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ABSTRACT

Entanglement due to the interaction of a two level atom with a laser and quantized field is investigated. The role of the
nonlinearity due to these interactions is discussed. It is found that the nonlinearity changes strongly the behavior of the
entanglement also the detuning parameters have important role in the structure of the measure of entanglement.
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1. Introduction

Quantum information processing provides different way
for manipulating information other than the classical one.
This is related to entanglement, which plays an essential
role in the quantum information such as quantum com-
puting [1], teleportation [2], cryptography [3], dense cod-
ing [4] and entanglement swapping [5]. Thus intensive
efforts have been done to understand theoretically and
experimentally the entanglement in quantum systems.
For instance, the entanglement between two qubits in an
arbitrary pure state has been quantified by the concur-
rence [6] and Peres-Horodecki measure [7]. However,
that of the mixed states is quantified by the average con-
currence over all possible pure state ensemble decompo-
sition. Additionally, the entropic relations are used in
investigating the entanglement in quantum system. In
this regard von Neumann entropy (NE) [8], linear en-
tropy (LE) and the Shannon information entropy (SE) [9]
have been frequently used in treating entanglement in the
quantum systems. The NE [10] and the LE [11] have
been applied to the JCM. It is worth mentioning that the
SE involves only the diagonal elements of the density
matrix and in some cases it can give information similar
to that obtained from the NE and LE.

The paper is prepared in the following order: In Section
2 we define the system Hamiltonian. In Section 3, we
derive the time evolution operator and density matrix. In
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Section 4 we investigate the atomic inversion and idem-
potency defect (ID). In Section 5 we summarize the main
results.

2. The System Hamiltonian

The scheme, we are going to discuss exploits the passage
of a single atom through a quantized cavity [12]. We wish
to underline the relevance of this aspect from an experi-
mental point of view. Preparing and controlling a single
atom is certainly much easier to achieve with respect to
the case when the manipulation of many atoms is re-
quired. In addition, taking into consideration the low
efficiency of the atomic state detectors today used in la-
boratory, conditional measurement procedures involving
one atom only instead of many ones, have to be preferred.
The dynamics of several Hamiltonian models describing
such systems is exactly treatable and, in most cases,
testable in the laboratory. The point to be appreciated is
indeed that, studying such systems, one has the opportu-
nity to induce entanglement and control its evolution in a
multipartite physical system. In this paper: we study a
two-level atom injected into a cavity field, where the
dipole-allowed transitions between the lower level and the
upper levels are nonresonant with the cavity mode. Fur-
thermore, we assume that the interaction including an
arbitrary form of nonlinearity of the intensity-dependent
coupling. In the rotating wave approximation (RWA), the
interaction of the cavity mode with the injected atom is
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described by the Hamiltonian (7% =1):
H=H,+H.+H,+H, 1)
where H, =,S,

w.a'a is the field Hamiltonian, H ,,

is the atom Hamiltonian, H, =
_E(Q Aot
=>(S,a+a'S.)

is the atom-field Hamiltonian, and

H ZK(S e_i(WLH"//L) +ei(th+WL)S_)
AL 2 +

is the atom-laser Hamiltonian.

The atomic transition frequency is denoted by ,, the
frequencies of the cavity and laser fields are denoted by ®,
and o receptivity, and the laser field is assigned by the

phase i, the operator d(&l) is the annihilation (crea-

tion) operator of the cavity field and obey the commuta-
tion relation [4,a"]=1, & and r are the coupling constants

associated with the cavity field and the classically de-
scribed laser field respectively which are assumed real.

The § operators are the coherence operators for the atom,

satisfying the following angular momentum commutation
relations [S,,S,,]1=S,,0,—S,0,; where i,j,lm=12,..

ij> im™~ jl 1Y mi

3. Time Evolution Operator and Density
Matrix
To obtain the time evolution operator, we must eliminate

the explicit time dependence of the previous Hamiltonian
1), we use the following unitary operator [13]

T(r) = ¢ on viXse i @)
we redefine the Hamiltonian as :
H =T HT () —iT" (1) °- t(’) 3)

Then the Hamiltonian 1) will be in the following form:

H = A&T&+AS+(’E(S(1+ 'S ) +— (S +S), 4

where A, =w,—w, and A, =wm,-w,, if we consider

the resonant pumping case @, =@, and rearrange the
Hamiltonian terms, the Hamiltonian (4) becomes.

At oA i At ~
H, =rS,+ 4.4 a+5(a +a)SZ/
at)(sl+s")
The new atomic operators set

(S.=S,.S. =S, +iS,,5 =5.~iS,)

)

+%(&—

which obey the angular momentum commutation relations
is the

dressed states of the atom in the laser field alone and the
operators S and S’ are the corresponding raising and

among themselves. The eigenvector of S, =35,
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lowering operators.
To associate the third and the fourth terms of H, we

use the following unitary transformation:

H=P'HP, (6)
where P is an atomic state dependent displacement op-
erator of the cavity field state which is defined as :

A a-af !
Pzt @)

Then the Hamiltonian 4) takes the following form:

=S +Ada+2(am Sv+Sv)-——, (8
et Saa) i ®
where
RGN C S PR D
y = e e? e a"at" (9
,;),;)[ ] n'm! ©)

2

We can drop 4
16A

which has no effect in the dynam-
ics of the system.

This Hamiltonian describes a two level system with
energy levels separated by r coupled to a single quan-
tized mode of radiation frequency A, and there is an
infinite sequence of probe resonance zones in the neigh-
borhood of the Rabi sub harmonic resonances at

&£
A, =— m=%x1,%£2,....
m

If we consider of the RWA, the slowly varying terms
are identified and retained, in the m th resonance zone
S| has the zero order time dependence ¢ that is ap-
proximately canceled by the zero order time dependence

e—f* of all field operators of the form a™a"*" , for any n.

The Hamiltonian for the m” resonance zone is:

H, =A, ATA+rS/+§(S £.+S'Fy (10)

In this case, we recognize as the m" -order multiphoton
Jaynes Cumming Hamiltonian where we consider

L \2
I (%) <& & (1)w+(
= f(ma", f(”):ezc) (
fo= 1) AEYS o

destroys m photons of frequency A, where H ; can be

further simplified by means of another rotating wave

approximation (RWA),( as discussed in detail in [12-14]).
The time evolution operator is given by:

U@t)=T(t)Pe " P'T' (1)

_ e—iﬂ(&l&) {Un Upn }eimm"'&), an
U21 U22

—iH,

0= (a)Lt + l//L)
where
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U, =%e"(“’L’9)(A+B+D+E),
U, = ; eV (4-B+D-E),
U,, :%e""’L+€)(A+B—D—E), (12)
U, = ; W9 (4-B-D+E),
and
—iAL-[n+£JI
A = Ge R ()G T,
] 4Ac[n+%]t
B = iG &e f(m)E, ()G, (13)
. 7iA(;[nf%jt .
D =G ée f()E,()G",
—iA ¢ nf1 t
E =iG "Se [ 2]F2(t)G,
where
sin(u .t sin(u ¢t
F, = cos(u) - i SmHit) g o S .
Hj H;
Also,
1 2 2
w(m) = 1657 + (A ()
(n+k)!

iy (n) = g, (n—m), v (n) = Lm(é) al

where, vz(n):vl(n—m),ézé(g—mAC) , G=v* and

L'(£%) is the Laguerre function. At t=0 the wave
function of the system can be written as:

9 (9
|‘I’(O)>={cos[gj|e>+sm(5j|g>}|a> (14)
where 4 is the superposition state parameter

|a) = Zexp(—u \/7|> (15)

with the mean photon number n =|a| , then the wave

function at any time ¢ >0 is given by
¥ (1)) =U®)|¥(0)) 16)
= e @D {U12 le.a)+U,|g, a)}

In the pure state case it is well known that the density
matrix of the atom-field interaction can be written as:

0)=|# () (¥ ()] (17)

In order to analyze what happens to the two level sys-
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tems interacting with laser and quantized field, we trace

out field variables from the state p(t) and get the re-
duced atomic density matrix of the system given by

Py (t) =1rp |V/AF (t)><‘//AF (t)|

=2ALlplL) = .. (1)]e)el+ Py (1) )(e]

0 (1)] &) (e]+ Py (1)] 2)(g].

(18)
where
P (1) = (n] e U, |a)@|UT e ),
Pes (1) = (n| ™" U, [a)(@|U" e " ),
P (1)= <n|e”‘(9"""L)U22 |a><a|U*12ei(g""”L) |n>,
Peg () = (|0, [a)(a| U, """ |n).
(19)

4. Atomic Inversion and Idempotency Defect

Atomic inversion can be considered as the simplest im-
portant quantity. It is defined as the difference between
the probability of finding the atom in the exited state and
in the ground state, the time dependent atomic inversion in
the m™ resonance (€ =MmA_) is given by:

W)= 2. (t) -2 (1) (20)

Finally the idempotency defect as a measure of entan-
glement is written as:

e =T, {p(1)(1- p(1)}
= 1-Tr, (p(t))’ 1)

=2P:Pu =2

2
P

In many cases of quantum information processing, one
requires a state with high purity and large amount of en-
tanglement. Therefore, it is necessary to consider the
purity of the state and its relation with entanglement.

Here we use the idempotency defect, defined by linear
entropy, as a measure of the degree of purity for a state
p(2), in analogy to what is done for the calculation of the

entanglement in terms of von Neumann entropy [15]
which has similar behavior in the same cases.
[In all our figures we have plotted the atomic inversion

W(¢) and the entanglement 1D &’ as a function of the
scaled time ¢ ¢ for the case of two-photon processes]. In
Figure 1, we plot the atomic inversion and ID as a func-
tion of the scaled time. It is seen that, when we neglect the
Laguerre function term, the atomic inversion shows fast
Rabi oscillations, and the periodic behavior of the ID is
seen. In this case the usual two-photon features are ob-
served. Once the Laguerre term is considered the general

SGRE



A Qualitative Perstective on Idempotency Defect of Two Level System Interacting with Laser and Quantized Field 43

The Laguerre function term is ignored
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Figure 1. The evolution of the (a) atomic inversion and idempotency defect against the scaled time 1t for the parameters
a=5, £=0.5, k=2 the laser detuning parameter A.=1, 6=0 and =0
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Figure 2. The evolution of the (a) atomic inversion and (b) idempotency defect against the scaled time rt for the parameters

a=0, £=0.02 (dotted line), E=0.1 (solid line), k =2 the laser detuning parameter A.=1, 6=0 and 6=0
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Figure 3. The evolution of the (a) atomic inversion and (b) idempotency defect against the scaled time for the parameters

10, £=0.05 (dotted line), &=0.01 (solid line), k =2 the laser detuning parameter A. =(2n-0.5)w/t, 6 =0 and
0=0
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Figure 4. The evolution of the (a) atomic inversion and (b) idempotency defect against the scaled time rt for the parameters
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Figure 5. The evolution of the (a) Atomic inversion and (b) Idempotency defect against the scaled time, rt for the parameters
a=+10, &=0.01 (dotted line), £=0.1 (solid line), k=2 the laser detuning parameter A. =1, 6=0 and 5=0.1

features of both the atomic inversion and ID are washed out,
where as the time goes on the atomic inversion shows small
amplitude of the oscillations and steady state of the ID (see
Figure 1). As the time increases further the maximum
entangled state can be obtained, where W()=0=

Pee(t) = py (1) at this moment the entanglement reaches
its maximum value. An interesting case is seemed in Fig-
ure 2, where we have considered small values of the pa-
rameter & . In this case the collapse-revival phenomenon is
shown. Also, the periodic oscillation occurs each 607 for
atomic inversion and the zero ID at 157 for £=0.1.

Now we shed the some light on the affect of the dif-
ferent parameters on the both of the atomic inversion and
the corresponding ID. For example the effect of the de-
tuning A is considered in Figure 3. In this case we see
that the amplitude of the value of the detuning increased
as the value of the detuning increased. The ID decreases
and reaches steady state as A. increases further.

On the other hand, the detuning of the quantized field o,
plays the opposite role, where the ID shows steady state at
maximum instead of lowing its value due to the detuning
of the laser field.

As ¢ increases further (say & = 0.5) we obtain a long
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lived entanglement, as to show the fixed value of the ID
(& = 0.5). In Figure 5, we sce that the collapse-revival
phenomenon is clearly seen. Also, a perfect correspon-
dence between the atomic inversion revival and the local
maxima corresponds to the collapse periods. Also, we see
that the collapse-revival phenomenon is clearly seen. Also,
a perfect correspondence between the atomic inversion
revival and the local maxima corresponds to the collapse
periods. we have plotted the atomic inversion and the
corresponding field Idempotency for a state of mean
photon number of the coherent field as n =10, fixed the
detuning parameter A, =1 and the parameter 6 = 0 and
changed the parameter ¢ with values (0.01 and 0.1),
when & = 0.01, oscillated with period equal &t=20007n

)

and W(?) oscillated with same interval and €~ has a

long-lived entanglement in each interval. When & = 0.01,
then € has a weak oscillation and W(f) oscillated with a
very small interval between maximum and minimum
values.

5. Conclusions

In the present paper we show that the on idempotency
defect can be used to quantify entanglement of a two level
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system interacting with laser and quantized field. We
obtain the long living entanglement due to the idempo-
tency defects of the field. Our results show that the non-
linearity changes strongly the behavior of the entangle-
ment also the detuning parameters have important role in
the structure of the measure of entanglement. Also, all the
interaction parameters play an important role on the be-
havior of idempotency defect.
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