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ABSTRACT 

This paper has used the Arbitrage Theorem (Gordan Theorem) to show that first, all securities are derivatives for each 
other, and they are priced by the same risk neutral probability measure. Second, after the firm changes its debt-equity 
ratio, the equityholders can always combine the new equity with other existing securities to create a home-made equity 
which will give exactly the same time-1 payoff of the old equity. That is, we have a capital structure irrelevancy propo-
sition: changes in firms’ debt-equity ratios will not affect equityholders’ wealth (welfare), and equityholders’ prefer-
ences toward variance are irrelevant. Third, when the firm moves from a more certain project to a more uncertain one, 
the time-0 price of equity will increase, but (because the time-1 payoff of common bond has an upper bound) the time-0 
price of common bond will decrease. Fourth, different labor contractual arrangements will not affect the time-0 price of 
labor input. When the firm moves from a more certain project to a more uncertain one, the time-0 price of labor input 
will increase if it is under the share or the mixed contract. 
 
Keywords: Arbitrage Theorem; Derivatives; Home-Made Security; Capital Structure Irrelevancy; Share and Mixed 

Labor Contracts 

1. Introduction 

The seminal work of Black and Scholes (1973) has in- 
spired many researches on pricing and hedging different 
financial contracts [1]. The literature argues that options 
and their underlying assets are different: a rise in the 
variability of the underlying asset will decrease its mar- 
ket value, but this rise will increase the market value of 
the option. Some studies also argue that an option value 
depends only on its underlying asset, and it does not de- 
pend on the random prices of other securities or portfo- 
lios. I think these arguments are wrong. In this paper, I 
first derive the Arbitrage Theorem, and then use the 
theorem to show that all securities are derivatives for 
each other, and they depend on each other. The paper 
also derives a capital structure irrelevancy proposition: 
changes in firms’ debt-equity ratios will not affect eq- 
uityholders’ wealth (welfare), and equityholders’ prefer- 
ences toward variance are irrelevant. When the firm 
moves from a more certain project to a more uncertain 
one, the time-0 price of equity will increase, but the 
time-0 price of common bond will decrease. Different 
labor contractual arrangements will not affect the time-0 
price of labor input. When the firm moves from a more 
certain project to a more uncertain one, the time-0 price 
of labor input will increase if it is under the share or the 
mixed contract. 

The remainder of this paper is organized as follows. 

Section 2 derives the Arbitrage Theorem and uses the 
theorem and several examples to show that securities are 
derivatives for each other; and that after the firm changes 
its debt-equity ratio, the equityholders can always com-
bine the new equity with other existing securities to cre-
ate a home-made equity which will give exactly the same 
time-1 payoff of the old equity. Concluding remarks ap-
pear in Section 3. 

2. Arbitrage Theorem and Valuation of 
Contracts 

Theorem 1: 
Let S be a nonempty, closed convex set in Rn and 

Sy . Then, there exists a unique point x S  with 
minimum distance from y. Also, x  is the minimizing 
point if and only if     0

t  y x x x S for all x

ˆ Sx

. 
Proof 
We first show the existence of a minimum point. Since 

S is not empty, there exists a point . Define 
 ˆ:S S    x y x y x  and hence, 

   inf : inf :S S    y x x y x x . 

Since  inf : S y x x  means finding the minimum 
of a continuous function over a nonempty, compact set 
S , by Weierstrass’ theorem, there exists a minimizing 
point  in S that is closest to the point y. x

To show the uniqueness of minimum point, suppose 
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that there is another ' Sx  which is also a minimum 
point, i.e., '    y x y x . By convexity of S, 
 ' 2 S x x . By Schwartz inequality, we get 

' 1 1
'

2 2 2


     
x x

y y x y x  

If strict inequality holds, we have a contradiction to x  
being the closest point to y. Therefore, equality holds, 
and we must have  '  y xy x  for some λ. Since 

'   y x y x , 1  . If λ = –1, then 

'

2
S


 

x x

Sy

y  

which contradicts the assumption . Thus, λ = 1, 
and we have ' x x . 

Suppose   t y x x Sx 0x  for all . Then, 

   

2 2

2 2

2
t

    

   

  

y x y x x x

y x x x

y x x x

 

Since 
2

0 x x  and     0
t  y x x x  by as-

sumption, 
2 2 y x Sy x  for all , i.e., x x  is 

the minimizing point. Conversely, assume that x
Sx

 is the 
minimizing point. Let  and 0 ≤ α ≤ 1. We have 

    S  x x x1   x x  

and   2 2    y x x x y x . Therefore, from  

 
   

2 2 22

2
t

 



      

  

y x x x y x x x

y x x x
 

we can get     222
t    y x x x x x  for all 0 ≤ α 

≤ 1. Dividing this inequality by any such α > 0 and let-
ting α → 0+, we have   t y x x S 0x  for all x


Sy nRz

. 
 

Theorem 2 (Separating Hyperplane Theorem): 
Let S be a nonempty, closed convex set in Rn and 

. Then, there exists a nonzero vector  and a 
scalar α such that t z y  and t z x

Sx

Sy

 for each 
. 

Proof 
From Theorem 1 we know that because the set S is a 

nonempty, closed convex set in Rn and , there ex-
ists a unique minimizing point x  that  

  t y x x Sx 0x  for all . 

Letting  z y x   and t  z x , we have zt(x 
– x )≥ 0 and hence, t z x Sx for each . Also, zty – 
α = zt(y – x ) = –(y – x )t(y – x ) < 0 or t z y 

nRc

nRx
mRy

mRy
nR

.  
Theorem 3 (Farkas Theorem): 
Let A be an m × n matrix and  be a vector. 

Then, exactly one of the following systems has a solu-
tion: 

System 1: Ax ≥ 0 and ctx < 0 for some  
System 2: Aty = c and y ≥ 0 for some  
Proof 
1) Suppose that System 2 has a solution; that is, there 

exists a  and y ≥ 0 such that Aty = c. Then, if for 
any x 0t t c x y Ax such that Ax ≥ 0, then ; that 
is, System 1 has no solution. 

2) Suppose System 2 has no solution. Form the set 
 ' : ' , 0x x A y ytS   

, S
. Note that the set S is a closed 

convex set: Let 1 2x x [0,1] and  
, 01 2y y

. Then there 
must exist  such that x1 = Aty1 and x2 = Aty2. 
Also, 

   
  2

1 1

1

t t

t

   

 

    

     

1 2 1 2

1

x x A y A y

A y y 0
 

 1 0 where   1 2y y
S

. 
Since c

nR
, by Theorem 2, there exists a nonzero 

vector z
't

 and a scalar α such that ztc < α and 
z x ' S for each x 0 S 0t. Because ,  z 0

't t t t   z x z A y y Az

nR

. 
 for each y ≥ 0. Since y can be 

made arbitrarily large and α is a fixed number, we must 
have Az ≥ 0. We have therefore constructed a vector 
z



nRx
mRp

1

1

1

 such that Az ≥ 0 and ztc < 0, i.e., System 1 has a 
solution.  

Theorem 4 (Gordan Theorem or Arbitrage Theorem): 
Let A be an m × n matrix. Then, exactly one of the 

following systems has a solution: 
System 1: Ax > 0 for some  
System 2: Atp = 0 for some , p ≥ 0, etp = 1  

 
 
 where             e
 
 
 



nR

. 

Proof 
1) Suppose that System 1 has a solution: Ax > 0 for 

some x

1

1

1

e

 
 
 
 
 
 



  x
A e 0


 

 
 

 0 0 0 1 0
x



 

  
 



. Then, we can construct a negative scalar δ 
< 0 and a vector 

 

such that Ax +δe ≥ 0, or  and 

. 

Define   'A e A ,   'x x  , and  0,0, ,0,1 t c
' ' 0A x ' 0t

. 
We have , c x 1' nR x and ; that is, 
System 1 of Theorem 3 has a solution. 
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8 4 1 0.25 2 4 1 0.25

1750 500 1 0.25 250 500 1 0.25

0

0

     2) With the same definitions, System 2 of Theorem 3 
can be interpreted as: There exists a vector p ≥ 0 and 

 such that . That is, mR

 
           
 

  
 

p  ' t A p c

0

0

0

1

A
p

e

t

t

 
 
  
  
   
 
  



1

1
m

ip  

        750

 

        250

 Security 3 

, 

or Atp = 0 and etp = 1 (i.e., ).  
i

In System 2 of the Arbitrage Theorem, the vector p is 
usually termed as the risk neutral probability measure, 
and pi, i = 1, ···, m, can be interpreted as the current price 
of one dollar received at the end of period if state i oc-
curs. If the matrix A has rank m (i.e., the matrix has m 
independent rows), the risk neutral probability measure p 
will be unique. We now use the Arbitrage Theorem to 
clarify some ambiguous (and erroneous) arguments in the 
literature. 

Example 1. All Securities Are Derivatives. 
Assume a one-period, two states of nature world with 

no transaction costs. There are a money market (Security 
1) which provides 1 + 0.25 dollars at time one if one dol-
lar is invested at time 0 (i.e., the interest rate is r = 0.25), 
and two other securities (Security 2 and Security 3) with 
current prices 4 and 500 dollars, respectively, which pro-
vide: 

            8         

2
0 4S              3

0 500S 

            2         
     Security 2            

Note that the two securities are not governed by the 
same risk neutral probability measure (i.e., System 2 of 
the Arbitrage Theorem has no solution): 

2
0

3
0

1 1
Security 2: 4  8

1 0.25 2 2

1 2
'

1 2

1 3
Security 3: 500 750

1 0.25 4

3 4
''

1 4

S

 

 

S


  

  
  

  

    


    
 

p

p

1
2

1
250 ;

4

   
 

   
 

；

1
p

 
    

 

i.e., we cannot find a vector , 0 ≤ π ≤ 1,  

such that 

 

By System 1 of the Arbitrage Theorem, arbitrage ex-
ists: e.g., at time 0, we can short sell one share of Secu-
rity 3, buy 60 shares of Security 2 and invest 260 (= 500 
– 4 × 60) dollars in the money market, and at time 1 we 
can get net profit:  

   
   

8 4 1 0.25  750 500 1 0.25 60

12 4 1 0.25  250 500 1 0.25

55 0

195 0

      
          
   

    
   

 

Hence, in equilibrium (with no arbitrage), the time-0 
prices of Security 2 and Security 3 will change so that 
they are priced by the same risk neutral probability mes-
sure, say, 

3 4

1 4

 
  
 

p , 

and 

1
0

2
0

3
0

1 3
Money Market (Security 1):  1 1.25

1 0.25 4

1
1.25

4

1 3 1
Security 2: 5.2 8 2

1 0.25 4 4

1 3 1
Security 3: 500 750 250

1 0.25 4 4

S

S

S

     
   
 


          


          

            Max[8 4,0]uf

 

Suppose that two European call options are based on 
Security 2 (with strike price 4 dollars) and Security 3 
(with strike price 650 dollars), respectively: 

            Max[750 650,0]uf  

                8                          750 

2
0 5.2S                      3

0 500S   

2
0 ?C             2          3

0 ?C             250 

           Max[2 4,0]df             Max[250 650,0]df    

Since all the securities are governed (priced) by the 
same, unique risk neutral probability measure 

3 4

1 4

 
  
 

p , 

we will have: 
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1
0

2
0

3
0

4 2
0 0

Money Market (Security 1): 1
1 0.

1 3 1
Security 2: 5.2 8  

1 0.25 4 4

1 3
Security 3: 500 750

1 0.25 4

1 3
Security 4: 2.4 4

1 0.25 4

Security

S

S

S

S C

 


1 3
1.25

25 4

1
1.25

4

2

1
250

4

1
0

4

 


  


  
 
   
 

   


   


  


    

5 3
0 0

1 3
 5: 60 100

1 0.25 4
S C



















   


  

1
0

4
   
 

2
0C

 

Also, at time 0, by buying n shares of the underlying 
asset and selling one call to construct a portfolio which 
gives certain time-1 payoff, the prices of the two Euro-
pean calls can be derived from Security 2 or Security 3: 

For : 

   
   

8 4 2 0

2 2 3 0
5.2 2 3

1 0.25

n n    

 

 


2 2
0 0

2 3

2.4

n

C C



 
 

or    
   
   

750 4 250 0 0.0

250 0.008 0
500 0.008

1 0.25

n n    

 

 


2 2
0 0

08

2.4

n

C C



 

3
0C

 

For : 

   
   

750 100 250 0

250 0.2 0
500 0.2

1 0.25

n n   

 

 


3 3
0 0

0.2

60

n

C C

 

 
 

or    
   
   

8 100 2 0

2 50 3 0
5.2 50 3

1 0.25

n n    

 

 


3 3
0 0

50 3

60

n

C C



 

2
0S

 

The time-0 price of Security 2 can be derived from 
Security 3 or the options, and the time-0 price of Security 
3 can be derived from Security 2 or the options:  

For : 

   
   

750 8 250 2

250 0.012 2
500 0.012

1 0.25

n n    

 

 


or 

   
 

2 2
0 0

0.012

5.2

n

S S



 
 

  2 2
0 0

100 8 0 2 0.06

0 0.06 2
60 0.06 5.2

1 0.25

n n n

S S

     

 

   


3
0S

 

For : 

   
    3 3

0 0

8 750 2 250 250 3

2 250 3 250
5.2 250 3 500

1 0.25

n n n

S S

     

 

   


 

or 

   
    3 3

0 0

4 750 0 250 125

0 125 250
2.4 125 500

1 0.25

n n n

S S

     

 

   


 

Thus, we can conclude that all securities are deriva-
tives for each other, and all securities are underlying as-
sets for each other. This result refutes Cox, Ross and 
Rubinstein’s (1979) [2] claim that “the only random 
variable on which the call value depends is the stock it-
self. In particular, it does not depend on the random 
prices of other securities or portfolios” (p. 235).1 

Example 2. Home-made Securities. 
In Example 1, assume that Security 3 is a firm and is 

the sum of five shares of equity: 

1
0

2
0

1
0

2
0

3
0

1 3
Money Market (Security 1): 1 1.25

1 0.25 4

1
1.25

4

1 3 1
Security 2: 5.2 8 2

1 0.25 4 4

1 3 1
100 150 50

1 0.25 4 4

1 3 1
100 150 50

1 0.25 4 4

1 3
Security 3: 100 150

1 0.25 4

S

S

E

E

E

   
  


        

        
        

  


4
0

5
0

1
50

4

1 3 1
100 150 50

1 0.25 4 4

1 3 1
100 150 50

1 0.25 4 4

E

E










    
 
 
       

  
             
             


  

4
0E 5

0E
4
0D 5

0D

 

(1) 
1This example and the following examples assume complete markets; 
i.e., the matrix A of System 2 of Theorem 4 has m independent rows. 
In incomplete markets, securities may not be derivatives for each other, 
but with no arbitrage (i.e., System 2 of Theorem 4 has a solution), they 
will still be priced by the same (which may not be unique) risk neutral 
probability measure. See Appendix A. 

Suppose that the fourth and the fifth shares of equity 
(  and ) of the firm are changed into riskless debts 
(  and ): 
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1'
0

2 '
0

3'
0

4
0

5
0

1 3
100

1 0.25 4

1 3
100

1 0.25 4

1 3
Security 3: 100

1 0.25 4

1 3
100 1

1 0.25 4

1 3
100

1 0.25 4

E

E

E

D

D


  


  

   


 



  



500 1
0

3 4

500 1
0

3 4

500 1
0

3 4

1
25 125

4

1
125 125

4

    
 
    
 
    
 
    
 
    
 

             

 (2) 

1"
0

2"
0

3"
0

4 '
0

5 '
0

1 3 450 1
90 0

1 0.25 4 3 4

1 3 450 1
90 0

1 0.25 4 3 4

1 3 450 1
Security 3: 90  0

1 0.25 4 3 4

1 3 1
115  150 125

1 0.25 4 4

1 3 1
115  150 125

1 0.25 4 4

E

E

E

D

D

          
          
          
          
          

            150                       
The market value of the firm (Security 3) at time 0 is 

still 500 dollars; that is, the market value of firm is inde-
pendent of its debt-equity ratio. This is just a restatement 
of Modigliani-Miller’s first proposition.2 

Comparing Equation (1) with Equation (2), it is found 
that more debt means higher variance of equity’s time-1 
payoff: 

               150           500 3

0 1001E                      1'
0 100E   

              50                          0 

         No Debt                     With Debt    

But after the firm changes its debt-equity ratio, the eq-
uityholders can always buy only 0.6 shares of the new 
equity ( 0 ) and invest 40 (= 100 – 0.6 × 100) dollars in 
the money market to recreate the time-1 payoff of the old 
equity ( ):  

1'E

1
0E

    
    

150 0.6 500 3 1 0.25 100

50 0.6 0 1 0.25 100 0.6

  


   




0.6 100

100

 



 

 

or 

 
500

150 1.25
0.6 100 0.6 1003

50 1.25
  0

                 
   (3) 

Suppose that in Equation (2), debts are risky:  

(4) 

450 3

1
0 100E                      1''

0 90E   

              50                          0 

         No Debt                    With Debt    

Again, after the firm changes its debt-equity ratio, the 
equityholders can always buy 2/3 shares of the new eq-
uity ( 0 ) and invest 1''E   40 100 2 3 90  

1
0E

 dollars in 
the money market to recreate the time-1 payoff of the old 
equity ( ):  

       
       

150 2 3 450 3 1 0.25 100 2 3 90

50  2 3 0 1 0.25 100 2 3 90

     


    
 

or    
450

150 1.252 2
100 903

50 1.253 3
  0

                     

     (5) 

That is, after the firm changes its debt-equity ratio, the 
equityholders can always combine the new equity with 
other securities (e.g., money market) to create a 
“home-made equity” which will give exactly the same 
time-1 payoff of the old equity.3 We now have a capital 
structure irrelevancy proposition: changes in firms’ 
debt-equity ratio will not affect equityholders’ wealth 
(welfare), and equityholders’ preferences toward vari-
ance are irrelevant.4 This result refutes the claims in the 
literature that “the use of debt rather than equity funds to 
finance a given venture may well increase the expected 
return to the owners, but only at the cost of increased 
dispersion of the outcomes” (Modigliani and Miller, 
1958 [4], p. 262); “any gains from using more of what 
might seem to be cheaper debt capital would thus be off-
set by correspondingly higher cost of the now riskier 
equity capital” (Miller, 1988, p. 100) [5]; and “the lev-

2For a simpler proof of this proposition without using any math, see 
Chang (2004) [3]. 
3Note that even before the firm changes its debt-equity ratio, the eq-

uityholders can buy 3/2 shares of the existing equity ( ) and borrow 

60 (

1
0E

3
100 90

2
   ) dollars from the money market to create the time-1 

payoffs of the new equity ( ): 
4After the firm changes its debt-equity ratio, the debtholders can also 
combine the new debt with other securities to create a home-made debt 
which will give exactly the same time-1 payoff of the old debt (i.e., 
debtholders’ preferences toward variance are irrelevant). Thus, in com-
plete markets, mean-variance analysis may not be meaningful. 

1''
0E

       
       

450 3 3 2 150 1 0.25 90 3 2 100     


0 3 2 50 1 0.25 90 3 2 100    
. 
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ered stockholders have better returns in good times than 
do unlevered stockholders but have worse returns in bad 
times, implying greater risk with leverage” (Ross, 
Westerfield and Jaffe, 2010 [6], p. 496).5 

Example 3. Pricing Debt and Equity Contracts. 
In Example 2, assume Equation (4) where Security 3 is 

a levered firm: 

1
0

2
0

Money Market (Security 1):                              

1 3 1
                 1 1.25+ 1.25

1 0.25 4 4

1 3 1
Security 2: 5.2 8 2

1 0.25 4 4

0 1
0

4

S

S

      
        

  


1"
0

2"
0

1 3 45
90

1 0.25 4 3

90

Security 3:

E

E

   

 

3"
0

4 '
0

5 '
0

1 3 450

1 0.25 4 3

1 3 450
90

1 0.25 4 3

1 3
115 150

1 0.25 4

1 3
115 150

1 0.25 4

E

D

D


 
 
 
  
    
        
 
   

 
 
    
 

 

1
0

4

1
0

4

1
125

4

1
125

4









   

  


   
 
   
 

900

100

(4’) 

Suppose that the firm moves to a more uncertain pro-  

ject, and its time-1 payoff is 
 
 
 

750

250
 rather than 

 
 
 

. 

Then, Equation (4’) becomes: 

1
0

2
0

Money Market (Security 1): 

1 3 1
                 1 1.25 1.25

1 0.25 4 4

1 3 1
Security 2: 5.2 8 2

1 0.25 4 4

600 1
0

3 4

600 1
0

3 4

S

S

       
        

    
 

 

1'"
0

2 '"
0

1 3
120   

1 0.25 4

1 3
120

1 0.25 4

Security 3:

E

E

 


   

3'"
0

4"
0

5"
0

1 3
120

1 0.25 4

1 3
100

1 0.25 4

1 3
100

1 0.25 4

      

E

D

D


 
 
 
 

It is found that when the firm moves from a more cer-
tain project (its time-1 payoff is either $750 or $250) to a 
more uncertain one (its time-1 payoff is either $900 or 
$100), the variance of the time-1 payoff of the firm (and 
the variance of the time-1 payoff of the equity) increases, 
the time-0 price of equity increases, but the time-0 price 
of debt decreases.6 Also, this redistribution effect of 
wealth between debtholders and equityholders has noth-
ing to do with their attitudes toward risk. These results 
and the results of Example 1 refute the claims that “there 
is a fundamental distinction between holding an option 
on an underlying asset and holding the underlying asset. 
If investors in the marketplace are risk-averse, a rise in 
the variability of the stock will decrease its market value” 
(Ross, Westerfield and Jaffe, 2010 [6], p. 689); and “in 
most financial settings, risk is a bad thing; you have to be 
paid to bear it. Investor in risky (high-beta) stocks de-
mand higher expected rates of return. High-risk capital 
investment projects have correspondingly high costs of 
capital and have to beat higher hurdle rates to achieve 
positive NPV. For options it’s the other way around” 
(Brealey, Myers and Allen, 2006 [7], p. 557). 

Example 4. Pricing Convertible Bonds. 
In Example 2, assume Equation (2) where Security 3 is 

a levered firm. Assume that one of the firm’s riskless 
debts is changed into a convertible bond: 

 

600 1
0

3 4

1
150 50

4

1
150 50

4










  

 
    

 
 
   

 
 
    
 

  

   
 
   
 
   
 

(5’) 

 

 

 

1
0

2
0

3
0

0

5
0

750 1251 3 1
93.75 0

1 0.25 4 4 4

750 1251 3 1
93.75 0

1 0.25 4 4 4

750 1251 3 1
93.75 0

Security 3: 1 0.25 4 4 4

118.75

750 1251 3 1
      125

1 0.25 4 4 4

1 3 1
100 125

1 0.25 4 4

e

e

e

CB

D

 
     

  
 

     
  

 
     

  


 
    

  

   


125

















     

(6) 

Adding this convertible bond dilutes the time-0 value 
of the equity (which decreases from 100 dollars to 93.75 
dollars). The time-0 price of the option (the right) of 
converting the bond into a share of equity is 18.75 (= 

5In incomplete markets, after the firm changes its debt-equity ratio, the 
equityholders may not be able to create a home-made equity to repli-
cate the time-1 payoff of the old equity. See Appendix B. 
6Because the debtholders’ time-1 payoff has an upper bound, they will 
not benefit if the more uncertain project succeeds, and they will suffer
if the more uncertain project fails. Note that in some cases, the time-0 
price of a firm may decrease when the firm moves to a more uncertain 
project. See Appendix C. 
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850

300




 

        850

        300

ecurity 3’  

118.75 – 100) dollars. The time-0 value of the whole firm will be 570 dollars, 
and the time-0 value of the labor input will be 70 dollars: Example 5. Pricing Different Contracts. 

In Example 4, assume Equation (6) where Security 3 is 
a levered firm. Suppose that the firm’s hiring an addi-
tional labor (a manager) can increase its time-1 payoff  

1 3 1
570 850 300

1 0.25 4 4

1 3 1
70 (850 750) (300 250)

1 0.25 4 4

         


           

 

from           to 

 :  

750

250




Note that different labor contractual arrangements will 
not affect the time-0 prices of the labor input and the 
whole capital input (which includes equity, debt and 
convertible bond):7 

            750                   
500                    Labor + 500 

        250                     

    Security 3                     S  Fixed-wage contract:  
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1f
0

f
0

850 106.25 87.51 3 1
98.4375 0

1 0.25 4 4 4

850 106.25 87.51 3 1
.4375  0

1 0.25 4 4 4

850 106.25 87.51 3 1
.4375  0

1 0.25 4 4 4

850 106.251 3
119.6875

1 0.25 4

e

CB

  
     

  

  
     

  

  
     

  


  


 

2f
0

3f
0

98

98

Security 3' : 

e

e

5f
0

f

87.5 1
106.25

4 4

1 3 1
85 106.25 106.25

1 0.25 4 4

1 3 1
Labor 70 87.5 87.5

1 0.25 4 4

D






       

          

          










              (7) 

7 57x Share contract (where the labor’s share: ; the capital providers’ share: 1 50 57x ):    
   

   

   

 

1s
0

2s
0

3s
0

s
0

850 1 300 1 21 3 1
92.105263 0

1 0.25 4 4 4

850 1 300 1 21 3 1
92.105263 0

1 0.25 4 4 4

850 1 300 1 21 3 1
92.105263  0

1 0.25 4 4 4
Security 3': 

850 11 3
118.421052

1 0.25 4

x x
e

x x
e

x x
e

x
CB

   
     

  

   
     

  

   
     

  

 
  


   

   5s
0

s

300 1 2 300 11

4 4 2

300 1 300 11 3 1
105.263158

1 0.25 4 2 4 2

1 3 1
Labor 70 850 300

1 0.25 4 4

x x

x x
D

x x












   

  
 

            
          

        (8) 

Mixed contract (where the labor obtains 50 dollars and 
has share: 

7With the assumption of certainty, Cheung (1968) [8] finds that differ-
ent labor contractual arrangements will not affect the efficiency of 
resource allocation. 

3 53y , and capital providers’ share is: 
1 50 53y  ): 
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1m
0

2m
0

3m
0

m
0

850 50 1 300 50 1 21 3 1
95.518868 0

1 0.25 4 4 4

850 50 1 300 50 1 21 3 1
95.518868 0

1 0.25 4 4 4

850 50 1 300 50 1 21 3 1
95.518868 0

1 0.25 4 4 4
Security 3':

1
119.103773

y y
e

y y
e

y y
e

CB

     
     

  
     

     
  

     
     

  

 
        

     

     

5m
0

m

850 50 1 300 50 1 2 3003 1

1 0.25 4 4 4

300 50 1 300 50 11 3 1
94.339622  

1 0.25 4 2 4 2

1 3 1
Labor 70 50 850 50 50 300 50

1 0 25 4 4

y y

y y
D

 y  y
.












     50 1

2

y  
      

1200

40

 

 

850

300


     

      
  

              

(9) 

Suppose the firm moves to a more uncertain project, 

 
and its time-1 payoff is  rather than   


, 



and assume that the labor is the first to get payment, the 

common bondholder is the second to get payment, the 
convertible bondholder is the third to get payment, and 
the equityholder obtains the residual: 

Fixed-wage contract: 

 
 

 

 

1f''
0

2f''
0

3f''

1200 106.25 87.51 3 1
150.9375 0

1 0.25 4 4 4

1200 106.25 87.51 3 1
150.9375  0

1 0.25 4 4 4

1200 106.25 87.51 3 1
0

4

e

e

  
     

  
  

     
  

  
     

 
0

f''
0

150.9375   
1 0.25 4 4Security 3'': 

1
150.9375

1 0.

e

CB



 


 

5f''
0

f''

1200 106.25 87

25 4 4

1 3 1
63.75  106.25 0

1 0.25 4 4
1 3 1

Labor 60.5 87.5 40
1 0.25 4 4

D



  
 

          
          

.53 1
0

4










 
   

 

               (7’) 

Share contract (where labor share: 7 57x  ; capital providers share: 1 50 57x  ):   

   

   

   

1s'
0

2s'
0

3s'
0

s'
0

1200 1 300 1 21 3 1
138.157895 0

1 0.25 4 4 4

1200 1 300 1 21 3 1
138.157895 0

1 0.25 4 4 4

1200 1 300 1 21 3 1
138.157895 0

1 0.25 4 4 4
S

1
141.666667

1 0.2

x x
e

x x
e

x x
e

CB

   
     

  
   

     
  

   
     

  

 


ecurity 3'' : 
     

   5s'
0

s'

300 1 40 11 3 1
82.45614

1 0.25 4 2 4 2

1 3 1
Labor 89.403508 1200 40

1 0.25 4 4

1200 1 300 1 2 40 13 1

5 4 4 4 2

x x x










    
   

 
   

      
  

          

x x
D

x x





   (8’) 
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Mixed contract (where the labor obtains 50 dollars and 

has share: 3 53y  , and capital providers’ share is:  
1 50 53y ):  

 
     

     

     

1m'
0

1200 50 1 300 50 1 21 3 1
145.047169 0

1 0.25 4 4 4

2 1
0

4

2 1
0

4

y y
e

     
     

  
 

  
 

 
  

 

2m'
0

3m'
0

m'
0

1200 50 1 300 50 11 3
145.047169

1 0.25 4 4

1200 50 1 300 50 11 3
145.047169

1 0.25 4 4
Security 3'':

1

y y
e

y y
e

CB

   
  



   
  




     

  

  

5m'
0

m'

1200 50 1 300 50 11 3
45.047169

1 0.25 4 4

300 50 11 3 1
70.754717 0

1 0.25 4 2 4

1 3 1
Labor 77.056604 50 1200 50 40

1 0 25 4 4

y y

y
D

 y  
.










   
  

            
            

2 1
0

4





 
  

 

        (9’) 

The time-0 prices of the whole firm, the equity and the 
convertible bond will increase. The time-0 price of the 
common bond will decrease. The time-0 price of the la-
bor input will decrease if it is under the fixed-wage con-
tract. The time-0 price of the labor input will increase if 
it is under the share or the mixed contracts. 

3. Concluding Remarks 

This paper has used the Arbitrage Theorem (Gordan 
Theorem) to show that first, all securities are derivatives 
for each other, and they are priced by the same risk neu-
tral probability measure. Second, after the firm changes 
its debt-equity ratio, the equityholders can always com-
bine the new equity with other existing securities to cre-
ate a home-made equity which will give exactly the same 
time-1 payoff of the old equity. That is, we have a capital 
structure irrelevancy proposition: changes in firms’ debt- 
equity ratios will not affect equityholders’ wealth (wel-
fare), and equityholders’ preferences toward variance are 
irrelevant. Third, when the firm moves from a more cer-
tain project to a more uncertain one, the time-0 price of 
equity will increase, but (because the time-1 payoff of 
common bond has an upper bound) the time-0 price of 
common bond will decrease. Fourth, different labor con-
tractual arrangements will not affect the time-0 price of 
labor input. When the firm moves from a more certain 
project to a more uncertain one, the time-0 price of labor 
input will increase if it is under the share or the mixed 
contract. 
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Appendix A 

In incomplete markets, securities may not be derivatives 
for each other, but with no arbitrage (System 2 of Theo-
rem 4 has a solution), they will still be priced by the 
same (which may not be unique) risk neutral probability 
measure. For example, assume that only two securities 
(one of them is a money market with interest rate r = 
0.25) exist in a no-arbitrage, one-period, five states of 
nature world: 

 







1
0 1

3 4

2
0 1 2

3 4 5

5

1 2 3 4 5
1

Money Market Security 1 : 

1
1.25 1.2

1 0.25

1.25 1.25

1
Security 2: 10 8

1 0.25

4 2

                 ,  ,  ,  ,  0; 1  i
i

S p

p p

S p p

p p

p p p p p p




2

5

5

1.25

1

     

p

p

p





   



     




   



     




 




 

Suppose that there is a new security: Security 3 whose  

time-1 payoff is:      c . 

12.8

10.4

5.6

3.2

2

 
 
 
 
 
 
  

a

10

8

4

2

1

 
 
 
 
 
 
  

 1 :  ,  bS R  

 

10

8

1.2 4

2

1

                         

 1 21.2S S S

 









Because c lies in the subspace spanned by  

1.25

1.25

1.25

1.25

1.25

 
 
 
 
 
 
  

 and b  

(i.e., ), the time-1 pay-
off of Security 3 can be derived (replicated) by those of 
Securities 1 and 2: 

 c a   

 

1.2512.8
1.2510.4

5.6 0.64 1.25

3.2 1.25
2 1.25

 
 
 
 
 
 
  

 

The time-0 price of Security 3 is:  

0 0 , and with no arbitrage, the three 
securities are priced by the same risk probability meas-
ure:  

 3
0 0.64





1
0 1 2

3 4 5

2
0 1 2

3 4 5

3
0 1 2

3 4 5

Money Market Security 1 : 

1
1.25 1.25

1 0.25
1.25 1.25 1.25

1
Security 2: 10 8

1 0.25
4 2 1

1
Security 3: 12.8 10.4

1 0.25
5.6 3.2 2

                   0.

S p p

p p p

S p p

p p p

S p p

p p p

   


     

   


     

   


     

    1 2
0 0

5

1 2 3 4 5
1

64  1.2  

                    ,  ,  ,  ,  0; 1       i
i

S S

p p p p p p


















 



 




11.25

9.25

' 5.25

3.25

2

c

 

Suppose that the time-1 payoff of Security 3 is:  

 
 
 
  . 
 
 
  

Because 1'   :  ,  c a bS R       , the time-1 
payoff of Security 3 cannot be replicated by those of Se-
curities 1 and 2. But with no arbitrage (System 2 of 
Theorem 4 has a solution), all the three securities will be 
priced by the same risk probability measure: 













1
0 1 2

3 4 5

2
0 1 2

3 4 5

3'
0 1 2

3 4 5

Money Market (Security 1):

1
1.25 1.25

1 0.25
1.25 1.25 1.25

1
Security 2: 10 8

1 0.25
4 2 1

1
Security 3: 11.25 9.25

1 0.25
5.25 3.25 2

                 

S p p

p p p

S p p

p p p

S p p

p p p

   


     

   


     

   


     
5

1 2 3 4 5
1

,  ,  ,  ,  0; 1       i
i

p p p p p p


















  



 

where p1, p2, p3, p4, p5 may not be unique. 

Appendix B 

In incomplete markets, after the firm changes its debt- 
equity ratio, the equityholders may not be able to create a 
home-made equity to replicate the time-1 payoff of the 
old equity. For example, assume that only two securities 
(one of them is a money market with interest rate r = 
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0.25) exist in a no-arbitrage, one-period, five states of 
nature world: 







1
0 1

2
0 1

3 4

5

1 2 3 4 5
1

Money Market (Security 1):

1
1 1.25 1.25

1 0.25
1.25 1.25

1
Security 2: 4 10 8

1 0.25
4 2

                ,  ,  ,  ,  0; 1 i
i

S p

S p

p p

p p p p p p




    
 
  
      

   

  






2 3

4 5

2

5

1.25

1

      

p p

p p

p

p

  

 

 

 

(B1) 

where the risk neutral probability can be  

0.2

0.2

' 0.2

0.2

0.2

p

 
 
 
 
 
 
  

 or 

7 90

1 5

'' 3 5

1 10

1 45

p

 
 
 
 
 
 
  

'p

. 

Assume that Security 2 is an all equity firm and it 
plans to issue a riskless debt (debtholder pays 0.8 dollar 
at time 0, and obtains 1 dollar at time 1): 

By ,  







'
0

'
0

1
3.2 9 0.2 7

1 0.25
1 0.2 0

Security 2:
1

0.8 1 0.2 1
1 0.25

1 0.2 1

E

D

     
  


    
 
    

0.2 3 0.2

 0.2

0.2 1 0.2

 0.2

  



  



''p

  

or, by ,  

"
0

"
0

1 7
3.2 9

1 0.25 90

10
Security 2:

1 7
0.8 1

1 0.25 90

10

E

D

     


 


     

  

1 3
7 3

5 5

1 1
1 0

45

1 3
1 1

5 5

1 1
1 1

45

   

  
 

   

  


'E
''
0E

10

8

4

2

1

b

 
 
 
 
 
 
  

3

3

3

2

1

1d

 
 
 
 
 
 
  

7

5

1

0

0

1e

 
 
 
 
 
 
  

 

That is, recapitalization through issuing riskless debt 
does not change the market value of the firm (i.e., the 
time-0 price of Security 2 is always 4 dollars), and the 
time-0 prices of equity and debt are independent of the 
risk neutral probability measure used. Also, after the firm 
issues riskless debt, the equityholder can always create a 
home-made equity by combining the new equity ( 0  or 

) with investing 0.8 dollar in the money market, 

which will give exactly the same time-1 payoff of the old 
equity:  

. 

Suppose that the time-1 payoff of the debt is uncertain:  

,  

and the time-1 payoff of the equity is:  

.  

 1; : ,1b a eS R      

1.25

1.25

1.25

1.25

1.25

a

 where  Since 

 
 
 
 
 
 
  

10

8

4

2

1

 
 
 
 
 
 
  

10

8

4

2

1

b

 
 
 
 
 
 
  

'p

 and b ,  

b cannot be replicated by a and e1. That is, the equity-
holder cannot combine the new equity e1 with the money 
market to create a home-made equity to replicate the 
time-1 payoff of the old equity:  

.  

Also, with different risk neutral probability measures: 
By ,  









'
0

'
0

1
2.08 7 0.2 5 0.2 1 0.2

1 0.25
+0 0.2 0 0.2

Security 2:
1

1.92 3 0.2 3 0.2 3 0.2
1 0.25

2 0.2 1 0.2

e

d
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''p where p1, p2, p3, p4, p5 may not be unique. By ,  

"
0

"
0

1 7
1.71555 7

1 0.25 90

+0
10Security 2:

1 7
2.28444 3

1 0.25 90

10

e

d

     

1 3
5 1

5 5
1 1

0 
45

1 3
3 3

5 5
1 1

2 1
45

    Appendix C 

  


 
     



    

In some cases, the time-0 price of a firm may decrease 
when the firm moves to a more uncertain project. For 
example, assume a firm exists in a no-arbitrage, one- 
period, two states of nature world (where the market in-
terest rate is: r = 0.25):      



 

The time-0 price of Security 2 can be the sum of 0  
and 0  (which is equal to 4.36444 > 4), and with no 
arbitrage, 

'e
''d

 











1
0 1

'
0 1

"
0

1 2

4 5

1

Money Market Security 1 :
1

1 1.25 1.25
1 0.25

1.25 1.25
1

2.08 7 5
1 0.25

0 0

Security 2: 2.28444

1
3 3

1 0.25
2 1

                ,

S p

e p

d

p p

p p

p

    


   
    

 




    


    

5

2 3 4 5
1

 ,  ,  ,  0; 1   i
i

p p p p p




















 




2 3

4 5

2 3

4 5

3

1.25

1

3

p p

p p

p p

p p

p

 

   

 

 

    

0.10984

0.25635

0.54936

0.02445

0.06

 

where the risk neutral probability can be  

0.12127

0.24921

0.50507

0.10445

0.02

 
 
 
 
 
 
  

 or 

 
 
 
 
 
 
  

. 

If this is the case, then with no arbitrage, the time-0 price 
of Security 2 in Equation (B1) will be adjusted to 
4.36444 dollars in the first place (see also Litzenberger 
and Sosin, 1977 [9]; and Huang and Litzenberger, 1988 
[10], pp. 128-129): 

 







1
0

2
0

1 2

4 5
5

1 2 3 4 5
1

Money Market Security 1 : 
1

1
1.25 1.25

1 0.25
1.25 1.25

Security 2: 4.36444
1

10 8 4
1 0.25

2 1

               ,  ,  ,  ,  0;  1   i
i

S

p p

S

p p

p p

p p p p p p



 

   


   


         
  




1 2 3

4 5

3

1.25

    

p

p p

p

  

 

                      1000                   125

Firm Value = 500              Debt = 100 

                  600                      125

                      875         

 Equity = 400   

            475 

 

(B1’) 

 

That is, the unique risk neutral probability for this 
world is:  

1 16

15 16

 
,  

 

and 

Firm value

1 1 15
Equity: 400  875  475

1 0.25 16 16

1 1 15
Debt: 100  125  125

1 0.25 16 16

          
         

2000

100

 (C1) 

Suppose the firm moves to a more uncertain project, 
and its time-1 payoff is  

 
   

 

1000

600

 
instead of             


. 



Then, the time-0 prices of the whole firm, the equity and 
the debt decrease: 

Firm value  

1 1 15
Equity: 93.75  1875 0

1 0.25 16 16

1 1 15
Debt: 81.25 125 100

1 0.25 16 16

          
         

(C2) 

Since no one (especially, the equityholder) benefits, 
the firm will not move to this more uncertain project, and 
Equation (C2) does not exist. 

 
 


