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Abstract

The objective of this work is to calculate and compare the energy eigenvalue
of Hulthen Potential using the NU method and AIM method. Using these
two methods the energy eigenvalue calculated from the NU method is less

o
than 5 AIM method. Moreover, the energy eigenvalue calculated from

both methods is charge independent and only depends upon the quantum
numbers and screening parameters, while the third term of energy eigenvalue
calculated using the NU method is only dependent on screening parameters.

Keywords

Hulthen Potential, NU and AI Method, Schrodinger Equation, Quantum
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1. Introduction

Schrodinger’s wave equation gives exact solutions only for an atom with one
electron example like H, He*, Li**, Be**, B*, C**, etc. This one-electron system is
often described as hydrogenic and time-independent Schrédinger equation ex-

pressed as,
(1)

The equation is also applied to electrons traveling at non-relativistic speeds

Hy = Ey

and in spherical polar coordinates (like hydrogen) system, the wave function
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w =y (r,0,¢) with Laplacian operator and separation variable the equation

become,

1a0(,0 1 o(. 0
= 92 R(r)+R 2 lsing=
r 6r(r 6r) (r)+ (r)rzsineaﬁ(sm 69]

1 o* ) 2m
j—?[v(r)—EJR(r)zo

)
+R(r)—(W

r2sin?o

The radial part of SE from (2) is obtained [1] as,

or H? r

AIM can be used to find exact analytical solutions to the Schrédinger equation
and the corresponding eigenvalue, as well as to solve differential equations im-
portant in quantum mechanics. This method has been successfully applied to
many anharmonic oscillators. AIM is a technique for solving analytically and
approximately linear second-order differential equations, particularly eigenvalue
problems, which occur frequently in theoretical and mathematical physics. The
NU method is also used to solve the Schrodinger equation and has a D-module
theory application to sort the eigenvalue problem. Furthermore, NU is used as
an alternative treatment for calculations performed within the framework of the
Nikiforov-Uvarov method, which eliminates a flaw in the original theory and
avoids some difficulties in solving the Schrédinger equation. There has recently
been renewed interest in solving simple quantum mechanical systems using the
NU method. This algebraic technique is based on solving second-order linear
differential equations, which have been successfully used to solve the Schrédin-
ger, Dirac, Klein-Gordon, and Duffin-Kemmer-Petiau wave equations in the

presence of well-known central and non-central potentials.

2. Literature Review

The Hulthen potential (Hulthen, 1942) relation is given by Hulthen as

i ]

a 1—exp(—rj
a

With screening parameters ¢ = ant which is identified with the atomic num-
ber z and ris distance. This potential is a short-range potential that behaves like
a Coulomb potential for small values of r and decreases exponentially for large
values of r. The energy eigenvalue is strongly bounded and an increase in rota-
tional quantum number / makes energy become more attractive that the energy
becomes more negative with increasing screening parameter J [2]. The energy of
Hulthen Potential decreases with an increase in a quantum state and also shows
the energies apart from decreasing with an increase in screening parameter o
[3]. The Hulthen potential exhibits an exponential decline for > a and be-
haves like 1/rfor 0 < r «a isshown in figure [4] [5] [6].
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For the solution of energy eigenvalue of Hulthen Potential, the considered
method in this work is NU and AIM. The other potentials like Hulthen,
Poschl-Teller, Eckart, Coulomb, Hylleraas, Pseudoharmonic, and Scarf II poten-
tials energy eigenvalue were also calculated using this method. Moreover, other
methods like Supersymmetric Quantum Mechanics Approach, Formular Me-
thod, and Exact Quantisation are also used to determine the energy eigenvalue
[7]-[12]. NU method is described in terms of the hypergeometric-type second-order
differential equations and given the solution by Szego in 1934 with an exact solu-

tion of the SE for certain kinds of potentials,
y'+p(t)y'+a(t)y=9(t) (5)

If g(t)=0, then Equation (5) is said to be a homogenous equation otherwise
Equation (5) is said to be nonhomogeneous reported by Nikiforov & Uvarov in
1988 [13]. The energy eigenvalues are obtained from the quantization condition
[14] as

Sy (X) = A, (X)s,4 (X) =41 (X)s,(x)=0, n=1,2,3,--- (6)

where, 2, (x)=241(X)+5,1(X)+ 4 (x)4, 4 (x),and
Sn (X) =871 (%) + S (X) A4 (%) -

The deformation effects on the energy spectrum of nanoscale superlattice by
changing the interatomic distances as well as varying the width and height of the
potential barrier have been studied theoretically. The potential deformation has
been estimated, and it has been demonstrated that the deformation potential va-
ries depending on the edge of the forbidden band. The dependence of the effec-
tive mass on energy has also been investigated. The advancement of nanotech-
nology has increased the demand for atomic-sized films. New low-dimensional
nanostructure graphene, for example, promises to be a key component of future
nanoelectronics. Several technological methods for producing graphene films on
flexible solid-state substrates have already been developed. The current state of
research on strain-sensing properties of semiconductor films is a result of the
development of strain-resistive sensors with semiconductor sensing elements
that have high sensitivity, reliability, small dimensions, and high-technology
manufacturing, among other things [15].

The streaming potential coefficient and zeta potential of two consolidated
samples saturated with four monovalent electrolytes at various electrolyte con-
centrations were measured. For all electrolytes, the experimental results show
that the streaming potential coefficient and zeta potential magnitude both de-
crease with increasing electrolyte concentration. It is also demonstrated that the
streaming potential coefficient for a given sample is dependent on the type of
electrolytes. Furthermore, the variation of the zeta potential with electrolyte
types is reported and qualitatively explained. The empirical expressions between
the streaming potential coefficient, the zeta potential, and electrolyte concentra-
tion are also obtained from experimental data on the streaming potential coeffi-

cient and the zeta potential [16].

DOI: 10.4236/0jm.2022.121002

33 Open Journal of Microphysics


https://doi.org/10.4236/ojm.2022.121002

B. Karki et al.

Using the Extended Transformation (ET) method, ESPs of the Posi-
tion-Dependent Mass (PDM) Schrddinger equation are generated from the
Hulthen Potential (parent system). The method starts with a Co-ordinate
Transformation (CT) and then moves on to a Functional Transformation (FT)
of the wave function. The parent system’s mass function is transformed into the
generated system’s mass function. There are two new ESPs created. For newly
generated potentials (systems), explicit expressions of mass functions, energy ei-
genvalues, and corresponding wave functions are derived. The method of sys-

tem-specific regrouping is also discussed [17].

3. Materials and Method

Hulthen potential is also well-known for describing the plasma-screening effect
on the continuum electron capture rate in the solar core region reported by

Carlson and Havens in 1983, which is similar to Equation (4). With z =V, = 4¢®

2
and & =R for the Hulthen potential parameters, where R is the screening

radius and the screening radius R has a range between 0.33, <R <1.25a, with
the Bohr radius 8, =h*/(m,e*) = 0529 A [1].

3.1. Shifting Screening Parameters

The eigenvalues were obtained numerically for arbitrary quantum numbers n

and /with the potential parameter d = 0.025 fm™, 0.050 fm™" and 0.075 fm™. The

shifted Hulthén Potential is dominant when the screening parameter tends to

zero (5 — 0 fm™ ) which is called the low screening regime with constant shifting.
52 e—ér

The centrifugal term with approximation —-~ ———— of Hulthen Potential

re (1—e“5r )2

with distance separation is visualized in Figure 1 given below.

100
9t '| ——— §,=0.025/fm
| —— §,=0.050/fim
T | 8,=0.75/fm
7t |
6F
£ \
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0 | ‘---_‘——— —_—
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Figure 1. Centrifugal term vs distance.
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The approximation is valid only for small screening parameter J but has an
error for large in the calculation of energy eigenvalues. This approximation me-
thod solution was proposed by Greene and Aldrich in 1976 with the good
agreement and later the number of authors used with the good agreement more
detail in ref [19]. The nature of Hulthen potential with distance at different val-
ues of screening parameters is given below in Figure 2.

Hulthen potential has a negative value in a very small value of 7, while the
Hulthen potential inclines to be constant for a higher value of r [20]. The radial
Schrodinger equation for the Hulthen potential can be solved analytically only
for s-states (I =0). Analytically, the generalized Hulthen potential for non-zero
angular momentum states given by Gonul, ef a/, Greene and Aldrich, and Sim-

sek and Egrifes as
e 1(l+1)n*s* e
+

52
Ver (1) = -2 51—e“"r 2m (1-e )2

)

It is of much concern to see that for small values of Jr; Equation (7) approx-
imates to the effective exponential-type screened Coulomb potential as

-or 2
(_Zeze_+l(l+1)h

Py J . In the case of Coulomb potential, small values of r, the
r mr

Hulthen potential, behaves like a screened Coulomb potential whereas for large
values of rit decreases exponentially so its capacity for the bound state is smaller
than the Coulomb potential [21].

The important quantity of interest for the Hulthen potential is screening pa-

rameter J, which binding energy of the level in question becomes zero and is

given in atomic [19] [20] units as, 5:%. The value of screening

(n+1+1)

—5,=0.025/fm
8,= 0.050/fm
2t ———8,=0.75/fm

3t

St

6 F

Hulthen Potential

9t

o ——
0 05 1 15 2 25 3 35 4 45 5

Distance (A)

Figure 2. Hulthen potential with distance for different screening parameters.

DOI: 10.4236/0jm.2022.121002 35 Open Journal of Microphysics


https://doi.org/10.4236/ojm.2022.121002

B. Karki et al.

potential is 0.025 for low screening and 0.15 for high screening and the simple

solution, in hyperbolic trigonometric term is given as [22],
u,o
U(r)==,

The Hulthen potential has a negative value in a very small value of r, while the

(1-cothsr) (8)

Hulthen potential inclines to be constant for a higher value of r. The analytical
solution of SE with 1=0 and |0 for some physical potentials has been ad-
dressed by many researchers.

3.2. Asymptotic Iteration Method

An asymptotic iteration method for solving second-order homogeneous linear
differential equations of form y”=4 (x)y'+s,(x)y is introduced, where
A (x)=0 and s;(x) are C, functions (Ciftei et al, 2003). Recently, some
complex potentials like V(x)=ix*, V(x)=ix’+iax and V(x)=x"+iax
have been studied in the literature and AIM numerically calculated the Eigen
energies of the new complex potential. The obtained numerical results are com-
pared with those obtained by using the WKB, EMM, and MRF methods and
found to be in excellent agreement [23]. Moreover, linear second-order differen-
tial equations with rational coefficients and explicit bases of solutions with clas-
sical a harmonic oscillator potential V (X) =x2+Ax*, A>0 [24].

Calculation of Energy Eigen Value of Hulthen Potential with NU Method
The radial part of SE for Hulthen Potential from Equation (3) can be obtained as

" 2 ’ 2/,! 2 e—é‘r I (I +1) hz
Ry (r)+?RnI (r)+h—2 E+Zde e e R,(r)=0 (9
This equation generates two cases (I #0, and | =0) with Hunthel potential

—or

being V (r)=-Z5€’ 1e

— - This potential of the form is defined and used by

different authors like Agboola: 2009 & 2010; Saad: 2007 and Hulthen: 1942 &
1957 for atomic phenomena [25]. To obtain the solution of Equation (9), let us

U,(r
define R, (r) =M and solve the equation for NU an obtained relation is
r

as,

2 2 e I(1+1
n,(r)+{h—fE+h—fZezé'—m— ( _ )}um(r):o (10)

U”
1-e r

On applying an approximation method on the centrifugal term used by Ag-
boola: 2009 and Oiang et al: 2007 Equation (10) and solve on assuming z — e ™"
and U (r) >y, (z) theobtained relation with I(1+1)=y is

" 1, 2uE  2uze® 1 4
Z2)+=y,. (z)+ + -
va 2+ va(2) [hzézzz w5 2(1-2) z(1-z)

2]t//n.(2)=0 (11)

Let a=-

2
2uE and ﬂzz,uze

257 s then Equation (11) becomes
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1-z

wm (2)+ Z(l—z)l//';' (2)

1 (12)

e s a2

On comparing Equation (12) with the NU equation given by Nikiforov-Uvarov
in 1988 one can obtain

6(z)=—(a+p)* +(2a+B-7)1-a
7(z)=1-z
o(z)=2(1-2)

Let us define a function 7z(z) and parameters A which is used to solve the
NU method [26] as

7(z)= a’(z)z—f(z) i\/{a’(z)—f(z)} -6(2)+ko(z),and A=k+7'(z)

2

Now to obtain the root, a quadratic equation solution is taken and the above
equation become,

n(z):_?zi%\/[1+4(a+ﬁ—k)]zz -4(2a+B-y-K)z+d4a  (13)

To obtain the root, setting the square root term equal to zero (13) and solving
the obtained root () for the NU equation is k, = f—y *Ja(1+4y).

The visualization of the nature of the root with the atomic unit (A=m=e=1,
I=1,and E =10MeV ) is shown below in Figure 3. The root value is very close
to zero with increasing screening parameters and remains constant. For the
small value of screening constant (<1 fm™) the root is extremely high.

Since the NU method has two roots (positive and negative), for our choice

positive root is selected, and hence Equation (13) becomes
70

60

N
=)

(%)
(e}
T

Root of NU Method
[ ]
o

-1 0 1 2 3 4 5 6 7 8 9
Screening Scale

Figure 3. Root of NU method with screening parameters or scales.
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7r+(z)=_?z+%({(2\/g)— (1+47/)}Z—2\/E) for k, = B—y+Ja(1+4y)
(14a)

Similarly, for negative root Equation (13) also represented as

7;7(z)=_72—%({(2«/5)+1/(1+4y)}2—2\/;) for k = B—y—Ja(l+47)
(14b)

To the obtained physical solution, first, ensure that consider the polynomial is
polynomial and verify the revelation 7(z)=7(z)+2x_(s). To satisfy the po-
lynomial condition (7'(z)<0), one selects any Equation (14’s), therefore a
condition for polynomial becomes, 7'(z)=-2- ({(2\/;) +(1+ 47)}) <0. This
means consider polynomial is polynomial. Now to obtain the value of NU para-

meters 1 =k+7'(z) for k_ the NU parameters become 1=k +7'(z).
"(z
Since A=A, where A, :—nr’(z)—n(n—l)# for more detail of this

relation and equalities, one can see (Sever ef al. 2018). Now consider this relation

and substituting the value the relation become

k_ +7z'(z)=-nz'(z)-n(n-1) d 2(2) and substituting the value and continues

solving for energy,

2
" uZz ) )
E =t | 2 Oi14n)-2 15

" 2y{h2(1+l+n) e 2} (13

This Equation (15) gives energy eigenvalue for Hulthen potential for quantum

numbers 7and / In atomic unit z= 1 Equation (15) become

1 1 5 5T
Enl Z—E[——E(l"rl +n)—5:| (16)

1+1+n

This equation is more similar to Equation (32) obtained by Ikhdair and Sever

in 2008, the result obtained in Equation (16) in this work has one addition term

0 . . . . .
(_Ej This term with screening parameters gives more precious to find the

energy eigenvalue for Hulthen potential. The screening parameters is given [19]
are related to the quantum number and angular momentum as above mention.
The nature of the screening parameters with a quantum number is given in
below in Figure 4 and as the quantum number increase, the screening parameter
value or screening scale decreases. In the case of azimuthal quantum number
similar behavior are observed that is low azimuthal quantum number has high

screening and high have low screening.

3.3. Development of Quantization Condition for Eigen Energy
Value Using AIM

AIM is another method proposed to obtain the exact solution of a second-order

differential equation with a general solution. On introducing an asymptotic
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0.012r
—1=2
1=3
0.01+ 1=4
h —I=5
5 0.008
k53
£ 0.006 ’
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.g
5 0.004 |
2
0.002
0 1 1 L 1 1 1 J
0 1 2 3 4 5 6 7
Quantum Number
Figure 4. Screening parameters with quantum numbers.
s s : Sn Sn—l
aspect of the iteration method for sufficiently larger value of nas —-= o a
n n-1

(n+2)
and the reduced form y—(x) _ A with a general solution

y(n+1) (X) - Ay
y(x)= exp[—ja(x)dx{C’JrC.[exp(J'[ﬂ0 (x)+2a(x)]dx)dxﬂ (17)

where C' the new integration constant and the energy eigenvalue is obtained

from the roots using the quantization condition of Equation (6).

Calculation of Energy Eigen Value of Hulthen Potential with AIM Method
o (1+1)R I(1+1) A
LIRS L (B L

>, WL >
—e" 2mr? 2mr? !

is known as the centrifugal term. The visualization of a centrifugal term with

The Hulthen potential Vi, (r)=-ze°6 1

I =1 is shown in Figure 5.
1 s Ry (x
On repeating the process up (9), with —~——, M
" oe)

Or = X, one obtained an equation,

X —X

and transformation the equation with

2 —
R”(x) 2mE 2mze® e

—1(1+1
nl h252+ h26 1_e—x (+)

Ry (x)=0 (18)

2mE 2me?zZ
Let a?=-=——, pB°=
h?5? p )

z—e "% and R, (x) >y, (z) theobtained equation become,

" 1 ’ _a_z ﬂ _ I(I+1) —
V/nl(z)+zl//nl(z)+ Z2+Z(1—Z) Z(l—Z)Z !//m(Z)—O (19)
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10
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Potential with Azimuthal Quantum Number
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Distance (A)

Figure 5. Centrifugal potential with azimuthal quantum number.

To solve this equation using AIM, this equation is transformed to AIM equa-
tion by proposing the reasonable physical wave function as,
wa(z)=2"(1- Z)I+l f (Z) with this wave function Equation (19) become
second-order homogenous liner differentiating equation,
d*f, (z) | (2a+21+3)z-(2a +1) |df, (2)

dz? z(1-z2) dz

(2a+1+2)1+2a - p* +1
+ ) I:nI ( Z)
z(1-2)

(20)

Now comparison this equation with the standard equation of AIM, the value
of 2,(z) and s,(z) become,

-

20 +21+3)7— (20 +1)
z(1-2)
200 +1+2)1+ 20— p% +1
SO(Z):|:( ) }
z(1-2)
Now to calculate A (z) and s (z), we have, A (X)=A ,+2, 414 +S, ;-
Therefore, for n=1,

_2+6a-7z-221- p°2+127°1 18z —bal

z
Zl( ) 22(2_1)2
1202 +112% + 4a® + 172+ p°7% + 4a’7? —8a’z +6a 7’| +31°7°
+ > -
2*(z-1)
And for n=1,
) (20+2a+2al +1° +1- B*)(-2+52 - 20+ 227 + 20l
Si(2)=

zz(z—l)2
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Similar for A4,,4;,--- and s,,S;,--- are calculated for n=2,3,---.
Now applying the quantization condition from Equation (6), for n= 1, 2, and

2 2 2 2
3, the energy equation is ¢, = g -2 1, o= p-A-Al-4 , and
2(1+1) 2(1+1)
B2 -1 -61-9 . ; ~
a, = W’ etc. Therefore the generalized expression of energy eigen-

value for n=1,2,3,--- written as

a,, {MJ nl=0123,-

2(n+1+1)
2
Substituting the value of a®= —% and p° = 2mze Z and applying
) h°o
a=a, [27], the energy eigenvalue for n™ is given as,
”( me’z  (n+l+1)8 i
W= - @)
2m{ (n+1+1)n 2

For atomic unit, (A =m=e=1) and Z= 1 then this equation become

1{ 1 (n+|+1)5J2
E, =—> - (22)
2\ (n+1+1) 2

This equation is the energy eigenvalue for Hulthen potential which is charge

independent and quantum numbers and screening parameters dependent

4. Results and Discussion

4.1. Energy Eigenvalue of Hulthen Potential Using NU Method
with Screening Parameters

The representation Figure 6 below shows the nature of the energy eigenvalue of

%1073

— b
[ T T
AW~ O

Hulthen Energy Eigenvalue
)

0 001 002 0.03 0.04 005 006 007 0.08

Screening Parameter (1/fm)

Figure 6. Shifting of energy eigenvalue with increasing Azimuthal quantum number with
NU Method.
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Hulthen potential calculated using the NU method. The plot is considered for
n=5, and 1=012,34, etc., with the atomic unit. The shifting of energy ei-
genvalue towards origin is observed. Moreover, the sharpness of the plot is also
observed with increased azimuthal quantum numbers. The energy eigenvalue is
charge independent, Equation (16), and depends upon screening parameters and
quantum numbers. The increasing with the azimuthal quantum number and
decreasing screening parameters value the shifting of the energy eigenvalue peak
is slow.

The energy eigenvalue for Hulthen potential is calculated in Equation (16)
with the help of the NU method and this equation is similar to the energy ei-
genvalue obtained by Ikhdair and Sever in 2008. Both equations are similar but

in our calculation, one extra term with screening parameters is added.

4.2. Energy Eigenvalue of Hulthen Potential Calculated Using AIM
with Screening Parameters

The representation in Figure 8 below has the same nature as Figure 7 but the
nature for | =0, quite different observed in Equation (16) or above graph. The

calculated value is also different from each other because the Equations (22) and
(16) are different from each other, that is Equation (22) has one term [—gj
less term Equation (16). This term affects the energy eigenvalue calculated from
the NU and AIM method, and. More clearly the energy eigenvalue calculated

using the NU method is less than that of the energy eigenvalue calculated from
AIM.

%10

—1=1

Hulthen Energy Eigenvalue
)

5 : ) ) ) )
0 001  0.02 0.03 0.04  0.05 0.06 0.07  0.08

Screening Parameter (1/fm)

Figure 7. Shifting of energy eigenvalue with increasing Azimuthal quantum number with
AIM Method.
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4.3. Comparison of Energy Eigenvalue Calculated from NU and
AIM for Hulthen Potential

The given Figure 8 below shows the difference of energy eigenvalue calculated
using the NU and AIM method for Hulthen Potential. Nature is the same but the
numerical value is different due to the presence of —— in the energy eigenva-

lue equation calculated with the NU method.

x1073
1r

Hulthen Energy Eigenvalue ()
)

——1=0(NU)
——1=0 (AIM)

1 1 1 1 1 1 3

0.01

x107

2

-3

Hulthen Energy Eigenvalue ()

4

0.02 0.03 0.04 0.05 0.06 0.07 0.08
Screening Parameter (1/fim)

——1=0(NU)
——1=0(AIM)

-5
0.01

0.02 0.03 0.04 0.05 0.06 0.07 0.08
Screening Parameter (1/fm)

Figure 8. Comparison of energy eigenvalue calculated using NU and AIM method for

=0 and 1=1.
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5. Conclusion
The calculation of Energy eigenvalue used the NU method for Hulthen potential

with —g. The extra term in Equation (16) shows that the third term of energy

eigenvalue is not related to quantum number as the first and second terms of the
equation. Therefore, this term does not affect with quantum number of the other
two-term. The energy eigenvalue for Hulthen potential is parabolic. The calcula-

tion of Energy eigenvalue using the AIM method for Hulthen potential has one

o
less term ) as shown in Equation (22). Therefore, the energy eigenvalue

calculated using AIM is higher than the energy eigenvalue calculated using NU.
The third term of Equation (16) is independent of quantum number. Moreover,
both equations are charge independent and only depend upon quantum num-

bers and screening parameters.
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