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Abstract

The nodal solutions of equations are considered to be more difficult than the
positive solutions and the ground state solutions. Based on this, this paper
intends to study nodal solutions for a kind of Schrédinger-Poisson equation.
We consider a class of Schrodinger-Poisson equation with variable potential
under weaker conditions in this paper. By introducing some new techniques
and using truncated functional, Hardy inequality and Pohozaev identity, we
obtain an existence result of a least energy sign-changing solution and a
ground state solution for this kind of Schrédinger-Poisson equation. Moreo-
ver, the energy of the sign-changing solution is strictly greater than the ground
state energy.
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1. Introduction

In this paper, the following nonlinear Schrédinger-Poisson system will be dis-

{

where the potential function ¥ : R’ - R, 1>0 isa parameter and

cussed

—Au+V(x)u+i¢(x)u = f(u), xeR?,

(1.1)
—A¢=u2, xeR’,

feC (R3 ,R). We can assume that fsatisfies the following assumptions:

(f1) lim, @ =0;

DOI: 10.4236/jamp.2021.910159 Oct. 21, 2021

2483 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2021.910159
https://www.scirp.org/
https://orcid.org/0000-0002-7037-1961
https://doi.org/10.4236/jamp.2021.910159
http://creativecommons.org/licenses/by/4.0/

Y. L. Tang, Q. F. Zhang

(f2) lim, f(t) =0;

5

t

F i
(f3) lim, ,,, # =+o0, where F(t)= .[o f(s)ds;
(f4) f|£|t) is an increasing function of R\ {0} .

To avoid involving too munch details for checking the compactness, we may
assume that 7 e C(R3,[0,+oo)) and satisfies:
(V1) ¥, <V (x)<V, =lim,  V(y) forall xeR’, where V; is a positive

constant; meanwhile, we set up the weak decay hypothesis on V/V:

(V2) there is 06[0,1) such that VV(x)~xS%,xeR3\{0}.
2(x

We could also call system (1.1) as Schrodinger-Maxwell system, which is used
in physics. In fact, the coupled nonlinear Schrodinger equation and Poisson eq-
uation can be used to describe the interaction of charged particles with electro-
magnetic fields. To learn more about the physical aspects of the Schrédin-
ger-Poisson equation, the reader can read the related literature [1] [2] [3] and
the references therein. What’s more, readers can also read the following articles,
including [4] [5] [6], which show the mathematical and physical background of
system (1.1).

In recent years, there has been a lot of research on the solutions of Schrodin-
ger-Poisson equation, especially the existence of positive solutions, multiple so-
lutions, sign-changing solutions, ground state solutions and semi-classical states,
we can look at literatures [2] [5] [7]-[14] and references therein. In addition, the
research on the existence of sign-changing solutions is in [15]-[20], etc.

As we can see, Wang and Shuai in [17] also studied problem (1.1) and they
obtained the existence of sign-changing solution to problem (1.1). They assumed
that ¥ e C(R’,R) and feC'(R) satisfies (f1), (f2) and the following condi-

tions:

F
(f3) lim,_, ) _

t4
(f4y L;) is an increasing function of R\ {O} .
t

By introducing a parameter € [0,1] , they show that any sign-changing so-
lution for system (1.1) is strictly greater than twice the least energy solution.
What’s more, they combine the constrained variational method with the quan-
titative deformation lemma to prove the existence of the least energy sign-
changing solution. In addition, the energy doubling and asymptotic properties of
the solution are also discussed. In contrast to Wang and Shuai’s proof, we refer
to the truncation function, which is inspired by [21] [22] [23] [24].

In [13], the following system is considered

—Au+u+Agu=u”,
, (1.2)
-Ap=u", hm‘xbm #(x)=0,
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where V=1, f(u) =u” and 1< p<5. The authors obtained some existence
and nonexistence results of positive radial solutions by using variational method,
depending on the parameters A and p. It turns out that p=2 is the critical
value for the existence and nonexistence of solutions. However, their study of
the existence of positive radial solutions for system (1.2) is dependent on the pa-
rameter A >0, which seems difficult to be applied to similar systems with vari-
able potential.
Zhang in [22] consider the following Schrédinger-Poisson equation

{—Au+Vlu+,u¢u = f(u), inR’,

(1.3)
_A¢:/uu2’ in R3,

where V,,u >0, fhas a critical growth. The author obtained the existence of
solutions for system (1.3) with a general nonlinearity in the critical growth by
variational method. But he did not study the existence of sign-changing.

Sofiane Khoutir in [25] considered the following system

{—Au+V2u+/l¢u :f(u), xeR?,

(1.4)
~Ad=u?, xeR’,

where V, is a positive constant. By using variational methods in combination
with the Pohozaev identity, Sofiane Khoutir proved that system (1.4) has the
least energy sign-changing solution and a ground state solution provided that
A is sufficiently small. However, if the potential is not a positive constant, for
example, the potential is variable, that is ¥ (x), it is very difficult to verify the
Sobolev embedding compactness.

In our work, we consider variable potential V(x) and put some constraints
on it, and then study the least energy sign-changing solution and ground state
solution of the Schrodinger-Poisson Equation (1.1).

We now need to introduce some symbolic notations. As usual, for 1< p <+o0,
let

[l = [l v, we 2 (RY). (L5)
Let
H' (R3) = {u el? (R3 ) : jR3 (|Vu|2 + V(x)u2 )dx < +oo}, (1.6)
with the inner product and norm

(u,v) = IR3 (Vqu + V(x)uv)dx, ||u||2 = J.

R3

(|Vu|2 +V(x)u2)dx. (1.7)

Therefore, the embedding H' (R3> o I (R3) is continuous for p €[2,6],
moreover, there exists a constant C; >0 such that

||u||pSC[',||u||, ueHl(RS), pe[2,6]. (1.8)
Let
H:=Hi<R3>={ueHl(R3):u(x)=u(|x|)}. (1.9)

Then, HCHI(R3), for 2<p<6, the embedding H © L”(R3) is
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compact.
Let D" (R3 ) = {u el’ (R3 ) :Vuel (R3 )} be the Sobolev space with norm

lelia = Josl e v (1.10)

Then, the embedding D"’ (]R3) o IS (Rz) is continuous (see [26]) and the

best Sobolev constant is

S= inf Jolval e

wepl2 (R 1
D (R )\{0}(JJR3 |u|6 dx)}

We have known that for any ue H' (R3) , if ¢, is the unique solution of
-Ag = u? in D" (R3 ) , then

(1.11)

_ L)
9, (x)_ 47 IR |x_y| dx. (1.12)

What’s more, the properties of ¢, are as follows (the detail proof can be seen
in [27]):

Lemma 1.1. For ue H' (R3), we have

(i) ¢ 20,YueH' (R3) ;

(i) ¢ (u)=1¢,,Vt>0,YueH (R’);

(il) I u, >u weakly in H' (]R3) , then ¢, — ¢, weakly in D" (R3)
and

[ gacdx <liminf [, u7dx; (1.13)
(iv) There exists a constant C, >0, by Hélder inequality, such that

1 1
ZDI.Z = JR3 ¢uu2dx < (.[R3 ¢uzdx)5 (IR3 u4dx)E =C ||u||4 NueH;, (1.14)

e,

(v) If u is a radial function, then ¢, 1Iis radial.

Now, we consider a family of K, : H - R defined by
1 A
K, (u)= E.[R3 (|Vu|2 + V(x)uz)dx+ZfR3 ¢Huzdx—jR3 F(u)dx.  (1.15)

Hence, by (f1), (f2), (V1) and (V2), K, is well definedand K, € C' (H,]R) .
For any u,ve H , thereis

<K,’I (u),v> = IR3 [Vqu+ V(x)uv]dx+ lj}RB ¢uuvd.x—.|.R3 f(w)vdx. (1.16)

Note that (u,qﬁu)eHl(RS)xDl’2<R3) is a solution of problem (1.1) if and
only if ueH' (R3) is a critical point of K, and ¢=¢,. Moreover, the criti-
cal points of K, on Hare the critical points of K, on H' (R3) by the criti-
cal principle of symmetry. So, finding the weak solution of problem (1.1) is
equivalent to finding the critical point of the functional X, .

In this paper, we denote
ut :max{u(x),O} and u” =min{u(x),0}, (1.17)

then u=u"+u".
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We define the Nehari manifold for the energy functional K, of problem
(1.1) as

N, ={ue H\{0},(K, (u),u) =0}, (1.18)
and the nodal-Nehari manifold

M, ={ueH,ui¢0and<K; (u),ui>:0}. (1.19)

What’s more, we denote

c, = uienj\? K,(u) and g, = Miﬁr}\i K, (u). (1.20)
Moreover, C,,C,,--- denote positive constants possibly different in different

places. Strong convergence is expressed in terms of — and weak convergence
is expressed in terms of —.

The main result of this paper is presented as follows.

Theorem 1.1. Assume that (f1)-(f4), (V1) and (V2) hold. Then there exists a
positive Y such that for all A€ (0, Y) , problem (1.1) has a least energy sign-
changing solution z, € M, and a ground solution u, € N, which is constant

sign. In addition, these two solutions satisty the following relationship
g, =K;(2,)> K, (u;)=c,.

Remark 1.1. It is easy to see that (f3) and (f4) are weaker than (f3)’ and (f4)’,
respectively, so our result can be seen as a generalization of the result in [17].
Besides, we consider variable potential, from this point, our result can be seen as
a slight generalization and improvement of [25].

The paper is organized as follows. In Section 2, we provide some lemmas,
which are crucial to prove the main result of this paper. Section 3 is devoted to

the proof of Theorem 1.1.

2. Preliminaries

We shall obtain a critical point of ¢, by a mountain pass type argument, how-
ever, even though it is likely that critical point has a mountain pass geometry,
showing that the (PS) sequence at the mountain-pass level are bounded seems
out of reach under our weak assumptions on £ To overcome this difficulty, in-
spired by [21] [22] [23] [24], which consists in truncating the “rest” term of ¢,
outside of a ball centered at the origin and to show that, as 4 >0 goes to zero,
all (PS) sequences at the mountain-pass level lie in this ball, which is called
truncated technique. Precisely, let 7' >0 be the truncation radius and consider
a smooth function 7 e C' (R*,R) satisfying 0<n(¢)<1, |7, <2,

n(r):{l’ tefo,1],

0, e [2,00),

and 77 is not increasing on [1,2]. Similar to [21] [22] [23] [24], for any posi-
tive constant 7 >0, we consider the truncated functional K, :H — R de-
fined by
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Ly 4 2
K,; (u):E"u" +ZDT (M)IR3 ou dx—J.R3F(u)dx, (2.1)

where D [” " J From (f1), (f2), (V1) and (V2), it is easy to check that

K,,eC'(H,R) and

. ) g
<KA,T (u)’v> _<u’v>+/1DT (u)IR3 ¢“qux+ 272 { u v IRz ¢“u dr (2.2)

In the following, we try to find a critical point z, of K,; on H for small
A >0. Then, by showing that ||z/1 || <T, we will prove that z, also solves the
original problem (1.1). Similarly, we can define the Nehari manifold of K, as

Nop ={ue H\{0},(K} ; (u),u) =0}, (2.3)
and the nodal-Nehari manifold

M, ; ={u e H,u" #0 and <K/'1,r (u),ui>:0}. (2.4)

What’s more, we denote

¢,p=inf K, (u) and g,, = inf K, (u). (2.5)

ueN,r ueMy r

We have the following result.

Theorem 2.1. Assume that (f1)-(f4), (V1) and (V2) hold. Then there exists
A>0 such that for all Ae (O,i), the functional K, possesses one least
energy critical point u, € N, which is constant sign and one least energy
sign-changing critical point z, € M, ;. Moreover, the energy of the sign-changing
critical point is strictly greater than the least energy, that is

gr=K,r (Zi) >c,r =K, (”z )

Lemma 2.1. For each ue H with u* #0, there exists a pair (tu,su ) eRxR
with t,,s, >0 suchthat tu" +su” €M, , moreover

K“<tuu++suu ) maxK“(tu +su” )

,520

Proof For any ue H with u* # 0, define the function ¢: [0,00)X[0,00) —->R
by

o(t,s)=K,, (tu+ +su” ),

and its gradient is

Vo(t,s)= (Vgol (t,5),Vo, (t,s))

(%0009 %2 00)|
(<K§T tu +su” ><K§T tu +su ),u7>).
(2

By (f1) and (f2), forany &¢>0 and pe(2,6), there exists C(¢&) such that
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f <5u+C u| and F < —& 2+C ul , YueR. (2.6)
|/ () < elul+ C&)uf and [F(u)| < Zelu] uf*,

By (1.8), (2.6), the conclusion (i) of Lemma 1.1 and the property of D, , we

obtain
1) = [ [V (00" 50 () o ) o
ED (s ) (o) [ F ()
=] md”—kF@M+mjm
2o [ o o [ = (o s (s
— T+ *|r—i (—> !
S - HH
:
_%u+2 s" "_ " _CéC(?t o
G A

where every constant C)(p= 2,6) is non-negative and &>0. Then, for
(t,s) small enough, (p(t,s) > 0. On the other hand, we can get that from (f3),
for >0 large enough, there exists alarge M >0 such that

|7 (1)) =M and |F(c) =M. (2.7)
Hence, for (l,s) sufficiently large, from (2.7), we have
p(t,s)=K,, (tu+ +su_)

RN R

—J‘R3 F(tu+ +su” )dx

’"2 - F(tu+ +su’)dx

e+ -] tudxf P (su”)ds
v +;||uf|| L. s o
e

Therefore, we can get ¢(t,5) > — when |(t,s)| — +0. We can infer that
there is a pair of (7,,s,)€ R*xR" such that
gD(tu’Su) = It’IISEé(Q(t,S)

Then, we prove that ¢,,s, >0. Without loss of genreality, we assume that

(0,s,) is the maximum point of ¢(7,s). Hence, we have
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—6go(att,su) =t|u* ? + AtD, (tu+ +suu_)[J‘R3 t2¢u+ u” ? dx+.[]R3 s2¢u, u* ? dx}
N 2
+2/1Tt277, ||tu -;_iuu || u ZJ.R3 ¢tu*+suu’ tu’ -'—Su"[|2 dx
_IR3 f(tU+ )u+dx
> tllu | -C, % | "tu+ +suu’||4 —J‘R3 f(nf)u*dx.

op(t,s,)

From (f1), we can get o

>0 for A,s small enough, which implies

that ¢(z,s,) is increasing for ¢ small. This contradicts with the fact that
(0,s,) is the maximum point of ¢(7,s). Therefore, (¢,,s,) is a positive maxi-
mum point of (o(t,s) .

Finally, according to the definition of ¢, we note that zu” +su” e M, is
equivalent to ¢'(z,s)=0 for any #,5s> 0. Since the pair of (7,,s,) isa posi-

tive maximum point of (o(t, S) , we observe that

op(t,s) op(t,s)

8 a =0,
Ll s

(u54)

then,
(K (o s )t ) = (Ko (0" 5,00} ) =0,

which implies that z,u" +s,u” € M, ;, because of ¢,,s, >0. This completes the
proof. O
Corollary 2.2. For each ue H\{0}, there existsa t, € R with t, >0 such

that tu" € N, , moreover
K, r (tuu ) =max K, (tu )
Lemma 2.3. (see [28] [29]) Let »r>0 and pe [2,6). If {un} is bounded in
H and
Pdx =0,

limsup _[B

u
n
l1—>oo,yeR3 r(y)

then we have u, -0 in L* (R3) for qe(2,6).
Similar to [25], we have the following lemma.

Lemma 2.4. Assume that (f1)-(f4), (V1) and (V2) hold. Then, for any ue H
with |u]|>2T?, one has

2
K,, (u)ZKLT(tu)+l_Tt<K/'LT (u)u), Vi20.

Lemma 2.5. Let {u,} N, be a minimum sequence of ¢, , then {u,}

is bounded in H.
Proof. We prove this lemma by contradiction. Set the unit normal vector of

u
the level surface of the functional ¢ is v, =+, and suppose
u

n

u,|—>o as
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n — o . Therefore, we have ||v" || =1. Going to a subsequence if necessary, we

may assume that
v, =V inH;
v, >V inL"(RB), 2< p<6;
v, > v aein R’

Hence, we’re going to consider two cases: v=0 or v#0.
Case (i). v=0.For pe [2 6) then

limsup J'

n—oo _}ER3

(2.8)

By Lemma 2.3 and (2.8), we have v, >0 in L’ (RS) for ¢ e(2,6). Let
T :4[2(0“+T2). By (f1) and (f2), for any £>0 and pe(2,6), there is
C(&)>0 such that

[ ()| < & (ful o) + ()™
29)
and |F(u)|38(_|u|2+_|u|6j+ﬂ|u|ﬁ, VueR
2 6 p

Then, by (1.8), (2.8), (2.9), Lemma 2.4 and the property of D,, for n suffi-
ciently large such that 7} / ||u,1 ||2 <1, one has

o =K, (u,)+0(1)

>K,, (Tlv”)+{l—%}<]q] (u)u)+o(1)

AT?
’ +TD ﬂvn)IR3 ¢, (v, )2 dx—_[R3 F(Tv,)dx+o(1)

n

4
2
T,

2
Ll Z—IR3F(7"1vn)dx+o(l)

n

T’ C(e
>l {g(l v, l|T1v"6j+ ) v, }dx+0(l)
2 2
T T T
2oy bl e a0 ()
p

=c¢,, +T*-Cie+o(1),
which is a contradiction by the arbitrariness of ¢.
Case (ii). v#0.Thereare r,6 >0 and asequence {yn} c R’ such that
lim [, [v[" dv=8>0. (2.10)

Let Q:{xeR3 :v(x) # O} . Hence, for xeQ, one has
n — o . From (f3) and Fatou’s Lemma, we have

1 A

X)|—)OO as

u, g D 4., urdx —
0 < tim Ser )y, 2 )l b ?
S U I
=%+hm/1D R; lij;lc’;loj‘R3 Fu(unz)dx

n
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)V

n

2

dx < dx

=l—limj M

|2
2 n—»w R? u:

n

Flw),

n

n—»0

2

<——_[ liminf

n—>x0

n dx = _OO’
a contradiction. Therefore, {un} c H isbounded. O

Corollary 2.6. Let {u,} = M,, be a minimizing sequence of g, then
{u,} is bounded in H. Hence, there exists a constant a >0 such that

2
Lemma 2.7. If Ae (0,€—C] s then K, satisties (PS),  condition.
a 1 1.7

Proof. In view of Corollary 2.6, let {u,} = M, be such that

K, (u,)> g, 7, as n—>w.

Then, {u,} isbounded in H. Since u, € M, ;, we have

2
+ ﬂ' ' un +|12 2
u +/1D —n'| = ||, u dx
" 8 ZTZU{ T’ J o et (2.11)
=Joo /() )udx
Then, by (f1), (£2), (1.8) and (2.11), one has
[ P e T e Y
T? T
2 j, :
L6
u, | dx
+ + 6
SeCZ' u; +C(.9)C6 u,
Therefore, there exists a constant p >0 such that
2
i = p, vae oT— . (2.13)
a‘c,
Let {u,}cH bea (PS) sequence for K, Le.
lim K“(u ) g,r and lim K, (u,)=0. (2.14)

We can derive from Lemma 2.3 that u, is bounded in A, up to a subse-

quence, there exists u € H such that

u, —u in H;
u, >u inLq(R3), 2<q<6; (2.15)
u, >u ae.inR’.

From (1.8), (2.9), (2.15), Corollary 2.6 and Holder inequality, we have
IR3f(un)(un—u)dx—>0 as n — o, (2.16)
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From (1.11), (2.15), Lemma 1.1 and Hoélder inequality, we obtain
J.]R3 ¢un un (un - l/l)dx S | ¢”n 6 "un”z

U, —u||3

1
ss2|

?, (2.17)

2

u, —u

n

DI,Z z’ln 2 3

n

<C

w4l un—u"}—)O as n —> .

By (2.2), (2.14), (2.16), (2.17), for nlarge enough, we have
o(1)= (K} s (u,),u, —u)
= <un,un —u>+/1DT (un )JR3 ¢unun (un —u)dx

2
u

ﬂ, r n 2
+—n [?J@n,un —u)IR3 ¢H"undx—v|.R3f(un)(u" —u)dx (2.18)

2T

= 1+i !
2T2'7

Hence, from (2.18), we have ||u,1 || - ||u|| . The proof is completed. OI

2
%JI}I@ ¢”n ujdx] <l/l" U, _u> + 0(1)7

Lemma 2.7. The g, is achieved at some z, € M, for A small, which
is a critical point of K, in H.
Proof. By Lemma 2.6, we know that K, satisfies (PS)  condition, then,
’ myr

there existsa u € H such that

u, -, (2.19)

in Has n—> . Then, by (2.12), one has "u; " >C, >0, likewise, >2C,>0.

It means that v,w#0. Since H is a Hilbert space and the project mapping

¥
uﬂ

ut>u* is continuousin H, weget u" =v and u” =w,then u=u"+u" isa
sign-changing function. And then we show that ue M, . Since u, e M, ,,

one has
(Kir (,) 0, ) = (Ko () 10,) =0,
by (2.19) and passing to the limit, one has
(K p () V= (K, () ) =0,

which means that ue M, and K,,(u)=g,,. So the minimum value of
Kirl,, 1 achieved at u, therefore u is a nontrivial critical point of K, in
’ 2T ’
7R
We also need to show that u is the critical point of K,; in H. Because uis a

critical point of K, in M,,, we have that K, (u)=0 in M, . Then,

there is a Lagrange multipiler ¢ such that
K (u)=¢r'(u)=0, (2.20)

where y(u)= <K,’LT (u),u> That’s enough to prove that ¢ =0. By (2.20), one
has
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(K;,T (u),v>—g<;(’(u),v>:0, forany ve H. (2.21)

Taking v =u, meanwhile, forany u e H with ||u||2 > 2T, we calculated that

<g'(u),u>=2||u||2+2/1DT (u)J‘R3¢uu2dx+/177{”;|lJ ||u|| IR3¢ u’dx
+2T 77”[";|l JZHu” " " IR3¢ 2dx+ ["M" J” " jR3¢u 245
oo WL oo (Lt ]|

e Bl
}TZ T rad 7 }
- RS[f'(”)'”Z_f(

u 2
<ab + | oL ; ]"T'l M [H)

- R{f’(u)-uz—f(u)-u]dx

(I |
<2fulf + 26, u] Sn'[?]ﬂn"[?ﬂ

- R{f’(u)-uz —f(u)u]dx
And we can find out from (f4) that there is a positive constant £ such that

L&z [f'(”)uz —f(u)u]dxzﬂ >0.

=2l + 2], ¢u2dx[2D +4n {

Hence, <g'(u),u><0 for A sufficiently small, which together with (2.21)
shows that ¢ =0. Thus, the proof is completed. O

Corollary 2.8. The ¢, is achieved at some ue N, which is a critical of
K, inH

Proof of Theorem 2.1. Through the lemmas and corollaries in this Section,
we know that K,; has a least energy critical point and a least energy sign-
changing critical point, which are u, and z, respectively. For z,, by the

above discussions, there existsa ¢=¢, suchthat ¢, z; e N, ,then
22 z; >
0<c,, =K“(ul)sK”(uz;):](”(uz; +oz;)
: , Tl 7L
<K, 1 (Z; +Z;) =K, (z,)=g.r-

Finally, we’re going to prove that u, is a constant sign. By assuming indi-

rectly, assume that u, is sign-changing, then u, € M, and
Cr =Kir (Zﬂ ) 2K, r (Zz ) =8&.r > Cur>

it is absurd. We’ve done the proof.

3. Proof of the Main Result

First, an important identity is given, which will be used to prove that z, and
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u, are uniformly bounded in A. For details of Pohozaev identity, one can see
[30].
Lemma 3.1. If ue H is a critical point of K, then for A >0 small, u

satisfies

%.[]Ré |VM|2dx+%J.R3 |:3V( +VV x]uzdx

+% J']R3¢ 2dx+ [" " J" ” J‘R3¢ widx
=3[ F(u)dx

Lemma 3.2. For z, and u, obtained in Theorem 2.1, it T >0 large enough
and A >0 small enough, then we have ||Z,I|| <T and ””z” <T.

Proof. This part of proof is similar to [22]. However, it plays a key role in the
proof of Theorem 1.1, so we give in detail here for completeness and conveni-
ence to the readers.

According to Hardy inequality [30], one has

Va2 1JR3| :

Since K/,{,T (Zz) =0, by Lemma 3.1, Lemma 1.1 (iv), (V2) and (3.1), one has

dx, ueHl(R3) (3.1)

A
.[R3 |VZ/1|2 dx =3K; ; (Zﬂ)+5DT (z, )JRs 9., z
T2 [" /1” }" /1" IR3¢Z; 2dx+ f VV x«zidx

2
A 31 z
<36, +2, ()G = I+ 22y {u o ol

2
A 34|,
s 2o, el s 2| Ll of oo o

{IIZA I ]

If "21”2 >27?, then D;(z,)=0. Therefore, the following inequality holds

2
3 24 |
Jolva des =g, +=2aG ["2;2" ]T“

therefore, we have

A
(1-0)[ . |Vz] dx<3g,, +D; (2,)G| z| +

A

=C,+CAT*.  (3.2)

By (1.16), (2.9) and (K} ,(z,).z,)=0, we have

||Z/1|| +AD; (z, IR3¢ZAZA o [” 4" J| 4” LR 3 2dx

—IR3f z, zldx<g_|‘ |z/1| dx+C(e f |zl| dx.

(3.3)

DOI: 10.4236/jamp.2021.910159 2495 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.910159

Y. L. Tang, Q. F. Zhang

By D"’(R’) o I(R’),(3.3)and (V1), we have

& 2 & 2
(-2l <1555 e
<C(s)[. |zi|6dx—in'("21" ]||zﬂ||2 [ 9, zdc (39

277 T’
3
<CAT* + G ([ s V2, [ dx)
Vs .
Therefore, for ¢ < 3 according to (3.2) and (3.4), we have

lz.F <€ (G, +CAT*) +C AT, (3.5)
We make the opposite hypothesis that ||z 2 || > T, then, by (3.5), we have
T <z, <Cpy (14 AT* + 2T + 2°T"). (3.6)

Choosing 7° >max{1,4C,} and A< % , then (3.6) yields
T°<C, (1+AT4 +A°T* +/13T12) <4C,,

which is impossible. Thus ”Zz || <T, similarly, we can prove that ||u 2 || <T.This
completes the proof. O

Proof of Theorem 1.1. Let 7T be large enough and A4 small. We know from
Theorem 2.1 that K, ; has a least energy critical u, atlevel ¢,; and a least
energy sign-changing critical point z, at level g,,, and by Lemma 3.2 we
have that ||u/1 || <T,
ical points of K, with K,(u;,)=c, and K, (Zz): g, . Hence, system (1.1)

|z/1||ST, therefore K, =K, and u, and z, are crit-

has a least energy sign-changing solution z, and a ground state solution u,
which is constant sign. Moreover, since K, =K, it follows from Lemma 2.1
that

0<c, :KA(”A)<K/1(Z/1):g,1-

The proof is completed.

4. Conclusion

In this paper, we firstly proved that the Schrédinger-Poisson equation has a
sign-changing solution by using a truncation technique, and then prove that the
minimum sequence {un} is bounded in H. What’s more, according to the con-
dition that K, satisfies (PS) sequence, we find out a critical point when the
least energy sign-changing solution is achieved, and similarly find out a critical
point when the ground state solution is achieved and prove that the sign-changing
solution is strictly larger than the ground state solution. Finally, we prove that
the critical points are uniformly bounded in A using the Pohozaev identity. It is
obviously that the truncation function has been successfully applied to solve the
least energy sign-changing solution of the Schrédinger-Poisson system. We hope

that the truncation technique can be widely used in the study of sign-changing
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solutions of similar systems.
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