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ABSTRACT

An explicit formula for the transition probability density function of the Hull and White stochastic volatility model in
presence of nonzero correlation between the stochastic differentials of the Wiener processes on the right hand side of
the model equations is presented. This formula gives the transition probability density function as a two dimensional
integral of an explicitly known integrand. Previously an explicit formula for this probability density function was
known only in the case of zero correlation. In the case of nonzero correlation from the formula for the transition prob-
ability density function we deduce formulae (expressed by integrals) for the price of European call and put options and
closed form formulae (that do not involve integrals) for the moments of the asset price logarithm. These formulae are
based on recent results on the Whittaker functions [1] and generalize similar formulae for the SABR and multiscale
SABR models [2]. Using the option pricing formulae derived and the least squares method a calibration problem for the
Hull and White model is formulated and solved numerically. The calibration problem uses as data a set of option prices.
Experiments with real data are presented. The real data studied are those belonging to a time series of the USA S&P
500 index and of the prices of its European call and put options. The quality of the model and of the calibration proce-
dure is established comparing the forecast option prices obtained using the calibrated model with the option prices actu-
ally observed in the financial market. The website: http://www.econ.univpm.it/recchioni/finance/wl7 contains some
auxiliary material including animations and interactive applications that helps the understanding of this paper. More
general references to the work of the authors and of their coauthors in mathematical finance are available in the website:
http://www.econ.univpm.it/recchioni/finance.
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1. Introduction where r,u,& are real parameters. The processes

) ) . W.,Z,,teR", are standard Wiener processes such that
We study the Hull and White stochastic volatility model W,=Z,=0, and dW,,dZ,.tcR", are their stochastic

[3] in presence of a (possibly) nonzero correlation be-
tween the stochastic differentials of the Wiener processes
appearing on the right hand side of the model equations. E (dW,dZ; ) = pdt,teR", 3)

Let R and R" be respectively the set of real and of
positive real numbers and let ¢ be a real variable that de-
notes time. The real stochastic processes S,,V,,teR",
describe respectively the asset price and the associated

: . ) . stochastic differentials are equal to one.
stoc.hastlc variance as a.l.functlon of time. The Hull and Equations (1) and (2) are equipped with the initial con-
White stochastic volatility model assumes that S§,,V], ditions:
teR", satisfy the following system of stochastic differ-

differentials. Moreover we assume that:

where E(-) denotes the expected value of - and the
quantity pe(—1,1) is a constant called correlation co-
efficient. The autocorrelation coefficients of the previous

ential equations (see [3]): Sy = S0 4)
dS, =rSdt+\V,S,dW,, t e R", (1) o ="o )

where S, ¥, are random variables that we assume to

dV, = uVdt+&V,dZ,, te R, 2) be concentrated in a point with probability one. For
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simplicity we identify the random variables S'O R 170
with the points where they are concentrated. We assume
S,, V,>0. The assumption S,, ¥, >0 with prob-
ability one and (1) and (2) imply that §,, ¥, >0 with
probability one for e R".

For later convenience we rewrite Equations (1) and (2)
using the volatility process v,, teR", instead of the
variance process V, , t€R" . Recall that we have:

V.=v}, teR". Equations (1) and (2) become:
ds, =rSdt+v,S,dW,,teR", (6)
2
dv, = (%—‘%) ydt+evdZ,teR", %)

where &=¢&/2. Note that when =0 and pu=¢" the
Hull and White model (6), (7) reduces to the lognormal
SABR model [4]. The lognormal SABR model is a gen-
eralization of the Black model in the context of stochastic
volatility and is widely used in the practice of the finan-
cial markets.

Let us introduce the centered log-return

X, = ln(Ste_"’/S0 ), teR", and the quantity =/ —1.

Equations (6) and (7) can be rewritten as follows:

2

dx, =—V7’dt+vtdW,,teR+, (8)

2

dv :% jvdt+evdZ, e R, 9)

t

and the initial conditions (4) and (5) become:
X, =%, =0, (10)

Vo =V =A/Vy» 11

where X,, v, are random variables that are concen-
trated in a point with probability one. Note that X, is
concentrated in zero with probability one. Moreover the
assumption that 7, e R* with probability one and (7) or
(9) imply that v, >0 with probability one for reR".
The Hull and White stochastic volatility models (1)-(5)
has been introduced in mathematical finance in 1987 (see
[3]) and is one of the first stochastic volatility models
where a diffusion term that is time-varying and stochastic
rather than being simply a constant is used to model the
variance. More precisely in the Hull and White model a
one factor model (i.e. Equation (2)) is used to model the
variance (or the volatility) of the asset price (i.e. Equa-
tion (2) or (7)). When p=0 the transition probability
density function of the Hull and White model and the
corresponding European call and put option prices have
been expressed with closed form formulae. In fact in [3]
for the Hull and White model when p =0 it is shown
that the price under a risk neutral measure at time ¢ of a
European call option with maturity time 7 eR", such

Copyright © 2013 SciRes.

that ¢ < T, is given by the standard Black Scholes option
pricing formula replacing the variance coefficient of the
Black Scholes formula with an integrated average sto-

chastic variance 7V, 0<¢<T , where

to

T
V= (1/(T—t)).[VTdr, 0<t<T, and taking the expected
t

value of the resulting formula (see formula (8) in [3]).
Note that in [3] no analytical expression for the probabil-
ity distribution of the average stochastic variance 17,,
0<t<T, is given. Only recently when p=0 a for-
mula for the probability distribution of the average sto-
chastic variance ¥, 0<¢<T, has been deduced [5].
Moreover in [5] when p=0 closed form formulae for
European call and put option prices in the Hull and
White model are given. Until now in the Hull and White
model when p=#0 the option prices have been com-
puted using the Monte Carlo method (see [3,5-7]) or
evaluating numerically series expansions in the correla-
tion coefficient p (see, for example, [8]).

In the last decade several modified versions of the Hull
and White model have been proposed (see [8-11]). Some
of these models contain a multifactor model of the asset
price variance (or volatility). Usually in these models the
characteristic function of the stochastic process implicitly
defined by the model equations can be written explicitly
(see, for example, [10,11] and the references therein).
Models with nonzero correlation coefficients have been
considered. However in these models the dependence of
the asset price process from the “volatility process (or
processes)” is substantially different than the dependence
of these processes in the Hull and White model [3]. Gen-
eralizations of the Hull and White model (see, for exam-
ple, [9]) in the context of jump diffusion models have
also been considered. These generalizations usually re-
tain the analytical treatability of the case p=0 of the
Hull and White model.

In this paper when pe(-1,1) a formula for the tran-
sition probability density function associated to the proc-
esses x,,v,,t € R, implicitly defined by (8)-(11) is de-
duced. This formula gives the transition probability den-
sity function of the stochastic processes x,,v,,t € R", as
a two dimensional integral of an explicitly known inte-
grand and its deduction is based on some recent results
on the Whittaker functions [1]. The formula obtained
generalizes similar formulae deduced recently for the
SABR and multiscale SABR models [2]. Thank to it
when pe(-1,1) closed form formulae for the prices
under a risk neutral measure of European call and put
options in the Hull and White model and closed form
formulae for the moments of S,, teR", and of
& =In(S,), teR", are derived. The formulae of the
European call and put option prices in the Hull and
White model when pe(-1,1) are expressed as three
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dimensional integrals of explicitly known integrands.
The closed form formulae for the moments of ¢, ,
teR", do not involve integrals and have been derived
using a technique introduced in [12,13] in the study of
the SABR model.

The moments of S,, teR", are also studied with the
same technique, however for these last moments closed
form formulae (that do not involve integrals) are avail-
able only for the moments of order smaller than two. The
moments of S,, teR", of order greater or equal than
two are expressed by formulae containing integrals of ex-
plicitly known integrands. Proceeding as done in [12,13]
it is possible to use these moment formulae to study cali-
bration problems for the Hull and White model when
asset price data are considered.

In Section 3 proceeding as done in [14] we show that
for the Hull and White model admits infinitely many risk
neutral measures depending on a parameter. The risk
neutral measures have the same expression of the physi-
cal measure when we interpret » as the risk-free interest
rate and &’ [1/ 2 as anew drift that contains the risk pre-
mium parameter. This fact makes possible to deduce the
option pricing formulae in a risk neutral context.

The results announced are based on the relation of the
transition probability density function of the Hull and
White model with the “heat kernel” of the index Whit-
taker transform [15]. The heat kernel of the index Whit-
taker transform A (y,,»,), 7,»,y, €R", is defined as
follows:

h(,y,)

= % J. dowsinh (2nw) i
yl T 0 (12)

-F[%_C+ia)Jr[%_c_iwj%,iw (yl)VVb,i(u (yZ)
Cabe C’T9y17y2 € R+’

where C is the set of complex numbers, and i, sinh,
W,,, I' denote respectively the imaginary unit, the
hyperbolic sine, the Whittaker function of indices 7, y
(see [16] page 505) and the gamma function (see [16]
page 253). Let beC and Re(b) be the real part of b,
in [17] it has been shown that a sufficient condition to
guarantee the convergence for 7,y,,y, € R* of the inte-
gral contained in (12) is Re(b)#(2m+1)/2, m=0,1,---.

The kernel of the index Whittaker transform (12) gen-
eralizes the heat kernel of the Kontorovich-Lebedev
transform [18,19] that has been used in [2] to derive the
explicit formulae of the transition probability density
functions of the normal and lognormal SABR and mul-
tiscale SABR models.

Let LZ(R+,x’2dx) be the Hilbert space of the func-
tions defined on R" that are Lebesgue square integr-
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able in R with respect to the measure x °dx . In our
analysis of the Hull and White model we deduce the fol-
lowing formula (see Appendix A):

f(») :%waa)sinh(Zna))F(%—b—iwj

T 9%
1 . v
~F(5—b+la}jVVb’iw(y)J.x_zf(x)VVb,im(x)’ (13)
0
yeR ,beC, f e (R ,xdx).

Note that the integrals contained in formula (13) must
be interpreted in the sense of distributions. Formula (13)
is a straightforward consequence of the result presented
in [1] and generalizes the inversion formula for the Mac-
donald transform presented in [20] and used in [2]. In [1]
no restrictions on b are considered. Note that the condi-
tion Re(b)<1/2 is a sufficient condition to guarantee

the regularity of the functions F(%—b + ia)) ,

F(%—b—ia)j , weR", (see [17] for further details)

that appear in (13).

Finally using the option pricing formulae deduced a
calibration problem for the Hull and White model (1), (2)
is formulated as a nonlinear constrained least squares
problem and is solved numerically. The calibration prob-
lem considered uses as data a set of option prices. Given
the asset prices the calibrated model is used to forecast
option prices. Numerical experiments with real data are
presented. The real data studied are those belonging to a
time series of the USA S&P 500 index and of the prices
of its European call and put options. In particular forecast
option prices obtained using the calibrated model are
compared with the option prices actually observed in the
financial market. This comparison establishes the quality
of the model and of the calibration procedure.

The website: http://www.econ.univpm.it/recchioni/fi-
nance/wl7 contains some auxiliary material including
animations and interactive applications that helps the un-
derstanding of this paper. A more general reference to
the work of the authors and of their coauthors in mathe-
matical finance is the website: http:/www.econ.univpm.
it/recchioni/finance.

The remainder of the paper is organized as follows. In
Section 2 when pe(-1,1) we derive a formula for the
transition probability density function of x,,v,,teR".In
Section 3 we deduce a closed form expression for the
first two moments of S,, 7eR", and an integral repre-
sentation formula for the higher moments of S,, teR".
In Section 4 we derive a recursive formula for the mo-
ments of &, teR". This recursive formula is used to
obtain closed form expressions of the first three moments
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of &, teR". In Section 5 we derive formulae for the
option prices in the Hull and White model. The formulae
deduced in Sections 2-5 hold when pe(-1,1). In Sec-
tion 6 using the previous option pricing formulae we
formulate a calibration problem for the Hull and White
model. Moreover we present a forecasting procedure that,
given the asset price at the time of the forecast, forecasts
option prices using the calibrated model. The calibration
problem and the forecasting procedure are tested in nu-
merical experiments with real data. The real data studied
are those belonging to a time series of the USA S&P 500
index and of its European option prices. Finally Section 7
is made of two Appendices that contain some auxiliary
formulae used in the paper.

2. The Transition Probability Density
Function

Let us consider the Hull and White models (8)-(11). We
denote with p,, (x,v,1,x",v,1"), (x,v), (x,v)ell x[1 71,
t'>0, t>t', the transition probability density function
of the stochastic processes x,v,, teR", implicitly
defined by (8)-(11). The function p,, (x,v,t,x",v',t") is
the probability density function of having x, =x,

backward Kolmogorov equation associated to (8), (9) is
invariant by time translation and that this implies that p is
a function of s=¢-¢'€0" instead of being a function
of tand ¢ separately when ¢£,¢'>0, ¢>t. We denote
with (x',v',s) = Dy (x, v,t, X', v’,t’), (x',v') eRxR",
s=t—t'eR", the function p,, considered as a func-
tion of the variables (x',v',s). The function ﬁMN(x', v',s),
(x',v)eRxR", seR", satisfies the backward Kolmo-
gorov equation associated to (8), (9):

P :ﬁazﬁMN +5_2v'z az]~7MN &2y azf)MN
Os 2 x” 2 o'’ ox'ov'
12 ~ 2 ~
_v_apMN +g_ﬂvrapMN (14)

2 o' 2 o’
(x',v')e RxR",seR",
and the initial condition:
Duw (x',v’,O):5(x'—x)5(v'—v),(x',v'), 15)
(x,v) eRxR",

where & denotes the Dirac’s delta. Recall that & is
defined as follows:

v,=v given the fact that x,=x", v,=v", when 7 :ﬂz—l. (16)
(x,v), (¥,v)eRxR*, £,#/>0, and ¢>7. When €
t'=0 we must choose x'=3%,=0, v'=7,. Note that the We show that:
1 ot —ik(x'-x ' + ' ’
P (x,v,t,x',v’,t') :2— f de 0 “)g(t—t',k,v,v ),(x,v),(x',v') eRxR",1,t'>0,t <¢, 17)
n —0

where g is given by:

+o0 se2a®

0

seR" keR,v,veR".

The functions v(k) and a(k), k€R, in (18) are given by:

2 .
v(k)zk—z(l—pz)—%,keﬂ@,
& &
o (19)
a(k)ZIEEVVQ—(k)’kER'

s

g(s,k,v,v') =%e

seR" keR,v,v eR",

vl

where K,,(z),zeC,weR", is the modified Bessel
function of the second kind with purely imaginary index

Copyright © 2013 SciRes.

52 (#20n s ! Py 2 —.vszwfz
e (7-27)% (\/V_]e 2" _[ dwe  ? wsinh(nw)K,, (vl/z(k)v)Kiw (vl/2 (k)v'),
0

xfdwcosinh(21tw)e 2 F(%—a(k)+iwjl"(%—a(k)—ia)jWa(k)m (2\/1/1/2 (}’c))VVa(,{),iw(21/'1/1/2 (k)), (18)

Formulae (16), (18) and (19) hold when p e (—1,1) .

Note that when pe(-1,1) and p#0 formula (18)
contains the heat kernel of the index Whittaker transform
(12) and that when p =0 formula (18) can be rewritten
as follows:

(20

(see [16] page 375). Moreover when p =0 substituting
(20) in (17) we have:
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18 L.FATONE ET AL.

1 e

P x,v,t, x,v,t

MN( ) \/77! V2se?

X J. dusinh(u)sin(u—
0

S&

(x,v),(x',v') eRxR", 1, eR*,0<¢ <1,

where:
1

1 1 1/2
(){*x’)z +— (v 2 v a2n cosh(u ))}

uz _4
nzjez“‘zqo (x—x',u,v,v')e 2[ ¢ , 21

1/2

q() (U,U,V,V') =

neRu,v,v' eR".

Formulae (17), (18) and (21), (22) are the main results
of this section.

Let us derive formula (18). Substituting (17) in (14),
(15) it is easy to see that if the function g satisfies the
initial value problem:

og V7. K, & ,0g
= =—1ikg——V 'g+—V"—=
as 2 TV eI G
og & . ,0g
ikpev* ==+ - ' ==, 23
e whe (23)

seR", keR,v,v eR",
g(O,k,v’,v) = §(v'—v),v',v eR"keR, (24)

Equations (14) and (15) hold. Note that the initial value
problem (23), (24) depends on the parameter kR and
recall that £ is the conjugate variable in the Fourier
transform of the variable (x - x') eR.

Let us seek the solution of problem (23), (24) in the
following form:

g(s,k,v’,v)
2 (v—v) £ e Jg—Y
=\/\7ek£( ez j dowe ™™ /ZL(a) kv, v), (25)

seR*" keR,v,v eR",

where L is a function that must be determined and (the
constant) d, will be chosen later. Substituting (25) in
(23) it is easy to see that (23) holds if L as a function of
V' satisfies the following equation:
L, O°L oL
o'’ ov'

+(—v(k)v'2 +ikal

weR"  keR" vV eR",

v +V(a+1)—

V4o +d, +§jL =0, (26)

where 2 and v(k),keR, are given by (16), (19) re-
spectively. To solve (26) let us make the following
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+

>

372
[77 +— ! (v +v" 42w cosh (u ))} [772 +§(V2 v+ 2vv’cosh(u))} (22)

change of dependent variable:
Y ) iw—j1
L(a),k,v',v):e ) (v') A2 Q(a),k,v’,\/),
weR" keR,v,Vv eR".

@n

Moreover in (26) let us consider the new dependent
variable Q as a function of the new independent variable
z=2v"*(k)v' € C . Note that the variable z is considered
as a complex variable. Let Q" (z)=0(w,k,v',v) be the
function Q as a function of z € C. Choosing
d, = i’ / 4- /2 from (26), (27) it follows that O°
satisfies the equation:

62Q* ) 6Q*
z e +((21a)+1)—2) .

1 k (28)
.~ P *
_[la)+5—lﬂ 2T(]€)JQ :O,ZG(C.

Equation (28) is known as Kummer’s equation (see
[16] page 504). The solution of (28) that decays expo-
nentially when Re(z)— +oo is (see [21] page 797):

o (z) = Q(a),k,v',v)

_ evl/z(k)vr (v,)f(iwﬂ/z) W

a(k)‘iw(2vl/2(k) )C(a)k v), (29)

zeC,z#0,

where C(w,k,v) is a constant with respect to zeC

that must be determined in order to satisfy the initial

condition (24) and a(k),k € R , is defined in (19).
Substituting (29) and (27) in (25) we obtain:

g (s, k')
_ L ke 28) 8 o2 -aan(v 2 (202 k))f(iaHI/Z)

2
T

dewa)e"g s /zWa(k)W<2vl/2(k) )C(w,k,v),
0

sel ke, vy el™.
(30)
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To impose the initial condition (24) we use formula
(24)) (see Appendix A) from which we obtain the fol-
lowing expression for C(w,k,v):

C (a), k, v)

_ %(2\/1/2(1())“”’1/2izei”"(”) sinh(Zna))F(%— a(k) +ia)j

(L v

x FG— a(k)- iwj W,y (2072 (K)).

wel  kel,vel™.
€2y
Substituting (31) in (30) we obtain formula (18).

When p=0 formula (20) can be deduced from for-
mula (18). In fact when p=0 we have a(k)=0,
k €l] , and the following relations hold (see F. Oberhet-
tinger [22] page 287 and [16] page 256, formula 6.1.30):

L2 - .
m),ia)(z):TKiw E ,ZED,C()ED . (32)

r[Liio|r(loin]e— T wens.  33)
2 2 cosh(na))

Finally formulae (21), (22) that hold when p=0 are
obtained rewriting the expression (20) of g when p=0
using (32), (33), the formula for the Laplace transform of
the function \/;e’“/w) , yel™, ael (see [23],
page 146 formula (26)), that follows:

.([ dye—zy\/;e—a/(w) :%(2—3/2 +al/22_1)e_al/221/2’ o
Re(z) ell +,Re(a) >0,

and the representation formulae:

C()K o :a+wdusin . Sinh u e—acosh(u)’
oAl (36)

aell,Re(a),well”,

Formulae (35) and (36) can be deduced from formula
(46) page 35 of [23], formula (9) page 176 of [24], and
formula (1.1) of [20] (see [2] for further details).

Note that the technique used here to obtain formulae
(17), (18) and (21), (22) is similar to the one used in [2]
to deduce the formula for the transition probability den-
sity function of the lognormal SABR model.

3. Moments of the Asset Price

Let n=0,1,---, and M, be the n-th moment with
respect to zero of the variable S,,zel", implicitly

Copyright © 2013 SciRes.

defined by (1)-(5), that is:

M, (t,1,8" V)

=(s") ") J' dxe™ I dvpy (x,v,0,x' V1), (37)
—0 0

t,t'>0,t—t' el ,n=0,1,--,

where p,,, is given by (17) and we have
X' =In(S,e™/[S,) and S, =5,0<¢ <t.
Let us rewrite formula (17) as follows:

pMN (.X, V,l, x,s V’, t’)
me L f e g (), 69

(x,v),(x',v’)eD x0*,t,t'>0,t>t',n=0,1,---,

where the functions g,,n=0,1---, will be determined
later in this section. Using (38) Equation (37) becomes:

M, (t,t,8" V)

— (Sr)n enr(t—t’)ifc dxenxT dvefnxt'o'o dkeik(xfx')gn (l _ Z", k,V, V')
—o0 0 —00

=(8")" ") [ dks (k) [ dvg, (=1 k,v,v)
—0 0

=(8")" " (t=1'V) 8 20,61 €0, n=0,1,--,
(39

where In(s,v'):.[ dvg”(s,O,v,v'), s=t—t'el ™, Vel
0

n=0,1---. That is for n=0,1,--- the knowledge of the
n-th moment M, of the state variable S,,£>0, is re-
duced to the knowledge of /,. To determine I/, we
derive an initial value problem for a partial differential
equation satisfied by g,, n=0,1,---. Note that when
n=0 the function g, is the function g given by (18)
and that the partial differential equation satisfied by g,
that we are looking for is Equation (23).

Substituting (38) in (14), (15) it is easy to see that the
functions g,, n=0,1,---, satisfy the following partial
differential equations:

og,  V*. 1/, 2\
=1 = jk(1-2 ——(k"+n- !
. 5 ( n)gn 2( n—n )v g,
2 2 2
& !26 g . 2 ag & . !ag
+—Vv" —=r—(ik—n)psv” =2 +— ' =%, (40
2 o'’ ( )p o' 2 H ov' (40)
sel Y keOyv el ,n=01,--,
with initial conditions:
0,k vV, v)=5(Vv —-v),
£, (0kv)=0(v ) )

kel ,v,vell",n=0,1,---.

Proceedings as done in Section 2 when n = 0 to solve
problem (23), (24) it is easy to see that the solution of
(40), (41) that guarantees that p,, is a probability den-
sity function is:
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A n(v'/v
()= L T U e
e v 21/’11/2 (k) i

Sé'z (Uz

x f dowsinh(2nw)e 2
0

sel kel V,vel*,n=0,1,---,

where the functions v, (k) and a,(k), kel , are de-
fined as follows:

2 2(1- p2
_1_12(1‘2”(1‘P2))’ (43)
kel,n=0,1,---,
an(k)_pﬂ(ik_n),kED,n:O’l’... (44)

26V (k)

n

For n=0,1,--- when k=0 the function g, (i.e. the
function g, (s,O,v, v’)) satisfies problem (40), (41) with
k = 0. Integrating with respect to v when vel* Equa-
tions (40), (41) when k£ = 0, we obtain a set of initial
value problems satisfied by the functions /,, n=0,1,---.
That is we obtain the following partial differential equa-
tions:

2
N 1 o i S CTION |
A U (e

x jda)a)sinh(Zna))e 2
0
s,vVel ,n=2,3,--

Substituting formula (48) in equation (39) we obtain
the integral representation formula for the moments M,
n=2,3,---, announced in the Introduction.

For n>2 in order to guarantee that the function g,
does not diverge when v goes to plus infinity and that
a,(0) is well defined we must require that the real part
of v,(0) is positive (i.e. Re(v,(0))>0). This implies
that the following condition holds:

n’p’+n—n’>0. (49)

Condition (49) can be rewritten as a condition for p
given n, thatis:

n—1 n-—1
—1<p<—f—, /—<p<1.
n n

For n>2 condition (50) guarantees the convergence
on the n-th moment M, of S,, tell”. The same con-
dition for the convergence of the n-th moment of §,,

(50)
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1 . 1 . / "l
F(E—a” (0)+ 1(0)1"(5—01” (0) —le W, w10 (20 (0, 0,50 (29V)(0)),
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r(%—an(k)+m}r(%—an(k)—iwjmn(k)m(zwyz(k))n/an(k)m(myz(k)), @)
ZIS” = %(n—nz)v'zln +g—22v'2 Zj}{;
+npev’ — +V’g—;ﬂ%, (45)
sy el*,n=0,1---,
with initial condition:
1,(0,/)=1v' €l *,n=0,1,--- 46)

It is easy to see that when n=0,1 the solution of
problem (45), (46) is I,(s,v')=1,s,v"e0". From (39)
it follows that:

M, (,6,8' V) =1,M,(1,1',8',v) = 5",

tt>0,t—t'el”,S' Vel

(47)

When n>1 problem (45), (46) can be solved using
(42) and we have:

(43)

t 1", in the case of negative correlation (i.e. the condi-
. n—1 . . .
tion —1< p<—,[——) has been derived in a different
n

way in the study of the lognormal SABR model (i.e. the
model obtained choosing »=0, x=&” in (6), (7)) in
[25] Theorem 2.3. Note that condition (49) for the con-
vergence of the n-th moment n>2 can be rewritten as
a condition for n given p , in this case we have:

1

e (51)
From the formula M, (t’,t,S’,v’):S’e"(’f"), £,t20,

t—t'ell™, S'v'ell™, and from Equations (6) and (7) it

follows that a risk neutral measure of the Hull and White

model has the same expression of the physical measure

when 7 is substituted with the risk free interest rate 7°

and &°j1/2 isreplaced with &4’ /2 where

uo=j- 21/ &* where A is the risk premium parameter

0<n<

1JMNTA



L.FATONE ET AL. 21

(see [14] Theorem 4.1 and [26], pp. 17-18). That is there
are infinitely many risk neutral measures in the Hull and
White model depending from the value of the risk pre-
mium parameter.

This last observation allows us to interpret the formu-
lae derived in Section 5 to price European call and put
options under the physical measure as formulae to price
these options under a risk neutral measure. Note that
calibrating the Hull and White model (1), (2) using asset
prices as data we can estimate the parameters of the phy-
sical measure r,¢&, u, p,l70 and consequently the pa-
rameters &=¢&/2, = ( y7, / g ) —1 and that calibrating
the Hull and White model (1), (2) using option prices as
data we can estimate the risk neutral parameters r",
E,u',p,V,. Recall that ¥, cannot be observed in the
financial markets and that can be considered as a pa-
rameter that must be determined in the calibration pro-
cedure. The values of the parameters &,4 and g
obtained in this way determine the value of the risk pre-
mium parameter A .

4. Moments of the Logarithm of the Asset
Price

. tell”, satisfy
Equations (8)-(11) and as a consequence the processes
&=In(S,), v,, tell”, satisfy the equations:

The processes x, =1n(Ste”" / 5’0), v

df,z(r—%}dt+v,dW,,teD+, (52)
&2
dv, zz,ﬂv,dthevtdZ,,teD ’, (53)
the initial conditions:
& =¢,=InS, (54)
vy =¥ =V (55)

and the assumption (3) on the correlation of the stochas-
tic differentials dW,,dZ,,tell ™.

For n=0,1,--- let L, , be the n-th moment with
respect to zero of &, tell”, we have:

+o0

L, (& V1) = [ dge" [ dvp, (& v.t.80.0),

—o0 0

(56)
el el ' 20,t—t'>0,n=0,1,---,

where p, is the transition probability density function
associated to the stochastic processes &,,v,,rell”, im-
plicitly defined by (52)-(55). The function p, can be
written as follows:

p.(xv,t, X' V1) = i I de H g, (t—1'k,v,v"), 57)

(x,v),(x',v') el x0",0t'>0,t'<t¢,
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and the function g, can be determined proceeding as
done in Section 2. Note that p, depends on s=¢—¢'
and not on ¢ and ¢ separately, ¢>¢>0, so that we
can rewrite the moments of &,z €[] ”, defined in (56) as
follows:

L;: (S9 f’avl) = Ln (ta é,a V,a t,)

:’z’(’%j(g')"-fi~foj(s,v'), (58)

j=0\.J
s=t—-t'el*, el Vel ,n=0,1,-,

where
+00 J
D' 9’: d i O% Jkii, 2
)= Jar e o)
s,v' e, j=0,1,--

Proceeding as done in [12,13] in the study of the nor-
mal and lognormal SABR models and in Section 3 to
deduce the initial value problems (40), (41) and (45), (46)
satisfied by the functions g,,/,,n=0,1,---, it is possible
to write an initial value problem satisfied by the function
g, and to deduce from it initial value problems satisfied
by the functions D, j=0,l,--- That is it can be shown
that D, (s,v'), s,v'ell”, satisfies the following prob-
lem:

2 2 2
Dy _& 20 D;’ e vent o (60)
os 2 o' 2 ov'
with the initial condition:

DO(O,v'):l,v'eD+, (61)

and that the functions D, (s,v'),s,v'€l”,j=12,,
satisfy the problems:
2 .
6Dj.:g_2 L0 D, g oD,

= E a1y (vY D,
Os 2 Y o'’ " 2 a o' Z(J )(V) =2

— jipev?

!

D, i, ..
. +]Ev Dj_l—ljl”Dj_l, (62)

sV el j=1,2,--,
with the initial conditions:
DJ.(O,v')zO,v'eD+,j=1,2,-~. (63)

Note that in (62) when j=1 we set
D, (s,v') =0,5,v'ell ™.

It is easy to see that the solution of problem (60), (61)
is Dy(s,v')=1s,v'ell . In order to solve the initial
value problems (62), (63) let us consider the following
change of (independent) variable v=In(v'), v'ell ",
and let D, be the function D, expressed in the new
variable v, that is let D, (s,v) =D, (S,CV) , sel™,
vell, j=12,--.Thesolutions D,, j=12,--- ofthe
problems (62), (63) expressed in the variables sell ",
vell are given by:

1JMNTA



22 L.FATONE ET AL.

Ej (s,v):emjdrj dﬁ‘P(s—z’,v—ﬁ)

0 -0

><{—§(j'—l)t:3v~/2[_)j._2 (z,7)-j(ipe)e™ %Bj—l (r,ﬁ)+éie3v~/25j_l (z’,ﬁ)—ijre&/zl_)j_1 (T,ﬁ)}, (64)

sel,vel,j=12,,

where

Lo
\2mnels (65)

sel*,vel.

Y(s,v)=

The integral in the v wvariable in (64) is an elemen-
tary integral that can be computed using the following

1 V' ’ 2 .
iDl (S,V') = —E(EJ eL‘ s(1+2)

2 ) _—es(1e )
J efzsw)[l ‘;_+ﬁ J+2p(

o | <

D, (s.v') = (rs—l)(

1-e

formula:

[ dvw (s, —v)e” = o4 traa i) o e”,
2, (66)

selfvel.

Formulae (64)-(66) together with some elementary
computations give:

—szs(1+ﬁ)

— J+rs, s,V eld”, (67)
1+ i

)3 (e3/2)e% 1- ef(zm/z)g% 1- e,glx(3+3,;/2)
e —_—
2+ 12 3+31/2

(1 B e—(6+2[4)£25

(68)

2 2
—r°st,s,v el .

_l(v_’j“ e(6+2ﬁ)525' 1- e—(sﬂg)gzx .
e (5+2)(1+2)

Let us choose ¢'=0, we have &'= efo,v’ =7, in (58),
(67) and (68). It follows that s=¢ and that the first
three moments of ¢&,,t e[l ™, are given by:

L;(t,éo,ﬁo)zDo(t,ﬁo)zl,

i (69)
tel”, el v, el
LT (tago:‘jo) :§0D0~(t"70)+iD1(t’ ‘70)’ (70)
tell™, & el,v,el”,
L (l,ézo,ﬁo)= é;ozDo (t,ﬁ0)+2§iDl(t,\70)—D2 (t"~’0)=(71)

te0*E el, v el”.

Proceeding as done to deduce (67)-(71) the expres-
sions of the functions D, s,v') , sel™, vel", and
of the moments L (t,fo,ﬁé , teR", ggo eR, 7,eR",
for n>2 can be obtained. These expressions become
more and more involved when n increases. Note that
formulae (70) and (71) are closed form formulae con-
taining only elementary functions of quantities that can
be observed in the financial markets. These formulae can
be used to formulate calibration problems for the Hull
and White model. Thank to the closed form character of
these formulae it is possible to develop very efficient nu-
merical algorithms to solve these calibration problems. In
[12, 13] this idea has been exploited to calibrate the nor-
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(6+2a)(1+ 1)

mal and the lognormal SABR models.

5. Option Pricing Formulae

Let us derive in the Hull and White model the formulae
of the prices at time #=0 of European call and put op-
tions having maturity 7 >0 and strike price £>0.
These formulae express the option prices as three dimen-
sional integrals of explicitly known integrands.

To this aim we rewrite the transition probability den-
sity function (17) as follows:

pMN (x’ v, t’ x,n V” t,)

(x,v),(x',v')e RxR*,¢,t>0,¢ <t,

where ¢ is a constant and g. is a function to be deter-
mined. Let us derive the expression of the function g.
Substituting (72) in (14), (15) it is easy to see that if g,
satisfies the following partial differential equation:

og. . V2 1/, 2\ 2

—=¢=ik(1-2¢)—g ——(k"+c—c" " g,

o0~ H(1-20) e~ )¥s.

2

2 2
+E,n os. —(ik—c) pev” %+v’[ﬁ—g—j %. (73)

2 a? V' 2 2 )0’
seR" keR,v,v eR",
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with the initial condition:

g (0,kV,v)=6(V'-v),keRV,veR", (74)

2 2 ~
- . ko '
, 7% 7(;1272/1)% —i=p(v'-v) —gln(v/v)
g (s, kv )=—e Se e ¢ e

T

2 2

2

0

seR" keR,v,veR",

where the functions v, (k),a, (k),k €[] , are given by:
k’ c* (1—p2 c
Vc(k)z—z(l—P2)——z)+—z
£ & £ (76)

ik 2
M (1-2¢(1-p?)).k eR
S(1-2¢(1-p)) k<R,
pii(ik—c)
k)="———2 keR. 77
ac() 26‘1/;/2(/()’ € 77

Note that in order to guarantee that for kR the
function g, does not diverge when v goes to plus infin-
ity and that the function a, (k), keR, is well defined
we must require that for k€ R the real part of v, (k)
is positive. An easy computation shows that the condition
Re(vc(k))>0,keD , implies that ¢ must satisfy the
following inequalities:

P (X0, 8,50, 1) = gl ) ﬁ J; dve g, (11 k,v,v),

the Equations (14) and (15) hold. Recall that
s=t—t'"el". Proceeding as done in Section 2 we
deduce the following formula:

x .f da)a)sinh(2na))e; 2 F(l—ac (k)-i—ia)jl“(%—ac(k)—ia)jWal(k),iw(2vvcl/2 (k))VVab(k)’iw(Zv'vi/z (k)), (75)

0£c<1 ! —, when p e (-1,0)U(0,1), (78)
-p

or

0<c<1, when p=0. (79)
Let us choose c as follows:

2 2
1
c=cy=1+}/ P = P

-7) 17 "= o
7 €[0,1), pe(-11).

Note that the choice of ¢ made in (80) when y [0,1)
satisfies conditions (78) and (79), that is (80) is a satis-
factory choice of ¢ for pe(-1,1). We rewrite the tran-
sition probability density function p,,, as follows:

81

(x,v),(x',v') eRxR",,t>0,'<t,y e [0,1),

where the function g, that appears in (81) is given by:

Ao
2 -ZIn(v/v)
. _\ &7 koo
g, (s.k,v v’)—eTe’(”z’“)% e ?
c, sV Vs -

se2w?

27 (k)"

r

x [ dowsinh (2nw)e > FG—% (k)+ia)jl"(%—acy (k)—ia)jWafy(k)‘iw(2vvj£2(k))Wa (k)m(zv'vjf(k)), (82)
0

s ER+,keR,v',veR+,}/e[0,1),

and the functions v, (k),a, (k),keR,y€[0,1), are
given by:

v, (k):/;_z(l_pz)Jr(l—}/z)pZ [1_(1_”/)2}

&

+i—]§(1—2p2(1—)/)), (83)

keR,pe(—l,l),ye[O,l),

Copyright © 2013 SciRes.

pit(ik(1-p*)=(1-7)p")
2(1—[02)81/;:2(1()

0, p=0

keR,ye[O,l).

a. (k)= ,pe(-1,0)U(0,1)

(84)

The price C(SN'O,\?O,T,E) at time =0 of a Euro-
pean call option having maturity 7 >0 and strike price
E >0 is the expected value of the discounted payoff

1JMNTA



24 L.FATONE ET AL.

with respect a risk neutral measure. As shown in Section
3 the risk neutral measures of the Hull and White model
are obtained replacing in the physical measure the pa-

+o0

-0

rameter 7 with the risk free interest rate »* and the pa-
rameter j with u" = ,[1—2/1/ & where A is the risk
premium parameter. That is we have:

(8.7 T.E) =" [ dx [ dv(Soe’*T** —E)+ Pae (X.0.7,0,7,,0).5,.7,.T.E < R, (85)
0

where S, is the asset price at time ¢ = 0 and (), =
max (-,0) is the maximum between - and zero and p is a
risk neutral transition probability density function. That
is in (85) the function p is given by (81) with the pa-

+o0

rameters » and x4 instead of r and i respectively.

Note that the initial stochastic volatility V, is not observ-

able and must be determined in the calibration process.
Using formulae (81) and (85) we have:

C (87T E) =" i av] dkg, (T.k. V")W drere 1) (8o —E)]
0

—0 —0

—A(ln(E/S'O)—r*T) 1 o0

=y ) — [k
ns,
1-p°
. ik(ln(E/S‘o)—r*T) o
L [ dk -
2m 2, (1—(1—)/),0 )_

1-p°

ik(1n( /S0 )-rT) 100 _

i (in(E/S0)-r"7)
| dvg,, (T,k,v,5,)—e" " Ee (-+?) (86)

0

jdvgcy (T,k,v,ﬁo), So,ﬁo,T,EeR+,7e[O,l).
)

In (86) the integral in the variable x can be computed explicitly, in this way formula (86) can be reduced to the

following formula:

) 7%;)(145/50)47)

C (S, %, E) = Sye

eik(ln(E/S'ﬂ )4*7')

[ik_(lipf;)]ﬂik_l_(lip;)] (87

X J. dvgcy (T,k,v,ﬁo), So,ﬁo,T,EeR+,7e [0,1),
0

where g., is given by (82), and in (82) »" and 4
replace r and jt respectively. Note that on the right
hand side of (86), (87), we have y €[0,1), however the
prices on the left hand side of (86), (87) do not depend on
76[0,1). In the numerical experiments presented in
Section 6 we choose y =1/2.

The price at time ¢t=0 of a European put option
P(SO,GO,T E ) having maturity 7 >0 and strike price
E >0 can be obtained using the put call parity relation.
That is using the relation:

e_r*Tde(goe.w*T _E)Jrjio dvp(x,v, T,0, \70,0)

—0 0
=C(8y,%,T,E) = P(S,,%,,T.E), (88)
S, %,.T,EcR",

where in the transition probability density p the parame-
ters ", u* replace r, i respectively. Formula (88)
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follows immediately from the fact that the option prices
are the expected value of the discounted payoffs with
respect to a risk neutral measure. From (88) and the for-
mulae for the first two moments of S,, reR", con-
tained in (47) we have:

S,,c( 0,90,T,E)—P(SO,90,T,E)=S0—Ee'”, (59)
S,,%,.T,EcR".

6. Calibration Problem and Numerical
Experiments

Let us consider option prices under a risk neutral meas-
ure. That is let us substitute the models (52)-(55) with the
model:

2
dé :[r* —%]dtw,dW,Q, teR", (90)
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2

dv, :%[l*vtdﬁgv,dZ,Q, teR*, 1)

together with the initial conditions:
$o = 50 =In 503 92)
Vo = Vs 93)

where W?,Z°,teR", are standard Wiener processes
such that W2 =22 =0, and dw°,dZ%,teR", are
their stochastic differentials. The correlation structure of
the model is assumed to be:

E(dW2dz?)= pdtte R, (94)

where pe(-11).

The models (90)-(93), (92) is parameterized by five
real parameters, that is: ", &, 1",V,,p.

Let R’ be the five-dimensional real Euclidean space,
let us introduce the vector ® e R’ given by
0= (r*,g,,[z*,ﬁo,p) eR’ andthe set M*c R’ defined
as follows:

M* :{@:(V*,S,ﬂ*,ﬁo,p)€R7,
95)
20,6 0,7, >o,—1<p<1}.

The inequalities that define M™ are dictated by the
“meaning” of the parameters r*,&,7,, 0 in the model
equations. In the calibration problem that we study the
vector @ eR” is the unknown that must be determined
from the data and M’ is the set of the “feasible”
choices of ©. We use as data of the calibration problem
a set of option prices observed at a given time and we
formulate the calibration problem as a nonlinear con-
strained least squares problem. This means that solving
the calibration problem consists in fitting in the least
squares sense, under the constraints defined in (95), the
observed option prices (i.e. the data) with the option
prices obtained evaluating the formulae deduced in Sec-
tion 5 adapted to the circumstances.

Let n,,n. be positive integers, 7 >0 be the obser-
vation time and S; be the asset price observed at time

t=7.Let C'(8,,T.1Ec;), i=12nc,

P5<§;,TP,I.,EP,I.), i=1,2,---,n,, be respectively the ob-
served prices at time #=7 of the European call options
having maturity time 7, and strike price E,,

i=12,---,n., and of the European put options having
maturity time 7,; and strike price Ep;y i=1,2,-,n,.
Note that the values T.,, E.,, i=1,2,---,n,,and T,
E,;, i=1,2,---,n,, are not necessarily distinct. For
example prices of options having the same maturity time
and several strike prices can be considered as data, in this
case in the previous sets of values some of the maturity
times are repeated. Of course we assume 7<T,,
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i=12,,nc,and 1<T,,, i=12,-,n,.
Let ®eM" and let CZ%,(SZ,TC‘I.,ECJ),

i=12n0, Pad(80.T,0Ep;), i=1,2,.m,, be the
prices as a function of ®eM" at time t=f of the
European call and put options obtained evaluating, re-
spectively, formulae (87) and (88). Some obvious trans-
formations of the data and of the formulae are necessary
to evaluate the option prices using formulae (87) and (88).
In fact, for example, in (87) and (88) we have chosen
=0 instead of leaving 7 as a generic time value as
done in this Section where we study real data.

The numerical quadratures necessary to evaluate (87)
and (88) are done using the composite midpoint quadra-
ture rule with 200 nodes in the & coordinate and 10 nodes
in the vand @ coordinates. This choice guarantees ap-
proximately three significant digits to be correct in the
option prices computed in the numerical experiments
presented here. With these choices of the discretization
parameters one evaluation of formula (87) requires ap-
proximately 40 seconds on the Intel CORE Duo CPU
T6400 2 GHz processor. However it must be pointed out
that the evaluation of several options (i.e. for example of
a few dozens of options) that differ only for the value of
the strike price requires approximately the same time
than the evaluation of a single option when the computa-
tion is implemented exploiting the properties of the op-
tion pricing formulae. The calibration problem consid-
ered is formulated as follows:

min L; (@), (96)

QeM*

where the objective function L; (®) is given by:

1 & CZV% (Sf’TC,i’EC,i)_ c (Sf’TC,i’EC,i) 2

L; (@): Cf(S,-,Tc,pEc,i)

nc i=1

1 & Plii%(gfaTP,isE i)_Pt_(S‘Nf’TP‘i’EP‘i)_Z
+— ~ b
np =i P ( t"TC.i’EC.i)

N

i

£20,0e M.
97

The nonlinear constrained least squares problem (96)
is only one possible formulation of the calibration prob-
lem studied between many other possible formulations.

In the numerical experiment that follows we solve
problem (96) with a local minimization method. We
choose the initial guess of the minimization procedure
used to solve problem (96) exploring the feasible region
M. This is done taking a set of random points belong-
ing to M" and evaluating the objective function L;
on this set of points. The initial guess of the minimization
method is chosen among these random points using a
heuristic rule. The minimization method used is a variable
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metric steepest descent method (see [27]). This method is
an iterative procedure that, given an initial vector
@’c M, generates a sequence {@m}, m=0,1,---, of
vectors such that {@”’ eM' ., m=0,1,--, and
Lt-(@”’)ZLf(@m']) , m=1,2,--. For m=1,2,--- the
vector @, is obtained from the vector ©®,_, making a
step of appropriate length in the direction of minus the
gradient with respect to ® of L, computed in a suit-
able metric that depends on the constraints defined in
M. The procedure stops when the following criterion is
satisfied:

L;(@")<e,.ork>n (98)

‘max ?

where e, n,, are given positive constants. Details
about the variable metric steepest descent method used to
solve the calibration problem can be found in [28].

In the numerical experiment presented here we con-
sider the closing value of the day of the USA S&P 500
index and the closing prices of the day of the European
call and put options on the USA S&P 500 index with
expiry date March 16th, 2013 and strike prices
K., =K, =K, =1075+25%(i-1), i=1,2,--,4,
K.s=K,5=K;=1170. These prices are observed in
the time period that goes from April 2nd, 2012, to July
25th, 2012. Note that the observations are daily observa-
tions. Recall that in the study of financial data time series
a year is made of about 252 trading days and a month is
made of about 21 trading days. Figure 1 shows the value
of the USA S&P 500 index as a function of time during
the period of interest. Figures 2 and 3 show respectively
the prices of the European call and put options on the
index with maturity time March 16th, 2013 and strike
price K,, i=1,2,---,5, specified previously as a func-
tion of time during the same time period.

Let 7 =April2nd,2012, 7, =7, +one trading day ,
j=12,---,29, we have that 7,, =May15th,2012. We
calibrate the Hull and White models (90)-(93) every
(trading) day during the period that goes from
t=1, = April 2nd,2012 to ¢=17,, =May15th,2012 us-
ing the prices of the European call and put options shown
in Figures 2 and 3 when ¢=17,,/j=1,2,---,30 . That is
we consider a rolling window made of the data of a day

that covers the period April 2nd, 2012, May 15th, 2012
(thirty trading days) and we solve the corresponding
thirty calibration problems (96) with 7 :f i J=1,2,-30,
n.=5, np=5. The calibration procedure stops accord-
ing to criterion (98) where we have chosen e, =107,
B =1000.

Figure 4 shows the risk neutral parameters obtained
using the calibration procedure. We can see that the pa-
rameter values as functions of time do not change sig-
nificantly. That is the values of the parameters of the
models (90)-(93) obtained solving the calibration prob-
lem are somehow “stable” during the observation period.
The values of the parameters shown in Figure 4 are used
to forecast the option prices one day ahead. That is we
use the parameter values obtained calibrating the model
with the data of t:f ; to compute the option prices at
t=1t,,, obtained using S;=S, , j=1,2,--,29. The

j+l i

forecasts of the option prices are obtained evaluating the
European call option with formula (87) and the European
put option with the put call parity relation (89) given the
call price. Of course the formulae (87) and (89) must be
adapted, with some obvious changes, to take care of the
circumstances of the data time series. Figure 5 shows the
observed and forecast values of the European call and put
option prices. The average relative errors on the forecast
values of the European call and put option prices when
compared with the corresponding prices observed in the
financial market are respectively 8% and 5% Note that if
we remove from the constraint contained in the definition
of M"* the request that r* must be non negative the
solution of the calibration procedure shows a negative
risk free interest rate of about minus 2% (see Figure 6)
with an average of the relative errors between forecast
and observed call and put prices respectively of ap-
proximately 2% and 3% (see Figure 7 and http://www.
econ.univpm.it/recchion/finance/w17). That is if we al-
low negative risk free interest rates we improve the fore-
cast of the prices of the European call and put options.
This unexpected finding may be a consequence of the
anomalous market conditions registered in the spring
2012.

Finally we observe that the initial stochastic volatility
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Figure 1. The USA S&P 500 index versus time.
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Figure 2. Prices of the call options on the USA S&P 500 index with strike prices

1170, and expiry date 7= March 16th, 2013 versus time.
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Figure 3. Prices of the put options on the USA S&P 500 index with strike prices K, =1075+25(i-1),i=1,2,--,4 and K5=

1170, and expiry date T = March 16th, 2013 versus time.
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Figure 4. Parameter values estimated in the period April 2nd, 2012, May 15th, 2012 versus time to maturity expressed in days.
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and the unit of * is years_l. The parameters p and u° are dimensionless.
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Figure 5. Observed and one day ahead forecast call and put option prices (in USD) for five different strike prices: ((a) K¢, =
Kp,l = Kl = 1075, (b) KC,Z = Kp,z = K2 = 1100, (C) KC,3 = Kp’3 = K3 = 1125, (d) KC,4 = KP,4 = K4 = 1150, (e) KC,S = Kp’s = K5 = 1170)
versus time to maturity expressed in days.
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Figure 6. Estimated risk free interest rate (in the period April 2nd, 2012, May 15th, 2012) versus time to maturity expressed
in days obtained calibrating the model without the non-negativity constraint on the risk free interest rate.
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Figure 7. Observed and one day ahead forecast call and put option prices (in USD) for five different strike prices: ((a) Kp; =
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Figure 8. USA S&P 500 VIX index versus time.
does not show significant changes during the period REFERENCES

April 2nd, 2012, May 15th, 2012. This is a plausible re-
sult when compared to the behaviour of the USA S&P
500 VIX index (SOURCE MKT 500 Currency USD)
shown in Figure 8. In fact the USA S&P 500 VIX index
monitors the volatility of the USA S&P 500 index and
we can see in Figure 8 that in the period April 2nd, 2012,
May 15th, 2012 the USA S&P 500 VIX index remains
substantially unchanged.
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Appendices
Appendix A

In this Appendix we derive formula (31). To this aim we
first prove the following formula:

5(o—-a)

(Zna)')l"[l—b—ia)’jl“(l—b+ia)’j
2 2
bl(z)(ﬂx) biw (ﬂx) (99)

w,0' €R",beC,Re(b)#(2m+1)/2,
sz,l,---,ﬂe(C,Re(ﬂ)eR*,

T dx
ks

that generalizes the already known formula (see [1]
Section 1, formula (1.2)):

5(0' - o)

= %w’sinh(%tm')l"[l—b—ia)'jr(l—b +ia)’j
T 2 2
(100)

T dx
: I x_ZVVb,ia) (.X') VVb,ia}’ (x)f
0

w,0' €eR*,beC,Re(b)#(2m+1)/2,m=0,1,---

We interpret the integrals contained in formulae (99),
(100) in the sense of distributions. As mentioned in [17]
the constant b is restricted by the condition
Re(b)#(2m+1)/2, m=0,1,---, in order to avoid the

singularities of the functions F(% -b —iw'j and

F[%—b+ia)'j, ®' e€R" that occur when the argu-

ments of the Gamma functions are equal to zero or to a
negative integer (see [17] for further details).

We prove (99) arguing as done in [1]. Let us recall
that the functions W,,,(Bx),W,., (Bx), w0 ,xeR",
satisfy the following differential equations:

1
2
F?m,iw(ﬁx)-i_ ﬂ2x24 +E_Z VVbia)(ﬂx):O’
x,weR",BeC,Re(B)eR",
(101)
N2 1
F@VVM@’(IBX)_’— WJFE—Z W, (Bx) =0,
x,w'eR",ﬁe(C,Re(ﬂ)eR*.
(102)

Equations (101), (102) follow immediately from of the
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Whittaker equation (see [16] p. 505 formula 13.1.31) that
defines the Whittaker functions. Multiplying Equations
(101), (102) respectively by W, (fx) and by
W,..(Bx) , subtracting the resulting equations one from
the other and integrating with respect to x when
xe[y,+o) and yeR", we obtain:

Ch _a’)j

bm) blw (ﬂx)

=ﬂ_ dx{ o (ﬂX) W0 () (103)

Wi (59 0 5|

w,0'eR",feC.Re(f)eR".

Taking into account that limy,. W, (z)=0,
zeC, beC, weR" (see[16] p. 504 formula 13.1.8
and p. 505 formulae 13.1.32, 13.1.34, 13.1.34, and [1]
for further details), and integrating by part (103) we ob-
tain:

(o —a)) [ S (B ()

yo> -0t

d
=—lim [ biiaf (ﬂy)aanw (ﬂy) (104)

VVb,iw (ﬂy)%nlb,im' (ﬁy)i|a
w,0'eR", feCRe(f)eR",

where lim _  f (v) means the right-handed limit in
-

zero of the function f . Let z= fy, Equation (104)
can be rewritten as follows:

+00

.([x blw(ﬂx) bjio (ﬂx)
By z 4 z
(o —a)Z)HgﬁQ»o[%“’( )&z "o )

(105)

-W,

d
bjiw (Z)EVVIJ,W' (Z):|’
w,0' eR", feCRe(B)eR".

Let us recall that the asymptotic behaviour when
Re(z)>0 and |z|—>0" of W,,(z),beC,weR",

(see [1] formula (2.5), [16] p. 504 formula 13.1.2, p. 505
formulae 13.1.32, 13.1.34) is:

VVb,i(u(Z)
=72 [Ab’iw cos(—a)ln z)—i— B,;,sin(-wln z)}[l + O(z)},
|z| - O,Re(z) >0,weR",beC,
(106)
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where
L - I'(2iw) I'(2iw)
MO r(12-b-i0) T(12-b+iw)  (107)
weR",beC,
i'Bb i — r(_zla)) + F(Zla)) H
: [(1/2-b-iw) T(l/2-b+iw) (108)
weR",beC,

and O(-) is the Landau symbol. Evaluating the limit on
the right-hand side of (105) as done in [1] Section 3 and
using formulae (106)-(108), we obtain:

f(y)= wawsmh(z”a’)%m (By)F (@) F(%—b—iwjr(%—bﬁwj,

yeR*,be(C,Re(b)i

that maps the function F(w), @eR", into the func-
tion f(y), yeR". The integral appearing in (111)
must be interpreted in the sense of distributions. When
p =1 the integral transform (111) reduces to the trans-
form studied in [15]. This last transform is called index
Whittaker transform. Note that in [15] it is shown that for
1 Fdx
F (a)) = ,[
nh oy x
weR " be (C,Re(b) #

when F(w), weR",
distributions. The characterization of this class of distri-
butions goes beyond the purposes of this paper and is
omitted.

Multiplying Equation (112) by

(2m+1)/2,m=0,1,---

—W,..(Bx) J. de'sinh (2ne' )W, ;,, (ﬁx)F(a)’)F(%—b —ia)'JF(%—b +ia)']
0

(2m+1)/2,m=0,1,---

belongs to a suitable class of

jzc%z Wyio ﬂx bjiel (ﬂx)

2|0 (2ie')[
T(1/2-b+i)T(12-b-i0)
w,0'eR*,feC,Re(f)eR".

Formula (109) reduces to formula (99), in fact we
have:

5((0’—0)), (109)

T
r2ie')= ———— -,
| ( )| 2¢'sinh (2ne")

Let us prove now formula (31). We use formula (99)
and the following integral transform:

weR".  (110)

(111)
,BeCRe(f)eR",

B =1 when b is real and b<1/2 the integral operator
appearing in (111) maps
r [R+ —|F 1/2- b+1a)| da)) in I’ (R+ _de)

Using (99) it is easy to see that the following equation
holds:

(112)

,BeC,Re(B)eR",

a)sinh(27ta))l"(%—b—ia)jl”(%—b—i-ia)jWbm (By)

and integrating with respect to @ when weR" we
obtain:

+j°da)a)sinh(2na))Wbm (ﬂy)F(a))F(%—b—ia)jl"(%—bﬂa)j

1 1
= 2no)W, ;. (By F(——b—iwjl‘(——bﬂa)j
(20) . (52T 5 ; -
+wdx T ror ’ 1 L 1 L ’
x I—szm(ﬂx)j dw'e'sinh (21w )F(E—b—lw)F(E—b+1wjWb’iw,(,b’x)F(a) )s
0 0
yeR*,beC,Re(b)¢(2m+l)/2,m:0,1,---,ﬂe(C,Re(ﬁ)eR+.
Using definition (111) on both sides of Equation (113) we obtain the following identity:
1 1 Tdx
fly)= 2nw F[——b—iwjl"(——b+iwj w(BY)< | =W, ,b’x
() (2m0)r 3 R RN B VR VC N
yeR*,beC,Re(b)¢(2m+l)/2,m:0,1,-~~,ﬁe(C,Re(,B)eR+,
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that holds when f(y),yeR", belongs to a suitable
class of distributions. Equation (114) reduces to Equation
(13) when g =1.

Note that in order to determine the constant C in
formula (31) we must use formula (114) when [ is the
Dirac’s delta, that is we must use the following formula:

5(y—yo)=# j da)a)sinh(2na))~l"(%—b—ia)j

0
1 . 1
F(E_b-‘rla)jVVb,m) (ﬁy)_ZVVb,m) (ﬂyo)
Yo
y,¥y €R*,beC,Re(b)#(2m+1)/2,

m=0,1,---, 3 eC,Re(ﬁ)eR*,
(115)

Appendix B

In this Appendix we give some details about the deriva-
tion of formulae (60), (61) and (62), (63). Let us recall
that formula (59) defines D, (s,V'), seR", v'eR",
j=0,1,---€.

It is easy to see that the function g, of (57) satisfies
the equation:

b 2 ) 2 62
g* :|:[v7_r]1k_%k2‘}!2:|g* +‘c"_v!2 g*

Os 2 ov'"?

0 2 0
1?2 ﬁ_i_g_/}vr g* ,
o' 2 o'

seR"  keR,v,v' e R",

—ikpev

(116)

with the initial condition:

2. (0,k,V,v)=8(vV'-v),keR,V,veR". (117)
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For j=0,1,---, let
g., (s,v’,v):djg*(s,k,v,v’)/dkj|k:0, seR",v,v eR".

Using Equations (116), (117) when k=0 we have that
g., satisfies the equation:

ag*,o _52 ” a2g*,0 g . ,ag*,o
=—vy +— v

Os 2 o2 o'’ (118)
seR*,v,v eR",
with the initial condition:
g*,O(O,v',v):§(v'—v),v',veR+. (119)

For j=1,2,--- the equations satisfied by g, are
obtained deriving j times with respect to k& Equations
(116), (117) and setting &k =0 in the resulting equations.
We have:

ag*,j 82 ” azg*,j 82 ~ ,6g*,‘/ _l

=—v + v
Os 2 o'’ 2,u o' 2

(.] - l)v’zg*,‘/’—Q

. 1”2 6g*,j—l . 1 2 .
— J1pEV T"']EV g*,j—l —lﬂ”g*!‘/_],
s,V eRY, j=1,2,-,
(120)
with the initial condition:
g].(O,v',v)=O,v',veR+,j=l,2,m, (121)

where we define g, , (s,v,v')=0,s5,v,veR".

Integrating with respect to v when veR* Equations
(118), (119) and (120), (121) we obtain respectively
Equations (60), (61) and (62), (63).
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