wKeodt = IL(, oK'yt

K, is also normal.

can not be established for ¢,y e H .
Proof By definition and calculation, we have

W= ()] Kty (t)[<(t-1)+{(t-7)]dudt

then by Lemma 1(a), we have

w =[], K(EDe(w

- _.[LO V’(t){ju, K (t’t1)¢’(t1)[§(tl —t)-¢(4
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tl)[é(tl—t)+(t—zo)}dtl}dt

- (11)
(O, K(tt)et)[(t 1)+ (t-2)]dtdt
.[ K (tl)[g(tl —t)+é’(t—zo )}dtldt . (12)
DS —t)+§(t—20)}dt}dtl
’ (13)
2) Jdt dt
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Substituting (13) into (12), we see that

[ pKydt = Ja(t)gp(t)t//tdtJr%jt//(t){j K (6t De(t)[ < (L -t)-< (4 —zo)]dt,}dt.
L L L

L

Therefore, J L vKedt = LO @K'ydt cannot be established.
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