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Abstract

This note is considered as a sequel of Yeh [1]. Here, we present a generalized
(vertex) distance labeling (labeling vertices under constraints depending the
on distance between vertices) of a graph. Instead of assigning a number (la-
bel) to each vertex, we assign a set of numbers to each vertex under given
conditions. Some basic results are given in the first part of the note. Then we
study a particular class of this type of labelings on several classes of graphs.
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1. Introduction

Inspired by a channel assignment problem proposed by Roberts [2] in 1988,
Griggs and Yeh [3] formulated the Z(2,1)-labeling problem for graphs. There are
considerable amounts of articles studying this labeling and its generalizations or
related problems. Readers can see [4] or [5] for a survey. In this note, we like to
consider a generalization of the Z(2,1)-labeling. Let A and B be two subsets of
natural numbers. Define ||A— B" =min {|a—b| raeAbe B} . Denote the set

k
[k]={0,1--- k} and [[n]] the collection of all n-subsets of [k].

Motivated by the article [6], we propose the following labeling on a graph.
Let G=(V,E) be a graph and n be a positive integer. Given non-negative

integers 5,20, an L"(6,,8,)-labeling is a function f:V (G) —)[[k]j for
n

some k>1 such that | f(u)-f (V)| > 0, whenever the distance between uzand
vin Gis i, for i=1,2.(The minimum value and the maximum value of

Uvev ©) f (v) is 0 and & respectively.) The value & is called the span of £ The
smallest & so that there is an L (6,,6,) -labeling fwith span & is denoted by
A" (G;6,,6,) and called the L (6,6, ) -labeling number of G. An L (6,,6,)
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-labeling with span A" (G;6,,8,) is called an optimal L (6,,6,) -labeling. If
n=1 then notations L” and A" will be simplified as Z and A, respective-
ly.

Note: 1) The elements in [k] are called “numbers” and f (u) is called the
“label” of u. So, a label is a set in this problem. 2) Using our notation, the labe-
ling in [6] is the L(&,,0)-labeling for &, >1.

Previously, we have studied the L (2,1) -labeling problem (cf. [1]). In this
note, we will first investigate properties of the L (6,,6,) for n>1. Then, we
study the case of (5,,5,)=(L1).

2. Preliminarily

Let Gbe a graph and n an positive integer. Now, we construct a new graph c™
by replacing each vertex vin G by n vertices v;, 1<i<n and u; is adjacent

to v; forall i,j,in G("), whenever uzand vis adjacent in G. That is, u; and

v;, forall i, j,induces a complete bipartite graph K, . Note that cY=6G.
It is easy to verify that A" (G;8,,1) = A(G(") ; 51,1) . Thus, for example,
AN (Ki2,1) = A(K

complete m-partite graph K = (cf. [3]).

e 2,1) =nm+m-2,where m2 2, by previous result on

Next, we consider the relation between the labeling numbers for n=1 and
n>1.In the following, 1(G;11) and P (G;1,1) are denoted by 4,(G) and
ﬂi(n) (G) , respectively, for short.

Proposition 2.1. Let n>1, & >0, be nonnegative integers and A be the
maximum degree of G. Then

1) (n-1)(A+1)+6,+(A-1)8, <27 (G;6,,4,).

2) 2"(G;6,,8,)< A(Gin+8,~L,n+8, ~1)+n-1.

Proof.

1) A vertex u with the maximum degree A in a graph Gis called a major ver-
tex of G. By counting the numbers for the labels of a major vertex and its neigh-
bors and numbers need to separate each label (the (51, 52) condition), we shall
have the trivial lower bound.

2) Let A(G;n+6,-1,n+6,-1)=k and fan optimal L(n+& —1,n+6,-1)
-labeling. Define sets L, = {i, i+1,--, 0+ n—l} , i=0,1,---,k and function

op :V(G)—)([k-l_:_l]] by g;(u)=L whenever f(u)=i for

i=01---k.
Let uand vbe distinct vertices with dg (u,v)=j for j=1,2 in G Suppose
f(u)=i and f(v)=i+n+6;-1 for §;>6; for j=12.Then
g; (u)={i,i+1--,i+n-1} and
g (v)= i+n+5j’—l,i+n+51f,---,i+n+5jf—1+n—1}.Hence
||gf(u)—gf(v)":(i+n+51’)—(i+n—1):5j’zéj for j=1,2. Thus g, is an
L™ (6,,6, ) -labeling with span k +n—1. Therefore
A(G;6,6,)<A(G;n+6,-Ln+3,~1)+n-1. n
The following is the direct consequence of Proposition 2.1 when (&,,6;)=(1,1).
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Also notice that 1(G;dé,,dé8,)=dA(G;6,,6,).
Corollary 2.2. Let A be the maximum degree of G. Then

(A+1)n-1< 4" (G)<nA (G)+n-1. n

By Corollary 2.2, we know that whenever 4 (G)=A, the lower bound and
the upper bound are equal and hence A" (G)=(A+1)n—1. There are several
well-known classes of graphs whose A, values are all A (see [7]). For example,
tree 7, wheel W, (with mrims), the square lattice I' (4-regular infinite plane
graph), the hexagonal lattice T',, (3-regular infinite plane graph), and the tri-
angular lattice I', (6-regular infinite plane graph) are all with 4, =A. We
summarize as follows.

Theorem 2.3.

1) zi” (T)=(A(T +1)n -1

2) ﬂl (W )=( )

3 4" (I)=5n
4) A" (r,)=4n-1.
5) A"(r,)=7n-1. n

3. Cycles

We know that the maximum degree of a cycle C,, of order m>3 is 2. However,
4 (C,,) is not necessary 2. It depends on m. In this section, we will consider
L") (1,1) -labelings on cycles.

Proposition 3.1. Let C, be a cycle of order m>3.Then A" (C,)=3n-1 if
m=0(mod3).

Proof. Since the maximum degree of C, is 2, the trivial lower bound is 3n-1
by Corollary 2.2. On the other hand, we use {0,1,---,n—1}, {n,n+1,--,2n—1}
and {2n,2n+1,---,
m=0(mod3), to obtain an L™ (11) -labeling of C,, with span 3n-1. Thus,
we have the exact value of /11(") (Cm) in this case. ]

Lemma 3.2. Let C,, be a cycle of order mwhere m #0(mod3). Then
A"(C,)=3n.

Proof. Let V(C,)={V,V,,":-,V,,} where Vv, isadjacentto V,
i=12,---,m where v, =V,. Suppose ﬂi ( n)<3n—1. Let fbe an L (11)
-labeling with span 3n-1. Let f(v,)=A f(v,)=B and f(v;)=C. Since,
f(v), f(v,) and f(v,) are distinct, that is, |AUBUC|=3n

3n—1} consecutively to label vertices of C, where

i+1 fOI‘

by definition,

and AUBUC=[3n-1]. Now, f(v,)N(BUC)=@ and f(v,)<[3n-1].
Hence f(v,)=A.Consider f (Vs ). Again, we have f ( )N (AUC) & and
f (v5) c[3n-1]. Hence f(v;)=B.In general, we havel) f(v,)=A

=1(mod3),2) f(v;)=B if i=2(mod3) and3) f(v,)=C if

=0(mod3), for i=12,---,m

If m=1(mod3) then f(v,)=A.But v, isadjacentto Vv,,where
f(v,)=A. This violates the condition on adjacent vertices. If m=2(mod3)
then f(v,)=B=f(v,) while the distance between v, and v, is 2. Again,
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this violates the condition on distance 2 vertices. We have a contradiction on each
case. Therefore, ﬂi(n) (C,)23n for m=0(mod3). [

Proposition 3.3. If 1) m=1(mod3) and m>3n+1 or 2) m=2(mod3)
and m>6n+2 then A" (C,)=3n.

Proof. Let V(C,)={v,,V,,---,V,,}.

1) Suppose m=3n+1 and Define A, ={0,1,---,n-1},

A ={n,n+1---,2n-1} , A ={2n,2n+1---,3n-1} and A, ={3n,0,---,n-2}.
Denote X —i(modk) to be that set {x—i(mod k):xe X} . Then we use

Ak A A-LA L AL,
A-2,A-2,A-2--A—(n-1),A,—(n-1),A,—(n-1) to label v;,v,, -V, .
The last vertex V,,,, is labeled by A . We see that this isan L" (1,1) -labeling
with span 3nof C,.

Suppose m>3n+1. Then we label first 3n+1 vertices as we did above. And
then we repeatedly use A,, A and A, to label remaining vertices.

2) First consider m=6n+2. We use the sequence presented in (1) for
m=3n+1 twice to label vertices of C,,,. Obviously, it is still an L™ (11)
-labeling for C,,,, with span 3.

For m>6n+2, we label the first 6n+1 vertices (namely, V,,V,,---,Vy,.;)
using the same sequence as above and then repeat using A;, A and A, to la-
bel remaining vertices. Thus ﬂi(n) (Cm ) <3n in each case. On the other hand, by
Lemma 3.2, we have the equality. ]

Lemma 3.4. Let Gbe a diameter two graph with order p. Then
A" (G)=np-1.

Proof. Since G is a diameter two graph, every vertex must receive distinct la-
bel. Thus, we need at least np numbers, 7e, A" (G)=np-1. On the other hand,
we can use {in,in +1,---,in+ n—l} for i=0,1,---,p—1 to label vertices of Gin
any order. Hence A" (G)<np-1. n

Corollary 3.5.

m=0(mod3),
ﬂfn)(Cm)= 6 m=1(mod3),m>7 or m=2(mod3),mz>14,
7 m=4,8,11,
9 m=5.

Proof. Let V(C,)={v,,V,,---,V,,} where Vv, isadjacentto v, for
i=12,---,m where v,

Claim 1. ﬂi(z) (Cg)=7.

Suppose 2,1(2) (Cg)<6. Let fbean L2 (1,1) -labeling with span 6. Since m=38,
there must have three consecutive vertices, say V,,v, and V,, be labeled with-
out using 6; and let 6 f(v,). Alsolet f(v,)={a,a,}, f(v,)={b,b,} and
f(v;)={c.c,}. Then f(v,)={a,6} where a=a or a,. Suppose a=a,.
Hence f(v;)c{b,b,,a,} and f(vy)={c,c,,6}.Since
(f(v)Uf(v)N(f(vs)UTF (VS)) =, we left only 3 numbers for
f(vs)U f (v, ), (that is two from {bl,bz,az,cl,cz,s}\(f (vs)U f (Vs)) plus a).

It is not enough. The case for a=a, is similar.

=V;.
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Thus, 21(2) (Cg) >7. On the other hand, we can use {0,1},{2,3},{4,5},{6,7}
consecutively to label V;,V,,--,V, to obtain an L (1,1) -labeling with sapn 7.
Hence the claim holds.

Claim 2. /11(2) (Cy)=T7.

Let fbean L (1,1) -labeling with span 6. Similar to Claim 1, we may assume
that  f (Vl):{allaZ} » f (Vz):{blvbz} , f (v3)={cl,cz} and f (V4):{6'a}
where ae{a,a,} and 6¢{a,a,b,b, c,c,}.

Again, we have f (v,) ={c,,c,,6} . Consider the following cases:

1) f(vy)={c,c,,6}.Since f(v,)={6,a} (asindicated above), the discus-
sionon f(v,), f(vs), f(vs) f(v;) and f(vy) isthe same as Claim I.

2) f(vy)c{a,a,,b,b,,6). Since f(v)={a,a,}, f(v,)N{a,a,}=.
Let ce{c,c,,6}\f(v,). Hence f(vy)c={a,a,c}. So f(vy)={b,b,,c}.
Thus, there is only one number left available for f (v,,) . This is a contradiction.

3) Suppose f(v;) consists of one number of f(v,) and one number of

f (v;) . Without loss of generality, say f (v;)={a,,c,}.Then f(v;)<={b,b,,a’}
where a’'=a, if a=a, and vice versa. Then there only three numbers availa-
ble for f(vs)Uf(v,) and they are one from {b,b,,a’}\ f(v;), ¢, and 6.
That is not enough.

Therefore, /?1(2) (Cy)=7. On the other hand, we can use
{0,1},{2,3},{4,5},{6,7} consecutively to label V;,V,,--,V;; to obtain an

L2 (1,1) -labeling with span 7. Hence the claim holds. Finally, we have

1) m=0(mod3).

By Proposition 3.2, /11(2) (C,)=5.

2) m=1(mod3).

By Proposition 3.3, 21(2) (C,)=6 if m>7. Since C, is diameter 2 graph, by
Lemma 3.4, 24_(2) (Cy)=T7.

3) m=2(mod3).

By Proposition 3.3, 21(2) (C,)=6 if m>14. Case for m=11 and 8 are ob-
tained by Claim 1 and Claim 2. Since C; is also a diameter 2 graph, by Lemma
3.4, A7 (Cq)=9. n

4. Concluding Remark

We have obtained values of ﬂl(z)(Cm) for all m and ﬂl(")(Cm) for some m
where n2>3. Otherwise, the labeling numbers are still unknown. It is known
that 4,(C,)=4 if m=0(mod3) (cf. [8]). Hence an upper bound is 4n-1
in this case. On the other hand, the lower bound we have in Lemma 3.2 is 32
Thus, there is still a gap between 3nand 4n-1 for n>1.
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