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ABSTRACT

This paper considers rank of a rhotrix and characterizes its properties, as an extension of ideas to the rhotrix theory
rhomboidal arrays, introduced in 2003 as a new paradigm of matrix theory of rectangular arrays. Furthermore, we pre-
sent the necessary and sufficient condition under which alinear map can be represented over rhotrix.
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1. Introduction

By arhotrix A of dimension three, we mean a rhomboi-
dal array defined as

where, a,b,c,d,ecR. The entry c in rhotrix A is
called the heart of A and it is often denoted by h(A).
The concept of rhotrix was introduced by [1] as an ex-
tension of matrix-tertions and matrix noitrets suggested by
[2]. Since the introduction of rhotrix in [1], many re-
searchers have shown interest on development of concepts
for Rhotrix theory that are analogous to concepts in Ma
trix theory (see [3-9]). Sani [7] proposed an alternative
method of rhotrix multiplication, by extending the concept
of row-column multiplication of two dimensional matri-
ces to three dimensional rhotrices, recorded as follows:

a f
AsB=(b h(A) d}o(g h(B) i
e i
af +dg '
=(bf +eg h(A)h(B) ai+d|
bi +¢

where, Aand B belong to set of al three dimensional
rhotrices, R,(R).

The definition of rhotrix was later generalized by [6] to
include any finite dimension ne 27" +1. Thus; by a
rhotrix A of dimension ne2Z* +1, we mean a rhom-

boidal array of cardinality %(n2 +1). Implying arhotrix

R of dimension n can be written as
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The elementa, (i, j =12,--,t) and
¢ (k,1=2,2:-,t-1) are called the major and minor
entries of R respectively. A generalization of row-column
multiplication method for n-dimensional rhotrices was
given by [8]. That is, given any n-dimensiona rhotrices
R,=(a;,6,) and Q,=(by,dy), the multiplication of
R, and Q, isasfollows:

t t—

&oon=<z(ajuj),

ij=1 Kl

AN

(n+1)_

(Gl )>,t= 5

The method of converting a rhotrix to a special matrix
called “coupled matrix” was suggested by [9]. This idea
was used to solve systems of nxn and (n-1)x(n-1)
matrix problems simultaneously. The concept of vectors
and rhotrix vector spaces and their properties were in-
troduced by [3] and [4] respectively. To the best of our
knowledge, the concept of rank and linear transformation
of rhotrix has not been studied. In this paper, we consider
the rank of a rhotrix and characterize its properties. We
also extend the idea to suggest the necessary and suffi-
cient condition for representing rhotrix linear transforma-
tion.

1

2. Preliminaries

The following definitions will help in our discussion of a
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useful result in this section and other subsequent ones.

2.1. Definition

Let R, =<a,.j,ck,> be an n-dimensional rhotrix. Then,
a; isthe (i, ])-entries caled the major entries of R,
and ¢, isthe (k,I)-entries called the minor entries of

R,.

2.2. Definition 2.2 [7]

A rhotrix R, :<a“ ,ck|> of n-dimension is a coupled of
two matrices (a;) and (g,) consisting of its major

and minor matrices respectively. Therefore, (a;) and
(cy) arethemajor and minor matricesof R, .

2.3. Definition

Let R, =<a1.j,ck|> be an n-dimensional rhotrix. Then,
rows and columns of (a;) ((c,)) will be caled the
major (minor) rows and columnsof R, respectively.

2.4. Definition

For any odd integer n, an nxn matrix (&, ) iscaleda
filled coupled matrix if a; =0 for al i,j whose sum
i+ ] isodd. We shal refer to these entries as the null
entries of thefilled coupled matrix.

2.5. Theorem

There is one-one correspondence between the set of al
n-dimensional rhotricesover F and the set of adl nxn
filled coupled matrices over F .

3. Rank of aRhotrix

Let R1=<agj,cm>,theentries a, (1<r<t) and
Cs(1<s<t-1) in the main diagonal of the major and

minor matrices of R respectively, formed the main
diagonal of R. If all the entries to the left (right) of the
main diagona in R arezeros, R iscalled aright (left)
triangular rhotrix. The following lemma follows trivially.

3.1. Lemma

Let R, =<a1.j,c,d>, is a left (right) triangular rhotrix if
and only if (a;) and (c,) are lower (upper) triangu-

lar matrices.

Pr oof

This follows when the rhotrix R, is being rotated
through 45° in anticlockwise direction.

In the light of this lemma, any n-dimensional rhotrix
R can bereduce to aright triangular rhotrix by reducing
its major and minor matrix to echelon form using ele-
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mentary row operations. Recall that, the rank of a matrix
A denoted by rank(A) is the number of non-zero
row(s) in its reduced row echelon form. If R, = <a,.j ,Cy >
wedefinerank of R denoted by rank(R) as:

rank (R) = rank (a )+ rank (g, ) . ©)

It follows from Equation (3) that many properties of
rank of matrix can be extended to the rank of rhotrix. In
particular, we have the following:

3.2. Theorem

Let Rn:<aﬂ.,ckI and Qn:<tqj,dkI , be any two
n-dimensional rhotrices, where ne 2Z* +1. Then

1) rank(R)<n;

2) rank(R+S)<rank(R)+rank(S);

3) rank(R)+rank(S)—-n<rank(R-S);
4) rank(RoS)<min{rank(R),rank(S)} .

Pr oof

The first two statements follow directly from the defi-
nition. To prove the third statement, we apply the corre-
sponding inequality for matrices, that is,
rank (AB) > rank (A) + rank(B)—n, where A is
mxn and B is nxp.Thus,

rank (RS) = rank[(a,-j )(hj )J + rank[(ckl )(dy )J
e k()1
J{rank(ckl )+rank(d, ) (n;1J+1}

=rank (R)+rank(S)-n.
For the last statement, consider
rank (RS)

-3, k() ]
<min{(a, ),rank (b, )} +min{(c, ), rank (dy )}
<min{(a; ) +rank(c, ), (by ) + rank (dj, )}

= min{rank (R)+rank(S)}.
3.3. Example
Let
1
0 2 -2
A=(1 -1 3 1 2
-2 1 1
2

Then, the filled coupled matrix of A isgiven by
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10 202
02 010
m(A)=|0 0 3 0 1|.
0-1010
10 202

Now reducing m(A) to reduce row echelon form
(rref), weobtain

o O o N O
o w O+ O
O O, ON

which is a coupled of (2x2) and (3x3) matrices, i.e.

1 -2 2
20
A(Say):(o 3] and B(say)=(0 3 1| respec-
0 0 O
tively.
Notice that,

rank (A)+ rank (B)
=2+2=4= rank(rref (m(A)))

Hence, =rank(A)=4.

4. Rhotrix Linear Transformation

One of the most important concepts in linear algebra is
the concept of representation of linear mappings as ma-
trices. If V and W are vector spaces of dimension n
and m respectively, then any linear mapping T from
V to W can be represented by a matrix. The matrix
representation of T is called the matrix of T denoted
by m(T). Recall that, if F is afield, then any vector
space V of finite dimension n over F is isomor-
phic to F". Therefore, any nxn matrix over F can
be considered as a linear operator on the vector space
F" in the fixed standard basis. Following this ideas, we
study in this section, arhotrix as a linear operator on the
vector space F". Since the dimension of a rhotrix is
always odd, it follow that, in representing a linear map
T on avector space V by arhotrix, the dimension of
V is necessarily odd. Therefore, throughout what fol-
lows, we shall consider only odd dimensional vector
spaces. For any ne2Z"+1 and F be an arbitrary
field, wefind the coupled F*, F " of F'

F! ={(azl,azz,---,ozt)|0:1,-~,azt e F} and

F={(Bu B )| BB B € FH by
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(Ft’FH):{(al’azy'"*at’ﬁlaﬁzy""ﬁt—l):
ayaz*'”1“11/’71-:321”‘-:3171eFt}-
It is clear that (F‘,F"l) coincideswith F" and so,

if ne2Z"+1, any n-dimensiona vector spaces V,

and V, isof dimensions nT+1 and nTJrl—l respec-

tively. Less obvioudly, it can be seen that not every linear
map T of F" can be represented by a rhotrix in the
standard basis. For instance, the map

T:F*>F?®
defined by
T(XY,2)=(X-y,X+2Yy+2)

is alinear mapping on F* which cannot be represented
by arhotrix in the standard basis. The following theorem
characterizeswhen alinear map T on F" can berep-
resented by arhotrix.

4.1. Theorem

Let ne2Z"+1 and F be afield. Then, alinear map
T:F" — F" can be represented by a rhotrix with re-
spect to the standard basisif and only if T isdefined as
T (X0 Y0 X0 Yor o Vs X))
= (@ (%% %) B (Yo Yoo o3 Yien )
aZ(Xlixzi'”’Xt)'ﬂz(yliy2!”"ytfl)!”"
ﬁt—l(y11y21"'1yt—l)'at(X].’XZ’”"Xt))'

n+1

where t=——,¢,,--,, and g,,---,f5_, aeany linear

mapon F' and F'" respectively.

Proof:

Suppose T:F" — F" isdefined by
T(Xl'yl'XZ'yZ*"'!yt_laxt)
:(al(xl’xz""'xt)’ﬂl(yliy2""'yt-1)v

0!2(X1,X2,'“,X[),,32(y1,y2,~-,ytfl),-~-,
ﬁt—l(yl'ybu"y[—l)'at(X!I.’XZ’”"Xt))’

n+1

where, t= o0, and B,---, B, are any lin-

ear map on F' and F"' respectively, and consider
the standard basis
{(10,--+,0),(0,1,0,-+,0),-+,(0,0,---,1)} . Note that, for

1<i<t and 1< j<t-1.Since «,p; arelinear maps,
 (0,--,0)= 4,(0,---,0)=0. Thus,
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T(lO,~~~,0)=[Otl(LO,“-,O),O,---,at(lO,m,O)]
T(ZLO,--',O)=[O,ﬂl(1.0,'",0).--',ﬂt_1(l0,"',0)}

: ©)
T(O,---,O,l):[O,ﬂl(O,m,0,1),---,ﬂt_l(O,--~,0),1]
T(0,--,01)=[(0,-+,0,1),0,-+,,(0,0,--+,0,1) |

Let o =a, (0,...,imp%mion,...'oj for

(1<i,j<t) and ﬂm=ﬂ|(o,---, 1 ,---,o)

jth—pos'tion
for (1<k,I <t-1). Then from (5), we have the matrix
of T is

a; 0 a, . ooy, 0 Qy
0 By O 0 Pea O

: (6)
0 B O 0 Baus O
a0 a, . ey, 0 o

This is a filled coupled matrix from which we obtain
the rhotrix representation of T as <aij B >

Conversely:

Suppose T:F" — F" has a rhotrix representation
<a” , ,Bk|> in the standard basis. Then, the corresponding
matrix representation of T isthefilled coupled givenin
(6) above. Thus, we obtain the system

T(:LO,---,O)=(0511:0:0512""'alt—l’o’a“)
T(10,++,0)=(0, £y 1.0,, By 1,0)

; @
T(0,--+,01)=(0,4_4.,0,++,5.4,0)
T(o,...,o,l):(au,o,a[z,---,anfl,o-an)

From this system, it follows that for each
(X Vi %01 Your s Vi % ) € F™ we have the linear trans-
formation T defined by

T (%0 Y102, Yoo Yo %)

= (@ (4% %) A (Y Yoo o i)
@ (%% %) Bo (Yor Yorros Yia ) ooy
B Yo o) (%),

where, '[=nT+1,ozl,---,azt and g,--, 5, ae any lin-
ear map on F' with a,-(O,---, 1 ,---,0J=Oti,- for
it _position
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(1<i,j<t) and ,Bl(o,u-,_th 1_1_ ,”,0j=/5’u for
j —position

(1<kl<t-1).

4.2. Example

Consider the linear mappings T:R —> %R define by
T(xy,2z)=(2x-24y,x-3z). To find the rhotrix of
T relative to the standard basis. We proceed by finding
thematricesof T . Thus,
T(10,0)=(2,01)
T(0,1,0)=(0,4,0)
T(0,0,1)=(-1,0,-3)
Therefore, by definition of matrix of T with respect
to the standard basis, we have
2 01
0 4 0|
-1 0 -3

m(T)=

which is a filled coupled matrix from which we obtain
2

-1 4 1).
-3

therhotrixof T in Ry, r(T)=
Now starting with the rhotrix r(T)=

1
the filled coupled matrix of r(T) is| 0 4 0

And so, defining T:R, > R,
T (l, 0, O) = 2(ZL 0} 0) + O(O,ZLO)+1(O, 0,1)
T(O,l,O):0(1,0,0)+4(0,l0)+0(0,0,1)
T(0,0,l)=—1(1,0,0)+O(O,l,0)—3(0,0,1)
Thus, if (X,y,z)=x(10,0)+y(0,1,0)+2(0,0,1).
Therefore,
T(x,y,2z)=XT(1,0,0)+ yT(0,1,0)+ZT (0,0,1)
=x(2,0,1)+y(0,4,0)+z(-1,0,-3)
=(2x-1z,4y,x-32)

5. Conclusion

We have considered the rank of arhotrix and characterize
its properties as an extension of ideasto the rhotrix theory
rhomboidal arrays. Furthermore, a necessary and suffi-
cient condition under which a linear map can be repre-
sented over rhotrix had been presented.

ALAMT



A.MOHAMMED ET AL. 47

6. Acknowledgements

The Authors wish to thank Ahmadu Bello University,
Zaria, Nigeria for financial support towards publication
of thisarticle.

(1]

(2]

(3]

(4]

REFERENCES

A. O. Ajibade, “The Concept of Rhotrix in Mathematical
Enrichment,” International Journal of Mathematical Edu-
cation in Science and Technology, Vol. 34, No. 2, 2003,
pp. 175-179. doi:10.1080/0020739021000053828

K. T. Atanassov and A. G. Shannon, “Matrix-Tertions
and Matrix-Noitrets; Exercise for Mathematical Enrich-
ment,” International Journal of Mathematical Education
in Science and Technology, Vol. 29, No. 6, 1998, pp. 898-
903.

A. Aminu, “Rhotrix Vector Spaces,” International Jour-
nal of Mathematical Education in Science and Technol-
ogy, Vol. 41, No. 4, 2010, pp. 531-573.
doi:10.1080/00207390903398408

A. Aminu, “The Equation Rx = b over Rhotrices,” Inter-

Copyright © 2012 SciRes.

(9]

(6]

(8]

(9]

national Journal of Mathematical Education in Science
and Technology, Voal. 41, No. 1, 2010, pp. 98-105.
doi:10.1080/00207390903189187

A. Mohammed, “Enrichment Exercises through Extension
to Rhotrices,” International Journal of Mathematical Edu-
cation in Science and Technology, Vol. 38, No. 1, 2007,
pp. 131-136. doi:10.1080/00207390600838490

A. Mohammed, “Theoretical Development and Applica
tions of Rhotrices,” Ph.D. Thesis, Ahmadu Bello Univer-
sity, Zaria, 2011.

B. Sani, “An Alternative Method for Multiplication of
Rhotrices,” International Journal of Mathematical Edu-
cation in Science and Technology, Vol. 35, No. 5, 2004,
pp. 777-781. doi:10.1080/00207390410001716577

B. Sani, “The Row-Column Multiplication of Higher
Dimensional Rhotrices,” International Journal of Mathe-
matical Education in Science and Technology, Vol. 38,
No. 5, 2007, pp. 657-662.

B. Sani, “Conversion of a Rhotrix to a‘Coupled Matrix’,”
International Journal of Mathematical Education in Sci-
ence and Technology, Vol. 39, No. 2, 2008, pp. 244-249.
doi:10.1080/00207390701500197

ALAMT


http://dx.doi.org/10.1080/0020739021000053828
http://dx.doi.org/10.1080/0020739021000053828
http://dx.doi.org/10.1080/0020739021000053828
http://dx.doi.org/10.1080/0020739021000053828
http://dx.doi.org/10.1080/00207390903398408
http://dx.doi.org/10.1080/00207390903189187
http://dx.doi.org/10.1080/00207390903189187
http://dx.doi.org/10.1080/00207390600838490
http://dx.doi.org/10.1080/00207390600838490
http://dx.doi.org/10.1080/00207390410001716577
http://dx.doi.org/10.1080/00207390410001716577
http://dx.doi.org/10.1080/00207390701500197

