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Abstract 
The Covid-19 epidemic is an emerging infectious disease of the viral zoo-
nosis type caused by the coronavirus strain SARS-CoV-2, it is classified as a 
human-to-human communicable disease and is currently a pandemic 
worldwide. In this paper, we propose conceptual mathematical models of 
the epidemic dynamics of four compartments. We have collected data from 
the Djibouti health ministry. We study the positivity, boundedness, existence 
and uniqueness of the weak solution. Next, we define the Basic reproduc-
tion number by the method of the DFE and EEP. Then, we study the local 
and global stability and the bifurcation analysis of equilibrium to examine 
its epidemiological relevance. Finally, we analyze the fit of the data in com-
parison with the result of our mathematical results, to validate the model 
and estimate the important model parameters and prediction about the dis-
ease. We consider the real cases of Djibouti from 15th March to 15th May 
2021. 
 

Keywords 
SIHR Model, Covid-19, Basic Reproduction Number, Stability Analysis, 
Model Validation 

 

1. Introduction 

Covid-19 is an infectious disease caused by a coronavirus, Sars-CoV-2, which 
primarily affects the respiratory tract. Transmission occurs through close contact 
with a person carrying the virus (mainly through direct contact or through res-
piratory secretions emitted into the air when coughing, sneezing or talking). 
This disease erupted in China at the end of 2019 and the virus was identified in 
early January 2020. The World Health Organization (WHO) declared the disease 
as a pandemic and was named SARS-CoV-2 virus (March 11, 2020). In August 
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2021, the number of infected cases was confirmed by who reached 202,608,306, 
and by this date, there were 4,293,591 deaths related to the disease worldwide [1]. 
On the other hand, the Republic of Djibouti declared its first case of Covid-19 on 
March 23 (2020) and recorded a very low mortality rate. 

Disease models play an important role in understanding and managing the 
transmission dynamics of various pathogens. We can use them to describe the 
spatial and temporal patterns of disease prevalence, as well as to explore or bet-
ter understand the factors that influence infection incidence. Modeling is a key 
step in understanding what treatments and interventions can be the most effec-
tive, how cost-effective these approaches may be, and what specific factors need 
to be considered when trying to eradicate disease. Some recent studies provided 
different guidelines by introducing the basic reproduction number, education 
and socio-economic index and lock-down strategies [2] [3] [4] [5] [6]. 

New variants of the virus are circulating, in particular, the Alpha, Beta, 
Gamma and Delta variants, initially discovered in the United Kingdom, South 
Africa, Brazil and India respectively. In France, the Delta variant is very predo-
minant. This variant is more contagious, but the vaccines generally retain their 
efficacy against this variant provided that the vaccination is complete. Djibouti 
has not been spared by the new variant of Covid-19. The most contagious va-
riant spread is hit hard compared to the first wave. The highest average num-
ber of daily contamination cases was reported on April 4. There have been 
11,663 cases of contamination and 156 deaths linked to the coronavirus recorded 
in Djibouti since the start of the epidemic with 53,016 people vaccinated. Some 
academic studies are conducted in this context, Foy, B.H., et al. [7], Yavuz, M., et 
al. [8], Kaur and Gupta [9], have shown different types of vaccine strategies for 
Covid-19. 

The simplest way to model epidemic spread in populations is to classify 
people into different population groups or compartments. Compartmental mo- 
dels are governed by a system of differential equations that track the popula-
tion as a function of time, stratifying it into different groups based on the risk 
or infection status, several extensions have been proposed to explain the evolu-
tion of Covid-19 disease [10] [11]. These models have been widely used by 
scientists around the world to model more complex compartments [12] [13] 
[14]. 

Compartmental models are deterministic, that is, given the same inputs, they 
produce the same results every time. They are able to predict the various proper-
ties of pathogen spread, can estimate the duration of epidemics, and can be used 
to understand how different situations or interventions can impact the outcome 
of pathogen spread. Several extensions have been proposed to explain the evolu-
tion of diseases Covid-19 [15] [16].  

Therefore, the model with multiple compartments is a useful tool to predict 
the nature of Covid-19. Thereby, to predict the nature of the Covid-19 Djibouti, 
in this works we develop the SIHR model that stratifies a population based on 
their infection status as a function of time such as susceptible class (S), infected 
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class (I), persons Hospitalized (H) and removed class (R). The key objectives of 
this study are as follows: 

1) We analyze the stability of the equilibrium of the model using the basic re-
production number to understand its severity. 

2) Theoretical results are established using local and global analysis of the 
model. 

3) Numerical demonstrations validated the analytic outcomes. 
The paper is organized as follows: Mathematical Model is elaborately dis-

cussed in section 2. Positivity and boundedness of solution including auxiliary 
results are described in section 3. In section 4, we present the result of existence 
and uniqueness of the solution. Then, in section 5, we study the basic reproduc-
tion number DFE and EEP. Local-global stability analyses are prescribed in sec-
tion 6. Finally, Section 7 provides the data analysis in comparison with the mod-
el solution with further prediction to control the epidemic, as a case study in 
Djibouti. 

In the following section, we will thoroughly discuss our mathematical model 
and formulation of the model elaborately. 

2. Model  

To study the epidemic of Covid-19 spread at Djibouti, we extend the classical 
deterministic susceptible-infectious-removed (SIR) epidemic model by adding a 
hospitalized compartment. In the proposed model, let the total population is di-
vided into four compartments; those are the susceptible population (S), infected 
population (I), hospitalized population (H) and recovered population (R).  

The differential system that describes this SIHR model is  

( )

( )

d
d
d
d
d
d

d .
d

S S SI
t
I SI I
t
H I H
t

R I H R
t

τ µ β

β ν µ γ α

α ν µ λ

γ λ µ

 = − −

 = − + + +

 = − + +


 = + −


                  (1) 

with the initial conditions ( ) ( ) ( ) ( )0 0, 0 0, 0 0, 0 0S I H R> > ≥ ≥  where the in-
terpretation of the parameters is presented in Table 1 below.  

The flow diagram of the proposed model in this paper is given in Figure 1.  

3. Positivity and Boundedness of Solution  

In this section, we present the study of positivity and limitation of the solution. 
Taking into account the nonlinear system of Equation (1), we consider the first 
equation  

d ,
d
S S SI
t

τ µ β= − −                       (2) 
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Table 1. Model parameters and their descriptions. 

Notation Interpretations 

τ  Recruitment rate of S class 

µ  Natural death rate 

ν  Death rate due to infection 

β  Transmission rate 

γ  Recovery rate of I class 

λ  Recovery rate of H class 

α  Hospitalized rate 

 

 
Figure 1. SIHR model transmission diagram. 

 
which means that  

( )d ,
d
S I S
t

µ β≥ − +                        (3) 

By using the exponential growth criterion and integrating (3) gives  

( ) ( ) ( )0 e ,I tS t S µ β− +≥                       (4) 

which implies  

( ) 0.S t ≥  

By following the similar steps with the condition in ( )S t , it can easily be 
shown that ( ) ( )0, 0I t H t≥ ≥  and ( ) 0R t ≥  0t∀ > .  

Next, the population (N) is then divided into four classes; the susceptible (S), 
the infected (I), the hospitalized (H), and the recovered (R) at any time 0t ≥ ,  

( ) ( ) ( ) ( ) ( )N t S t I t H t R t= + + +  

with the initial conditions ( ) ( ) ( ) ( )0 0, 0 0, 0 0, 0 0S I H R> > ≥ ≥ . 
Now we use model (1) we have  

d d d d d
d d d d d
N S I H R N I H
t t t t t

τ µ ν ν= + + + = − − − . 
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Which give  

d
d
N N
t

τ µ≤ −                           (5) 

Integrating the inequality (5), using initial condition, we obtain  

( ) ( ) ( )0 e 1 et tN t N µ µτ
µ

− −≤ + − . 

Letting t tends to infinity, asymptotically we get ( )N t τ
µ

< . 

Thus we can summarize the above results in the following theorem.  

Theorem 1. The closed region ( ) 4, , , : 0S I H R N τ
µ+

 
Ω = ∈ < < 

 
  is posi-

tively invariant set for the system (1).  

4. Existence and Uniqueness 

In this section, we present the result of existence and uniqueness of the solution 
of the COVID-19 model which is given in system (1). First, by integrating the 
system (1) over the interval [ ]0, t , we obtain  

( ) ( ) ( ) ( ) ( ) ( )1 20 0
0 , d , 0 , d ,

t t
S t S z S z I t I z I z− = Φ − = Φ∫ ∫  

( ) ( ) ( ) ( ) ( ) ( )3 40 0
0 , d , 0 , d .

t t
H t H z H z R t R z R z− = Φ − = Φ∫ ∫  

With  

( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )1 2, ,t I t S t t S t I tτ µ β β ν µ γ αΦ = − + Φ = − + + +  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )3 4, ,t I t H t t I t H t R tα ν µ λ γ λ µΦ = − + + Φ = + −  

We have the result of the following theorem:  
Theorem 2. The kernels 1 2 3, ,Φ Φ Φ  and 4Φ  satisfy the Lipschitz assump-

tions and contractions if the following inequality is verified:  

1 2 3 40 , , , 1.k k k k≤ <                        (6) 

where, 1 2 3 4, , ,S c I c H c R c≤ ≤ ≤ ≤ ,  

1 2 2 1 3, ,k c k c kµ β β ν µ γ α ν µ λ= + = + + + + = + +  and 4k µ= .  
Proof 3. We consider the two functions 1S  and 2S  for the kernel 1Φ ; 1I  

and 2I  be two functions for the kernel 2Φ ; 1H  and 2H  be two functions 
for the kernel 3Φ ; and 1R  and 2R  be two functions for the kernel 4Φ , Then 
we have  

( ) ( ) ( )( )1 1 1 2 1 2 1 1 2, ,t S t S I S S k S Sµ βΦ −Φ = + − ≤ − , 

( ) ( ) ( )( )( )2 1 2 2 1 2 2 1 2, ,t I t I S I I k I Iβ ν µ γ αΦ −Φ = − + + + − ≤ − , 

( ) ( ) ( )( )3 1 2 2 1 2 3 1 2, ,t H t H H H k H Hν µ λΦ −Φ = + + − ≤ − , 

and  

( ) ( ) ( )4 1 4 2 1 2 4 1 2, ,t R t R R R k R RµΦ −Φ = − ≤ − . 
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Therefore, the Lipschitz conditions are satisfied for kernels 1 2 3 4, , ,Φ Φ Φ Φ  
and if and if condition (6) is verified then 1 2 3 4, , ,k k k k  are also contractions for 

1 2 3 4, , ,Φ Φ Φ Φ  respectively.    
By considering the kernels 1 2 3, ,Φ Φ Φ  and 4Φ  previously defined, we can 

proceed with the following recursive formula  

( ) ( ) ( ) ( ) ( ) ( )1 1 2 10 0
0 , d , 0 , d ,

t t
n n n nS t S z S z I t I z I z− −= + Φ = + Φ∫ ∫  

( ) ( ) ( ) ( ) ( ) ( )3 1 4 10 0
0 , d , 0 , d ,

t t
n n n nH t H z H z R t R z R z− −= + Φ = + Φ∫ ∫  

where ( ) ( ) ( ) ( ) ( ) ( )0 0 00 , 0 , 0S t S I t I H t H= = =  and ( ) ( )0 0R t R= . Then we 
can write  

( ) ( ) ( ) ( ) ( )( )1 1 1 1 20
, , d ,

t
n n n n nt S t S t z S z S z− − −Ψ = − ≤ Φ −Φ∫  

( ) ( ) ( ) ( ) ( )( )1 2 1 2 20
, , d ,

t
n n n n nt I t I t z I z I z− − −Θ = − ≤ Φ −Φ∫  

( ) ( ) ( ) ( ) ( )( )1 3 1 3 20
, , d ,

t
n n n n nt H t H t z H z H z− − −Γ = − ≤ Φ −Φ∫  

( ) ( ) ( ) ( ) ( )( )1 4 1 4 20
, , d .

t
n n n n nt R t R t z R z R z− − −Σ = − ≤ Φ −Φ∫  

Since the kernels satisfy the Lipschitz condition (see Theorem 2), we get  

( ) ( )

( ) ( )

( ) ( )

( ) ( )

1 1 2 1 10 0

2 1 2 2 10 0

3 1 2 3 10 0

4 1 2 4 10 0

d d

d d ,

d d ,

d d .

t t
n n n n

t t
n n n n

t t
n n n n

t t
n n n n

t k S S z k z z

t k I I z k z z

t k H H z k z z

t k R R z k z z

− − −

− − −

− − −

− − −

 Ψ ≤ − ≤ Ψ

 Θ ≤ − ≤ Θ

 Γ ≤ − ≤ Γ

 Σ ≤ − ≤ Σ

∫ ∫

∫ ∫

∫ ∫

∫ ∫

          (7) 

Therefore, we obtain results of the following theorem.  
Theorem 4. The model of the system (1) that we have proposed has a solution 

under the condition:  

max 1, 1, 2,3,4.ik t i< =                       (8) 

Proof 5. Assuming that the hypothesis of Theorem 2 for the functions 1, 2, 3, 
and 4 hold, we can give the following by taking Equation (7) into account  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

0 1 max 0 2 max

0 3 max 0 4 max

, ,

, .

n n
n n

n n
n n

t S t k t t I t k t

t H t k t t R t k t

 Ψ ≤ Θ ≤

Γ ≤ Σ ≤

       (9) 

Now we assume  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

0 , 0 ,
0 , 0 .

n n n n

n n n n

S t S S t f t I t I I t g t
H t H H t h t R t R R t tρ

 − = − − = −
 − = − − = −

     (10) 

Then we get  

( ) ( ) ( )( )1 1 1 1 10
, , d ,

t
n n nf t z S z S z tk S S− −≤ Φ −Φ ≤ −∫  

( ) ( ) ( )( )2 2 1 2 10
, , d ,

t
n n ng t z I z I z tk I I− −≤ Φ −Φ ≤ −∫  
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( ) ( ) ( )( )3 3 1 3 10
, , d ,

t
n n nh t z H z H z tk H H− −≤ Φ −Φ ≤ −∫  

( ) ( ) ( )( )4 4 1 4 10
, , d ,

t
n n nt z R z R z tk R Rρ − −≤ Φ −Φ ≤ −∫  

repeating this process recursively and considering maxt t= , taking the upper 
bound of the time interval into account, we get  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 1
max 1 max 2

1 1
max 3 max 4

, ,

, .

n nn n
n n

n nn n
n n

f t t k g t t k

h t t k t t k

σ σ

σ ρ σ

+ +

+ +

 ≤ ≤


≤ ≤
           (11) 

Let n tends to infinity, we then obtain  

( ) ( ) ( ) ( )0, 0, 0 and 0.f t g t h t tρ∞ ∞ ∞ ∞→ → → →  

   

Theorem 6. System model (1) has only one solution.  
Proof 7. We assume that system (1) admits two solutions, 1 2 1 2 1 2, , , , ,S S I I H H  

and 1 2,R R . Using the Lipschitz condition satisfied by the functions 1 2 3, ,Φ Φ Φ  
and 4Φ , we obtain  

( ) ( ) ( ) ( )( ) ( ) ( )1 2 1 1 1 2 1 1 20
, , d ,

t
S t S t z S z S z k t S t S t− = Φ −Φ ≤ −∫  

( ) ( ) ( ) ( )( ) ( ) ( )1 2 2 1 2 2 2 1 20
, , d ,

t
I t I t z I z I z k t I t I t− = Φ −Φ ≤ −∫  

( ) ( ) ( ) ( )( ) ( ) ( )1 2 3 1 3 2 3 1 20
, , d ,

t
H t H t z H z H z k t H t H t− = Φ −Φ ≤ −∫  

( ) ( ) ( ) ( )( ) ( ) ( )1 2 4 1 4 2 4 1 20
, , d ,

t
R t R t z R z R z k t R t R t− = Φ −Φ ≤ −∫  

we deduce that  

( ) ( ) ( ) ( ) ( ) ( )1 2 1 1 2 21 0, 1 0,S t S t k t I t I t k t− − ≤ − − ≤  

( ) ( ) ( ) ( ) ( ) ( )1 2 3 1 2 41 0, 1 0.H t H t k t R t R t k t− − ≤ − − ≤  

Therefore, we obtain ( ) ( )1 2 0S t S t− = , ( ) ( )1 2 0I t I t− = ,  

( ) ( )1 2 0H t H t− =  and ( ) ( )1 2 0R t R t− =  which means that ( ) ( )1 2S t S t= , 

( ) ( )1 2I t I t= , ( ) ( )1 2H t H t=  and ( ) ( )1 2R t R t= . This explains that the model 
has a unique solution which is the proof of the theorem.    

5. Basic Reproduction Number DFE and EEP  

Compartmental models are deterministic, that is, given the same inputs, they 
produce the same results every time. They are able to predict the various proper-
ties of the spread of the virus, can estimate the duration of epidemics and can be 
used to understand how different situations or interventions can affect the re-
sults of the spread. To do this, the 0R  parameter, describing the average num-
ber of new infections due to a sick individual, plays a crucial role. As you can 
imagine, if this number is less than 1 then the epidemic will tend to die out. In 
this case, the disease-free equilibrium (DFE) will be locally asymptotically stable 
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and the disease cannot persist in the population. However, if 0 1R > , it may 
persist or even spread to the whole population. This implies that the disease-  
free equilibrium (DFE) is unstable. Using next generation matrix [17] the 

basic reproduction of (1) is found here. Since the DFE is 0 ,0,0,0
t

τ
µ

 
=  
 

E  and 

hence the basic reproduction number can be found using the analytical ap-
proach.  

Let 
SI
τ
β
 

=  
 

G  represents the rate of new infection matrix and  

( )
S SI

I
µ β

ν µ γ α
+ 

=  + + + 
U  denotes the transfer rate matrix of the individuals. 

Let us we define ( )0
jx

∂
=
∂

GF E  and ( )0
jx

∂
=
∂
UV E , the reproduction number 

for the Covid-19 model given by (1) can be calculated from the relation 

( )1
0R ρ −= FV , the spectral radius of 1−FV  is given below  

( )0R βτ
µ ν µ γ α

=
+ + +

                     (12) 

To find the endemic equilibrium state of the model we set  

d d d d0, 0, 0, 0
d d d d
S I H R
t t t t
= = = = . 

Solving the above system, we get the epidemic equilibrium (EEF) state  

( )1 1 1 1 1, , ,S I H R=E , 

where  

( )
( )1 1, ,S I

τβ µ ν µ γ αν µ γ α
β β ν µ γ α

− + + ++ + +
= =

+ + +
 

( )
( )( )1 ,H
ατβ αµ ν µ γ α

β ν µ λ ν µ γ α
− + + +

=
+ + + + +

 

( )( ) ( )( )
( )( )1R

γ ν µ λ λα τβ µ ν µ γ α
βµ ν µ λ ν µ γ α

+ + + − + + +
=

+ + + + +
. 

6. Stability and Bifurcation the Equilibrium States 

In this section, we shall establish the stability and bifurcation condition of the 
equilibrium points. In Theorem 8, we shall establish nature of the 0E  and in 
Theorem 10 nature of 1E . 

6.1. Stability and Bifurcation of Disease-Free Equilibrium State  
(E0)  

Theorem 8. The DFE will be locally asymptotically stable if 0 1R <  and un-
stable if 0 1R > .  
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Proof 9. The Jacobian matrix corresponding to the system (1) at DFE point 

0 ,0,0,0τ
µ

 
=  
 

E , 

( ) ( )

( )
0

0 0

0 0 0=

0 0
0

βτµ
µ

βτ ν µ γ α
µ

α ν µ λ
γ λ µ

 − − 
 
 

− + + + 
 
 − + +
 − 

J E . 

The characteristic roots of the Jacobian matrix at ( )0J E  are  
, ,µ λ ν µ µ− − − − −  and ( )( )0 1Rν µ γ α+ + + − . Since the first three roots are 

negative the other is negative if 0 1R <  and positive if 0 1R > . Therefore, the 
disease-free equilibrium state ( )0E  is locally asymptotically stable if 0 1R <  
and unstable if 0 1R > .    

Since when 0 1R =  i.e. when  

( )µ ν µ γ α
β β

τ
+ + +

= =  

then one of the eigenvalues of the Jacobin matrix corresponding to the system (1) 
at DFE is zero. Using the Theorem by Castillo-Chavez and Song [18] and Mart-
cheva Maia [19], we investigate the nature of the disease free equilibrium points. 
Let dV  and gV  be the eigenvector corresponding to the zero eigenvalue of 
( )0J E  and ( )0

t
  J E  respectively then  

( )

( )
( )

0
1

1
and

0
0

d g

ν µ γ α
µ

α
ν µ λ

αλ γ ν µ λ
µ ν µ λ

 − + + + 
 
         = =    + +     + + + 
 + + 

V V  

and  

let 
( )
( )

S SI
SI I

I H
I H R

τ µ β
β ν µ γ α
α ν µ λ
γ λ µ

− − 
 − + + + =
 − + +
 

+ − 

T  then 

0 0, ,
0, 0t t

g g dDβ ββ β β β

τ
µ= =

= = ≠
E E

V T V T V
 

 

( )

( )
0

2
,

2

,

2
0.

t
g d dD

β β

ν µ γ α
τ

=

− + + +
= ≠

E
V T V V

 

Hence the system experiences transcritical bifurcation when the rate of infec-
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tion crosses the critical value β β=  . Thus to spreading the disease the rate of 
transmission plays an important role. There are critical values of the rate of in-
fection which the disease is easy to control but above of which the society will 
experience endemic disease spreading. 

6.2. Stability of Endemic Equilibrium State (E1)  

Theorem 10. The endemic equilibrium state ( )1 1 1 1 1, , ,S I H R=E  is stable if 

0 1R > .  
Proof 11. The Jacobian corresponding to the endemic equilibrium point 1E  

is ( )1J E , is given below  
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The characteristic polynomial of the Jacobian matrix at ( )1J E  is  

( )( ) ( )( )( )2
1 4det X X X X aX bµ ν µ λ− = − − − − − − − +J E I . 

The roots of the characteristic equations are 1 0X µ= − < , 2 0X ν µ λ= − − − <  
and other two satisfies the following quadratic equation  

2 0,X aX b− + =                         (13) 

the two roots of (13) are negative because  

0a τβ
ν µ γ α

−
= <

+ + +
 

and  

( )( )( )0 1 0b Rµ ν µ γ α= + + + − >  

if 0 1R > .   

7. Parameter Estimation, Model Validation and Prediction 

In this study, we considered the country Djibouti less infected with the Covid-19 
virus and collected the data available online in chronological order from World 
Health Organization.  

7.1. Parameter Estimation  

Using Matlab minimization technique and fminsearch software package, we 
have estimated the important model parameters using the Djibouti infection 
cases from 15th March to 15th May, 2021 (total days 60) which are given in Ta-
ble 2. To estimate the important model parameters we consider the cumulative 
number of infected persons from the real data source and the model predicted 
cumulative number of infected persons. The fitness of the model compared to the 
real data can be verified by computing the residual. The residuals are defined as 
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Table 2. Parameters estimation for Djibouti. 

Parameter value: 15 March-15 May References 

τ  0.03332 [1] 

µ  0.0444 [1] 

ν  0.0833 [1] 

β  0.99 Estimated 

γ  0.276/0.160 Estimated 

λ  0.0026 Estimated 

α  0.0037 Estimated 

 

( ){ }residuals | 1, 2,3, ,j jY I t j n= − =   

where jY  is the thj  day cumulative infection data and ( )jI t  model pre-
dicted cumulative infected data of the same day. If the residuals are randomly 
distributed then we can say that the fitness is reasonably good [20].  

7.2. Model Validation and Prediction  

To study the particular case: the spreading of Covid-19 in Djibouti we have con-
sidered the real cases in cumulative number of infection (from March 15 to May 
15, 2021) and using the above described formula we have estimated the model 
parameters, using the global sensitivity index method we found the sensitivity 
index of the parameters. To execute the Matlab package, we have considered the 
initial population size as  

( ) ( ) ( ) ( )0 986363, 0 2, 0 0 and 0 0S I H R= = = = . 

The estimated model parameters and their sensitivity induces are given in Ta-
ble 2. To validate the model we consider the real case of Covid-19 infection of 
Djibouti from 15 March to 15 May, 2021 i.e. the real cases for 60 days. In Figure 
2(a) and Figure 2(b) respectively we have presented the best fitted cumulative 
infected cases and the curves word missing new infection of real cases and the 
model predictions. 

Figure 3 shows that the peak of death corresponding to the peak of number of 
confirmed cases in Figure 2(b). As a result, the more the Covid-19 epidemic 
spreads, the more the number increases.  

Figure 4(a) shows that the infected gradually decreases compared to the day 
before while we see a strong increase in deaths between the 10th day and 20th 
day. for whoever is in Figure 4(b), the percentage of the number of deaths and 
infected evolves in a regressive manner. As a result, the more the number of in-
fected increases, the more the number of deaths from the epidemic increases.  

We observe in Figure 5(a) and Figure 5(b) that the susceptible population is 
decreasing with time, which means more and more people are getting exposed. 
Since infected population is increasing, therefore they are getting a large number 
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of infected individuals over time which can lead to an outbreak in a very short 
time. 

If we analyze the rest of the population dynamics, we see that the infected 
population grew faster over the last 40 days, which shows that the spread of the 
epidemic over time and this corresponds well to the actual data of Figure 2(b). 
We also see in Figure 5(a) a lower rate infected initially meanwhile the recov-
ered population is not growing as much as infected population in Figure 5(b). 
Using the parameters that are estimated in Table 2, we can determine the value 
of the basic reproduction number in Equation (12), with 0 1.8235R =  and 

0 2.5493R =  of Figure 5(a) and Figure 5(b) respectively. Finally, the more the 
hospitalized population increases the more the number of deaths over the last 40 
days, which corresponds to the period of containment. 

 

 
(a)                                                   (b) 

Figure 2. (a) Fitting model to cumulative cases in Djibouti; (b) The time series of new cases of Covid-19 in Djibouti in 15 March 
to 15 May, 2021. 
 

 
Figure 3. Number of death cases in Djibouti. 

https://doi.org/10.4236/am.2021.1210057


Y. Souleiman et al. 
 

 

DOI: 10.4236/am.2021.1210057 879 Applied Mathematics 
 

 
(a)                                                 (b) 

Figure 4. Ratio of infections and deaths from March 15 to May 15, 2021. 
 

 
(a)                                                 (b) 

Figure 5. Validation of the SIHR model from March 15 to May 15, 2021. 

8. Conclusion  

In this study, we have formulated a SIHR epidemic model for pandemic Co-
vid-19. All the properties necessary for epidemiological relevance have also been 
proved. Theoretically, it is proven that the dynamics depend on the basic repro-
duction number to examine the stability of the system. All the properties neces-
sary for epidemiological relevance have also been proved. We have estimated the 
parametric values for Djibouti using the data of the ministry of health. The 
maximum number of reported cases was observed on 4 April 2021, which means 
that the number of infections was on an upward quickly trend for the next 10 
days. After that day, the number of daily reported cases was observed to decrease 
asymptotically. In future studies, vaccination strategies may be implemented to 
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control the COVID-19 epidemic. Also, the extension of the compartment model 
can be considered.  
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