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ABSTRACT 

A double system of exponents with piecewise continuous complex-valued coefficients are considered. Under definite 
conditions on the coefficients the frame property of this system in Lebesgue spaces of functions is investigated. Such 
systems arise in the spectral problems for discontinuous differential operators.  
 
Keywords: System of Exponents; Frame Property; Perturbation 

1. Introduction 

Consider the following system of exponents 

 ie nt

n Z




,                (1) 

where  is a sequence of complex numbers, Z 
are integers. Systems (1) are model ones while studying 
spectral properties of differential operators. Under suit- 
able choice of the bounded variation function 

 n C 

 t  on 
the segment  ,a a  they are eigenfunctions of first  

order differential operator 
d

d

u
Du

t
  with an integral 

condition of the form .    d 0
a

a

u t t



For this reason, many mathematicians appealed to 

study of basis properties of the systems form (1) in dif- 
ferent spaces of functions. If the operator D is considered 
in the Lebesgue space , then its 
natural domain of definition is the Sobolev space 

, i.e. the space consisting of absolutely con-
tinuous on 

 , , 1pL a a p   

1 ,pW a a
 ,a a
a

 functions, whose derivatives belong 
to  and the relation   ,pL a

 d

d

u
Du u t

t
  ,             (2) 

holds a.e. on all the segment  ,a a . 
Apparently, the first results for basis properties of the 

systems of the form (1) in the spaces pL , 1 p   , 
  ,L C a a     belong to the famous mathematicians 

Paley P.-N. Wiener [1] and N. Levinson [2]. In sequel, 
this direction was developed in the investigations of 
many mathematicians. For more detailed information see 
the monographs of R. Young [3], A. M. Sedletskii [4], 
Ch. Heil [5], O. Christensen [6] (and also the papers [7- 
9]) and their references. There is also the survey paper 
[10].  

Many problems of mechanics and mathematical phys- 
ics reduce to discontinuous differential operators, i.e. to 
the case when the domain of definition of a differential 
operator is not connected. It should be noted that the 
systems of the form   

  ie n t

n Z




,                 (3) 

where  n t  has the representation 

      , asn nt nt t sign n t n      .    (4) 

arise as eigen functions of appropriate differential opera- 
tors while solving many problems of mechanics and 
mathematical physics by the method of separation of 
variables. The following system is a trivial example of 
the case under consideration  

 
π

sin , 0 ,
2

π
cos , π.

2

n

nt t
s t

nt t

   
  


 

Let 1

π
0,

2
J    

 
, 2

π
,π

2
J  

 

 . It is obvious that  ns   

are the eigen functions of the following spectral problem 
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with a spectrum in boundary conditions 

   
   

2
1 20, ,

0 π 0,

π π π π
0 0 , 0

2 2 2 2

u t u t t J J

u u

u u u u



 


    
  


         0 .                     





 

Concerning these issues see also the papers [11-14]. 
Another remarkable example is considered in V. A. 

Ilin’s paper [15]. Here he considers a mixed problem 
with conjugation conditions at the inner point  0 0,x l  
with respect to the wave equation  

 tt xxu a x u ,   0 00, , x x x  l



, ,  0,t T

with conditions 

  ,0u x x ,   ,0tu x x

 0 00,u x t u x 

2 2
2 2 0 0,x xu u x   




,

,

,  

, , 

, 

   , 0u l t 

 1 1 0 0,a u x t 

0,u t  0, t

t
where  

 
 
 

2
1 0

2
2 0

, 0,

, ,

a x x
a x

a x x l

  


 

1 2,a a  (wave velocity in medium) and 1 2,   (medium 
density) are positive constants, 2

k ka   are Young mod- 
ules with additional condition of equality of passage time  

of wave the segments  00, x  and  0 ,x l : 0

1 2

0x l x

a a


 .  

The completeness in  of the system of eigenfunc- 
tions of an ordinary differential operator that corresponds 
to this problem is established in the paper [16]. The close 
class of problems was earlier considered in the paper 
[17].  

2L

These examples very clearly demonstrate expediency 
of study of frame properties of the systems form (3). The 
present paper is devoted to investigation of frame prop- 
erty of system (3) in  π,π , 1p pL L p     . Pre- 
viously some results of this paper were announced with- 
out proof in [18].  

This work is structured as follows. In Section 2, we 
present needful information and facts from the theories 
of bases and close bases that will be used to obtain our 
main results. This section also contains the main assump- 
tions about the functions  t

  

 and  which ap- 
pear in formula (4). In Section 3, we state main results on 
the basicity of the perturbed system of exponents (3) in 
Lebesgue spaces .  

 n t

, 1pL p

2. Necessary Information and Main  
Assumptions 

In sequel we will need the following notion and facts 

from the theory of bases and frames. We will use the 
standard notation. N will be the set of all positive integers; 
  will mean “there exist(s)”;  will mean “it fol- 
lows”; 


  will mean “if and only if”;  will mean 

“there exists unique”; 
!

K R  or K C  will stand for 
the set of real or complex numbers, respectively; nk  is 
Kroneckers symbol,  k k  n k N

. The Banach space 
will be called a B-space. X   is a space conjugate to 
space X. By  L M  we denote the linear span of the set 
M X , and M  will stand for the closure of M.  

Definition 1. System  n n N
x X


  is said to be a ba- 

sis for X if x X n,  !
n N

1

:n n
n

K x x 




 
  .  

Definition 2. System  n n N
x X


  is said to be com- 

plete in X if  n n N
L x X


   . It is called minimal in X if 

  ,k n n k
x L x k N


     .  

Definition 3. System  n n N
x X


  is called  -line- 

arly independent in -space X, if from B
1

0
n




n na x   

implies 0na  , n N  .  

It holds the following 
Lemma 1. Let X be a B-space with the basis  n n N

x


 
and :F X X  be a Fredholm operator. Then the fol- 
lowing properties of the system  in X are 
equivalent:  

 n n n N
y Fx




1)  n n N
y


 is complete; 

2)  n n N
y


 is minimal; 

3)  n n N
y


 is  -linearly independent; 

4)  n n N
y


 a basis isomorphic to .  n n N

x


We will need the following notions. 
Definition 4. The systems  and  n n N

x
  n n N

y


 in a 
B-space X with the norm   are said to be p-close, if  

p

n n
n

x y   . 

Definition 5. The minimal system  n n N
x X


  in a 

B-space X with conjugated  n n N
x X 




 
 is said to be a  

p-system if for  : n pn N
x X x


x l   , where pl  is an 

ordinary space of sequences  of scalars with the 

norm 

 n n N
a



 
1

p

pp

n nl
n

a a
   
 
n N

.  

In the case of basicity, such a system will be called a 
p-basis. 

The following lemma is also valid. 
Lemma 2. Let X be a B-space with q-basis  n n N

x


  

 n n N
y X


and the system  be p-close to it: 

1 1
1

p q
 , 
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1 p   . The sion n
n

n the expres nFx x x  -  

edholm operator in X

y ,

, where  n n N

 gen

erates a Fr x X   
onjugated to  x




is a system c n n N

. 
 monogra
 will need 

One can see these or other facts in the  
[3,19] and also in the pape  [7,20-22]. We
fo

phs
rs the 

llowing Krein-Milman-Rutman’s Theorem [20].  
Theorem KMR. X be a B-space with the norm   

and with the normed basis  n n N
x


,  n

 

n N
x X   be



stem biorthogonal to it. If the system  ny    

 a  

Xsy
n N

satisfies the condition 1

1
n n

n

x y 


 ere  


  , wh

sup n
n

x  , then it for rphic to ms a basis isomo  n n N
x


 

for X. 
While ob the fol

 easily provable lemma.  
taining the basic result, we will use - 

lowing
Lemma 3. Let X be a B-space with the basis  n n N

x


 
and  n n N

x X 


  be a system biorthogonal to  n n N

x


. 
The system  n n N

y X


  differ from  n n N
x


 by a

1 . Then
 

finitely many elements, i.e. n ny x , 0n n   , 

if  
 

 
0

0, 1,
det 0n n k n

x y


    the system
n Nn k

   ny


 is  

not minimal in X.  
 So, X be a B-space wiProof. th the basis x n n N

 and 
 n n N

y X


  differ from  n n N
x


 by finitely ny ele-  ma

ments, i.e. 0, 1n ny x n n    . Expand 01,,ny n n

by this basis

 . 

.  

0

0, 0
1

, 1,
n

ky nk n k n
n

a x y k n


            (5) 

where x . Let  

. Then, it is o  that 
follows from ex n (5)

0
0

,
1

k n nk n
n n

y a


 

  0
0n  . At first assume  

that 0n bvious
0 11 0n a  . As a 

result, i pressio at y  belongs to 
1

t 
losure


 th 1

0 1
, and so ththe c  of the linear span  n n n

x


e sys- 
tem  n n N

y


 is not minimal. Consider the case 0 2n



 , 
i.e.  

1 11 1 21 2 1,2 ,y a x a x y   
         ) 

2 12 1 22 2 2,2 ,y a x a x y
   

   (6

where . It is obv2 11 22 21 12 0a a a a    ious that if 1ka  

2 0  for 1k   or 2k ka  , then the system  n n N
y


 

ve:  is not m cluding xk in (6), we ha

12 1 11 2 2 2 12 1,2 11 2,2

12 1,2 11 2,2 ,

a y y a y a y

a y a y

 

 
 

inimal. Otherwise, ex

a x  

22 1 21 2 22 1,2 21 2,2a y a y a y a y   . 

It directly follows from these relations that 1y   2y  
aining 

ini- 
belongs to the closure of linear span of 
elements i.e. 

m

the rem
 is not m  1n n

y


   2n n
y


,  n n N

y


 nal in X. Consequently, for 2 0   the system 
n N

y


 
doesn’t form a basis. This reasoning is taken to an arbi- 
trary 0n N  ve  easily.       ry  ڤ               

Before proceeding the main ts, we accept 
lowing basic assumptions concerning the functions of 

  
resul the fol-

 t  and  n t . 
1)  t  is a piecewise-Holder function on  π,π , 

  0 1 11
: π π

r

k r rt t t t t          are its discontinu- 
ints of ity po st kind;  fir

te t
 by  

Deno he jumps of the function  t  at th  

1


1
0kt

e points
 r

kt :
r

k k   0kt     .  
Let the condition 

2) 
1

π
k , 1,Z k r  ,

p
3) The functions 


   be fulfilled. 

 n t  have the following asympt
relations  

otic 

     π,π , 0,n t O
n

  1
, t
    

 
.     (7) 

3. Basic Results 

At first we consider the syste ponents m of ex

  
n Z

,  ie n t                (8) 

where    t nt t sign n   , n Z . For n

stem (8) in 
the

of sy
 basicity 

pL , the results 
epresent system (8) i

of the paper [23] will be 
used. R n the form

  

  

   i 1ie e ;e et t n tnt

n Z
,          (9) 

(

i i   

Z  are non-negative integers). Let the conditio
lled. Finding  the

n 2) be 
fulfi  

1

r

in Z  from  following ine-  

qualities 
1 1

1
p q

 
  

 
:  

1 0

1 1
, 1, , 0

π
i

i in n i r n
q p


      ,  

assume 

    (10) 

   π π

π rn
 


 

  .     

Based on Theorem 1 of the paper [23] we ca
conclude the following  

Statement 1. Let the conditions 1), 2) be fu  

     (11) 

n directly 

lfilled for 

the function  t . Suppose that 
1  . The system (9) 
p

 

forms a basis for , 1pL p   , (for p = 2 a Riesz ba-  

sis) if and onl t holds the inequy if i ality 
1 1   .  
q p

e following st

Statement 2. If system (9) forms a basis for 

We will use th atement obtaining from 
the results of the paper [24].  

pL , 
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1

So, let s

p   , then it is isomorphic to the classic system of  

exponents  ie nt .  
n Z

ystem (8) form a basis for , 1pL p   . 
 a system biorthogonal to it. Let Denote by L n qn Z




pf L  an  be its d  nf n Z

system (8),    

biorthogonal coefficients by  

i.e. 
π

π

dnnf f t t t


, n Z , where      

 con n. The following theorem can be 

 

jugatio
d from Statement 2. 

1. Let system (8) forms a basis for 

is complex

Theorem 
directly conclude  

pL , 
1 p   . Then there hold:  

1) Let 1 2p   and pf L . Then  n qn Z
f l


 , and  

 
q

n p pn Z l
f m f


 , 

is , fulfilled m  is a nt indepen , where p consta dent of f
p

  
is an ordina

2) Let p
ry norm in Lp.  

and the sequence of numbers 2   n n Z
a


 

belong to ql . Then pf L   such that ,n nf a n   , 

moreover 

Z  

 
q

p n n Z l p

independen of 
p

, where M  is a constant  

t 

f M f

nf n Z
. 

e basicityNow, stu tem (3) in dy th  of sys pL . We have  

       

 

ie en t i i

1

e 1
!

,
!

n n

k
t t n

k

k

t

Mn
cn

k

 











   

 





where c is a constant independent of n. The last inequal- 
ity follows from (7).  

Consider the different cases.  

1k k
 

1) Let 1 2p  , 
1  . We have  
p

   i i 1
e en n

pt t

n n

     . 

Assume that all the conditions of Statement 1 are ful- 
filled. Then, system (8) forms a basis for 

p pp
c

n
 

pL . Thus, by 
Statement 2 it forms a -basis for q pL  in this case. Let 
 n n Z



 be a system biorthogonal to it. Consider the 

operator : p pF L L :  

   ie ,n t
n p

n

Ff f f L  ,        (12) 

where      
π

π

dn nf f t t t 


  , n Z . 

operator (12) is Fredholm in Lp. It is easy to see that 
n , . en, t

 fo  (3).  

 

By Lemma 2  

 ie n t tF 
 Th he statement of  ie  

Lemma 1 is valid
n Z 

r system

2) Let 2 p  , 
1

q
  . It is clear that q p .  

Consequently, for pf L   it is pq p
f c f , valid 

here pc  ly Assume that all the - 
ns of Sta led. Consequently, system 

w depend . condi
tio temen il

t

s on  on p
t 1 are fulf

or Lp. I(8) forms a basis f t is clear tha  qf L  and 
1 2q  . Then, from Theorem 1 we obtain that 
 n pn Z

f l

 , where  n n Z

f


 are the orthogonal coeffi- 
cients of f by system (8). From the same theo  ob- rem we
tain: 

  ,
p

p pq pn Z ln qf m f M f f L


    ,  

where the constant Mp is independent of f. Thus, system 
(8) forms a p-basis in Lp. It is easy to see that systems (3) 
and (8) q-close in Lp. Consider operator (12). Furt r, we he
behave similarly to case I. Hence the validity of the fol- 
lowing theorem is proved. 

Theorem 2. Let asymptotic Formula (4) hold, the func- 
tion  t  satisfy the conditions 1), 2) and for the func- 
tion  n t  the relations (7) be valid. Assume that it 
holds  

1 1 1 1
, max ;

q p p q
 

 
     

 
, 

where min k
k

  ,   is defined from expressions (10),  

(11). Then, the following properties for system (3) in Lp 
are equivalent:  

mplete; 1) Co
2) Minimal; 
3)  -linearly independent; 

4) Forms a basis isomorphic to  

en 

 ie nt

n Z
.

In sequel, we will consider a case, wh 1  . In this  

case, it is obvious that it holds    i ie en nt t

pn

 




   .  

Le . T


t all the conditions of Theorem 2 be fulfilled hen the  

system   ie n t

n Z




 forms a basis for Lp. Denote by  

 n qn Z
L


  a system biorthogonal to it. Assume 

sup n q
n

  .  clear that   It is

0 :Nn     

0

i i 1

1

e en nt t

n n

 

p


 

   

Consider the functions 

 
 
 

0

0

, ,

, .

n

n

n

t n n
t

t n n






  


  

Thus, it holds 

   i i 1e en nt t

p

  
n






 


. 

llows from Theorem KMR, the system 



Then, as it fo
  ie n t

n Z






 forms a basis isomorphic to   ie n t

n Z




 for 
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Lp. System (3) and the basis  differ by a 

fin

nal system

  ie n t

n Z





itely many elements. By  n n Z



  denote a biorthogo- 

 to this basis. Consider  

     

0 0

0nk nk
n n n n 

It is obvious that    

i i ie e e , :k n nt t t k k n       , (13) a a

  
π

ie dk t
nk n na t t     , n, ie

 

π

k t



 

. Denote by the following determinant  k Z
0n  

0 0 0, ,n ij i j n
a



0 , in the

det
n

  .           

 expansion (13)

eleme

(14) 

It is clear that if  the 
0n 

nts e k ,  i t
0 0,k n n  may be replaced by the

 i

   ele- 

ments e k t , 0 0,k n n  . Then the system e n

n Z

  i t




 

forms a basis for pL , since pf L   has the e

c  

 the

xpansion 

 n
  i n tf  . Hene

n

f 




 


e, it directly follows that if 

0
0n  n , pf L   

L
h ystem (3),

p  

,

as an expansion by s  
i.e. it is com lete in p or 

  ie

 . We ha

. Consider the operat

ve 

 i i

e

et t

 n t
n

n

Ff f 


 

   

    
0

i in n
n

n
n n

Ff f      

0

ie e nt t t
n

n n

n

f

 e n nf f   I

 




   




 

T f



wher

 
 

      

 

 



e : p pI L L  
r generated 
 F in 

is an or, and T is an 
operato by the ummand. Fredholm 
property

identity operat
 second s

pL  
rator T

follows from finite-dim
  

 ie e n t

ensionality of 
the ope . It is clear that

 i ,nF t n 

 3, 
pted co

 if the determ

Z

llo . Thus, we 
established that under acce m (3) 
forms a basis for Lp inant determined by 
exp

  
 . 

Then from Lemma 1 we obtain the basicity of system 
(3) in Lp. Conversely, if system (3) forms a basis for Lp, 
then as it fo ws from Lemma

0
0n 

nditions syste

ression (14) is not zero.  
Thus, we proved the following. 
Theorem 3. Let all the conditions of Theorem 2, where 

1  , be fulfilled. The determinant 
0n  is determined 

by expression (14). System (3) forms a basis for Lp, 
1 p   , if and only if 0n  . 

0

Now, consider the case when 
1 1

,
q p 

 

example, 


 

  . Let for 

1 1
1

p p
   . In this case, as it follows from 

 of the paper [23] ystTheorem 1 , the s em 

     i ie e nt t

n Z

      (15) 


,        

forms a basis for pL . Consider the system 

     i t

n Z




e ne t  ,            (16) 

where pe L  is a function. Let the conditions  

fulfilled for system (3) and 

1), 2) be 

1 1 
max ; 


. Then, it is  

easy to see that system (16) and bas
in 

p q
 

is (15) are p -close 

pL , where is determined by th

L  

ai s, 

p  e formula  

, 1 2,p p
p

 
  

,q 2.p
 

Consequently, system (3) is not complete in p. The 

rem ning case when 
1

p
  , are proved in the similar 

way.  

Consider a case, when 
1

q
   , for example,  

1 1
1,

q q


 
    
 

. In th , again as it follows from 

Theorem

is case  

 1 of the paper [23], the system  

  i

0
e n t

n




,              (17) 

forms a basis for 

then basis (17) and the system  are -close  

p i mal in Lp. The 

remaining cases, when 

Lp. If the conditions 1), 2) are fulfilled,  
  i

0
e n t

n





in L . Consequently, system (3) is not m ni

 p

1

q
   , are proved similarly.  

Therefore, we obtain the following final result for the 
basicity of system (3) in Lp. 

Theorem 4. Let asymptotic formula (4) hold, where 
the functions  t  and  n t  satisfy the conditions 1), 
2), 3). The variable   be determined from relations  

(10), (11) and let 
1 1

max ;
p q

   
 

. Then for 
  1

q
    

system (3) is not minimal in pL ; for 
1

p
   it is not 

complete in pL . For 
1 1
q p

    the following prop- 

erties of system (3) in pL  are v

3) 

equi alent:  

1) Complete; 
2) Minimal; 

 -linearly independent; 

 ba orphic to 

5) 

4) Forms a sis isom  ie nt ; 
n Z

 where 
0n  is determined by expression 

0
0n  ,
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alence of properties 1)-4) follows di-
re ma 1. Equivalence of conditions 4) and 5)
is

4.

g into a  ob

 interval , is studied in this work. It 
t obably the first time the prob- 
o  for such a system. U

 have a finite defect in Lp
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