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ABSTRACT

Simultaneously, considering the viscous effect of material, damping of medium, geometrical nonlinearity, physical
nonlinearity, we set up a more general equation of beam subjected to axial force and external load. We prove the exis-
tence and uniqueness of global solutions under non-linear boundary conditions which the model is added one damping
mechanism at 1 end. What is more, we also prove the exponential decay property of the energy of above mentioned sys-

tem.
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1. Introduction

The problem is based on the equation

i
Uy T U — (O! + /8_[0

u, (s,t)|2 ds)un =0

which was proposed by Woinowsky-krieger [1], as a
model for vibrating beams with hinged ends. One of the
first mathematical analysis for the equation

! 2
u, +u,. —M(fU

ux XX

dx)u =0

was done by Ball [2], which was later extended to an
abstract setting by defining a linear operator 4 by
Medeiros [3]. In [4], Tucsnak considered the above beam
equation which clamped boundary and obtained the ex-
ponential decay of the energy when a damping of the
type a(x)u, is effective near the boundary. In the same
direction, Kouemon Patchen [5] obtained the exponential
decay of the energy for above-equation when a nonlinear
damping g(u,) was effective in Q. To [6] considered the
above kirchhoff-type beam equation under non-linear
boundary conditions

u(O,t) =u, (O,t) =u, (l,t) =0

o (L) =M ([ [ o, (1.0) = 1 (u(00)) + 2w, (10))

which the model is clamped at x = 0 and is supported x =

uX
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I. He proved the existence and decay rates of the solu-
tions. A rather general kirchhoff-type beam equation

u, +au,. +yu

XXXX xxxxt

—(ﬂ—i— kj(jufdx—i— Gj.oluxuﬂdx))um +ou, =0

was set up by Ball [7], who presented the existence and
uniqueness of solution under linear boundary conditions.
However the global solution and exponential decay for
the more general beam equation is open under nonlinear
boundary conditions. In the present work, we are con-
cerned with the existence and uniqueness of solutions
and the exponential decay property of energy on the
nonlinear beam equation with external load

U, ‘. +puu .+,

XXXX xxxxt

_(M( 2)+N(.[;uxtuxdx))uxx =q(x,t)

with nonlinear boundary conditions
u(0,¢)=u, (0,t)=u,(l,t)=0 2)
U (L) + g, (L) = f(u(Lt))+g(u, (L)) (3)

and initial conditions

u(x,0)=u"(x) and u, (x,0)=u'(x) (4)

(M

u

X

2. Definition and Assumptions
In this paper, our analysis is based on the Sobolev spaces

V={ueH (0,0)u(0)=u,()=0},
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W={ueVﬁH4(0,l)u

(0)= 0}

espectively equipped with the norm ||u||V =|u,| and
||u||W —||um|| ||um|| We assume that f, gtR — R are
continuously differentiable functions such that

f(s)s >0
and f(s)s—Zf(s)ZO,VseR 6)

where = Ios f(z)dz and

g(0)=0

and (g(r)—g(s))(r—8)2p|r—s|2,Vr,seR (6)

for some p > 0.
Assume that the functions M (-),N(-)e C'[0,0) are
non-negative functions and respectively satisfy

M(0)=0
and M (s)=[ M(z)dz (7)
N(0)=0
and N(s)s=0 (8)

3. Existence and Uniqueness of Global
Solutions

Now we come to the following conclusions of the exis-
tence and uniqueness of global solutions.

Theorem 1. Assume that the assumptions of (5)-(8)
and g(x,7)el’ ([O,oo);L2 (O,I)) hold. Then for any
u’,u' eW satisfying the compatibility condition

uy (D) + g, (1) = £ (u* (1)) + g (' (1)) O)
There exists a function u satisfying (1)-(4) such that
e (0,0:)NC ([0,00):7 ) > (0,00, (0.1))

Proof. Let us solve the variational problem associated
with (1)-(4), which is given by: find u(¢)eW such that

J(: u, cdx + Lj u,
+[M(||ux ) N( Iouvuwdx)j| [ o, dx
[/ (w(t.0)+ g (w (1.0) Jo(0)

J xta)dx

o _dx+ yjluma)xxdx + njluta)dx

(10)

forall weV . Let |’ } be a complete orthogonal sys-
tem of W. For each m € N, let us put

1 2
w" :span{a) LW,y a)’"}

We search for a function
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where a’(¢) is a unknown function such that for any
® e W™, and it satisfies the approximating equation

Juodes [l o dvs ufu o denfu” ods
. / ,
+[M(||u”’|| J e .[Ou:’u:’:dxﬂ [lu"o,dx -
[ f(w (10)+ g (ur (10)) (1)
j x,t) wdx
with the initial conditions
u"(0)=uand " (0)=u' (12)

Thus (11) and (12) are equivalent to the Cauchy prob-
lem of ODES in the variable ¢, which is known to have a
local solution u™(¢) in an interval [0, ¢,) (¢, < T) for any
given 7> 0.

Estimate 1. By integration of (11) over [0, 7] (¢ < t,)
with @=u;"(t), we see that

P el + 2]
#2[ N (5, (5))= (s)ds + 2] g o
+2f (u" (1))

= () +|u
27 (u" (1,0))+2f, 4

Z(t) =

Considering that
( " (1, s)) " (1,s >p|
N (Z; (s))zt (s) >0 and the initial conditions, we get
[l @ as < flas)fes

Using Gronwall inequality, we have "u"’"2 <ce .

2
m

u

xx

“ds+ M (z(1))

l,s))u:" (1,s)ds

+

u

xxt

0) + 4 (=(0))

x,8 " ds

and z,(t):%% u

2
m

m2
u X

X

where

ls| >0,

t
Then there exists a constant M; depending only on T

such that
ol hsfem. o

forany 7€[0,T] andforall meN.

In this paper, C is a constant independent of m, ¢ and
denotes different value in different mathematical expres-
sion.

Estimate 2. Integrating by parts (11) with @ =u;, (0)
and ¢ = 0, and considering the compatibility condition (3)
we get
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[l (0)IF

=[m ( (0))+N(z(0) )]f
— ], (O)uy (0)cbr= Jlur, (0)uey (0) e

—qj (0)uy (0 dx+j x,0)ul (O)dx

<[ (O){[ 42 (z( ] ||

Thus there exists a positive constant M, such that

| (0)| < M, vmeN . (14)

(0)u” (0)dx

XXXX ||

+p|u

Estimate 3. Let us fix ¢, &> 0 such that £ < T — ¢. Tak-

b= {[mtetee)

Let us estimate |I | Since
u" (0,0)=u) (1,t)=ul(0,£)=0,
we have

], < el

x

m

u

xx

m

u, | <

<\i

Noting that AM; = M(z(t + &) — M(z(¢)) and AM, =
N(z(t + &) — N(z(?)), then integrating by parts we have

1| = ‘[M(z(t+ £))+N(z (t+ f))]
x [ (e (04 &)=l () (w (1 +&) —u? (1)) dx
+(AM, -+ AM,) [ () () (1+ €)= (1)) dx

Since M (-)eC' [0,20), by the Mean value theorem,
from estimates 1 and (16) we have

s [|%x s

0

aat = ot ) r+f|| ur (o))
<Cluz (e+&) -t (t)]
where 7, is between | T(e+& " (t)”2

By the Mean value theorem we also have
|AM2| < C"u)oC (t+&)—ul (2 ||+C w' (t+&)—u" (t)"
Considering that M(z(t + &) < Cand N(z(t + &) < C, we

conclude that there exists constants k; > 0 and &, > 0 such
that

up (1+&)- " +k|| (t+&)- "
(17)
A argument for f'yields
‘f(ut'” (Le+€)) = f (" (1)) |ur (Lt + &) —u? (1,1)\(18)

<k fur (e4+&)-ul (z)||2 plur (Le+&)-up (l,t)|2
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#N (2 (4 8) Jur (e ) =[ M (2(6)+ N (2, (1)) Jur ()} (s (24 €)=

ing the difference of (11) with t = ¢+ ¢ and ¢ = ¢, and re-
placing o by u" (z+ E)—u" (1), we get

2dt[" (1 &)=ur (O +l (1+) - H
wl, (4 &)=l (1) || el (e+ &) =u (o)
[ (wn (e )= 1 (@ (L) (" (4 €)= (10))
gy (1e+ &)= gy (1.0)) ] (ur (1e+ &) =ur (L1))

+1,

_[ t+§

where

+u

() (w" (e + &)=y (1)) dx

ul (£))dx.

where k3 > 0 is a constant. Putting

4, (1,E)= (O +Jur (+-&) = (o)

u,, t+§

and taking into account of (17)-(18) and the assumptions
of g, we deduce from (15) that

d
max {k; + ks, ky}. Therefore

$,(1,£)<4,(0,5)e (20)
Dividing the above inequality by ¢* and letting & — 0

gives
O e < (e O+ O e

From estimate 2 we find a constant A/; > 0 such that

With the estimates 1 - 3 we can use Lions-Aubin Lem-
ma to get the necessary compactness in order to pass (11)
to the limit. Then it is a matter of routine to conclude the
existence of the global solution in [0, 7.

Theorem 2. The solution u(¢) of theorem 1 is unique.

Proof. Let u, v be two solutions of (1)-(4) with the
same initial data. Then writing p = u — v, putting w = p, in
(10) and using mean value theorem, chauchy-schwarz
inequality and Gronwall inequality, we may get p = 0.
Thus u =v.

ko, (6,€),¥t€(0,T)  (19)

where k4 =

m

SM3,Vm e N,Vte [O,T]_

4. The Exponential DECAY of the Energy of
System

In order to establish our decay result, we define the en-
ergy of the system by
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|| # = (F
(O )+ 7 (u(t.0))

where M (s)= J'O M (z)dz . We have

Theorem 3. Let u(f) be the solution given by theorem
1 as g(x, ) = 0 and g = 0. And assume that N(s)s > 0 and
f(s)s = 0. Then there exist constants 4,, 44 > 0 and 4; <0
such that E(¢)< 4L,E(0)e™ + A te™ .

To prove Theorem 3, we ﬁrstly introduce two lemmas.

Let us define = J.luutdx +E.|.lu2dx :
0 2 0

Then we have the following lemmas.
Lemma 1. Let E(¢) = uE(f) + ew(f). Then there exists a
constant ks > 0 such that

(t)—,uE(t)| <ekE(1),Ve>0.

and

MXX

Proof. By |u|, <
||u|| <I|lu.|| there exists k5 > O such that

Y/\

E,(t)-HE(t | 8Juudx+—J udx

el?
T2
< eksE(1)
where ks =(1+7)7°.
Lemma 2. There exist constants A, > 0 and 1; such that

%Eg(t)S—Z/IOE(t)+/11.

el’
S+ 2

Proof. Taking the inner product of (1) with u, and
considering that N(s)s > 0, we have

d
S EO ==l =nlu [

dt
Taking the inner product of (1) with u, we have

Ly (1) = [Lupcx [ a2 de—pf w0, e

de
—(M( ))+N(.f uu, )j;ufdx
~f(u(t.0))u(tr)

u

X

Thus

d 2
—F (t)<—
dt (1)< -u

u/\‘/\‘f XXt~ xx

z—szﬁuixdx—gy.{ u ., dx
_(5—52‘) ;u;dx—(n,u—g ||u ||2 '
—gM(uxz)j;u_fdx—gN(j w0, [ u?dx

—ef (u(L.t))u(Lt)
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Set  h(u,,)=—u ||um|| - .[uxxdx gyj u_u_dx.

: ) — 4l el = 3(8/1)
) S0 . Therefore

Since A:(g,u) (u,
have h(u
d

d—E()

. <0,we

(5 £ );u;dx—(ny—g)"u,"z
z)xj.éufdx—gN(I uxuxtdx)j Zdx .
—ef (u(Lt))u(Lr)

From the Mean value theorem, there exists a constant
A1 such that

—6‘M( u,

—gN(IO]uXumdx)J;ufdx <.
On writing 4, = min {77/1 —g,6-¢", 25} , we have
%EE (1)< -24,E(1)+ 4
The proof of theorem 3. From lemma 1, we have

(u—cek)E(t)<E,(1)<(u+eks)E(t). (1)

From Lemma 2, we have
%Eg (1)< 24 E(1)+ 4. 22)

Therefore

LE.(1)s —uo(

|0

By Gronwall inequality and combing (21), we have

M+ &k

(u—eks)E(t)<[E, (0 +ﬂthe[ ‘”151‘5]

< [(,u +¢ky)E(0)+ ﬂqt} e[*“o y+lgk5 t]

Hence, for sufficiently small ¢ > 0

1 1
274 274
E(t) SLngE(O)e[ ””k"tJ +Le[ ’”ngtJ.
=&k =&k
On writing 4, = pteks Ay = L 0
H— &k, U+ ks
and Ay = A ,
H— ks

we have

E(t)S LE(0)e™ + A,te”

The proof of theorem 3 is now completed.
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