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Abstract

In this work, a new class of analytic and univalent functions Q, (a,;/, y),
Qu (@7, #), Que (a7, ;1) with respect to other points that include sym-

metrical and conjugats in the unit disk are studied. The estimated coefficients
are calculated respectively for each class of functions. The fractional calculus
C(k+)T(k-r+5+1) _, 5

techniques |fmogk = where
d 0 L(k—n+1)(k+p+5+1)
f>0,k>n—-06-1 were used to study the distortion theorem. The fractional

L £(¢)
L(2)% (z-¢)"

integral operator D,*f(z)= d¢  (A>0) was used to

satistfy the analytic function £2) in a simply-connected region of the z-plane

containing the origin on a class Q. (a,y,4), and hence concluded to the

analytic fonctions £2) on the calsses Q. (a,7,#) and Q. (a7, u).
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1. Introduction

Let S denote the class of functions

f(z)=z+), ,az*

which is analytic and univalentin U = {Z : |Z| < l} .

(1.1)

Let 7'denote the subclass of S consisting of functions of the form
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f(z)=2-2 a2 (a20) (12)

Let S; be the subclass of Sconsisting of functions given by (1.1) satisfying

These functions are called starlike with respect to symmetric points [1].
The aim of this work is to study the class Q,, (a, 7, y) which consists of func-
tions fof 7, satisfies

(”fz

O'f(2))
() an(_) <u, zeU (1.3)
D" f
D"

z))
(()

f

(
1)

for 0<y <1, 0<a<l, O<pu<l.
and a class Q.. (a,y,u) of functions fof 7; satisfies

z(D”f(z))' N
D"f(z)-D"f(7) LU
az(D”f(zLJr(l_a)

D"f(z)-D"f(7)

for 0<y<1, 0<a<l, O<u<l.
and a class Q. (e, 7, 1) of functions fof 7, satisfies

(D"f (2))
“f(z)_ "f(_z) <u, zeU (1.5)
z(D”f(z))’

DT +(1-a)

D
(04
D"f(z)-D"f(-z)

2)

(1.4)

for 0<y<1, 0<a<l, O<u<l.
Using fractional calculus to study distortions cahractaristics and estimated

coefficients is obtained.

2. The Class Q. (a.7,4)

Theorem 2.1 Let the function f be defined by (1.2), then f eQ(a,y,u) if
and only if

S (0 k(- ) (1= (1) )1+ (7)) |6 (n ),

<u(a+2(1-a))-1

(2.1)

where 0<y <1, 0<a<

, <1l
20-7)" a+2(1-y) H=t
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n

s(nk)= (
the result (2.1) is sharp for the function

f(z)=z2- ular2(-r))-1 z“ (k>2
O O e o)

Proof Assume that the inequality (2.1) holds true and |z| =1. Then obtain

n+k—1j

z(D"f (z))'—D”f (z)+D"f(-z)

a(D"f(2)) +(1-7)D"f (2)~(1-7)D"f (~2)
:‘—z—Zf:z[k—<1—(—1)k J[5(nK)az"
az-Y; [ak-(1-7)]8(nk)az* +2(1-7)7|

<X (D" k(- )~ (1 (<) ) (24 (a-7)) |6 (k) 3, +1

—pu(a+2(1-y))+1<0

—p

-

Thus, by maximum modulus principle [2], f eQ(a,7,u)
Now assume that f e Q,(a,7, 1) then

z(D”f(z))' ~
D"f(z)-D"f(-z) <u zeU
aZ(D” f (z))l
o f (2)-D"f (<z) + %)
Then
2(D"f (z)) ~D"f (2)+D"f (~2)
<ulaz(D"f(2)) +(1-7)D"f (z)~(1-7)D"f (~2)

2= 3 [ (D) k=@ (1) [5(n.k)
<ulez=3 [ (-0 ak-(1-7) |s(nk)a 2t +2(1-7)7
Thus
| (D) k(1= )~ (1 (-1 ) [5(nK)a < (e +2(2- ) -2
And the proof is complete.
3.The Class Q. (a,y,u)

Theorem 3.1 Let the function fbe defined by (1.2), then f €Q, (a7, u) if
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and only if
oo (Y ke sa) =1 () Jaea@-p) Jo (g
<u(a+2(1-y))-1
1 1
where 0<y <1, 0Sa<2(1_y)<1, a+2(1_7/)<,uﬁl and
5(n,k):[n+:_1j.
The result (3.1) is sharp for the function
f(z)= ular2(t-7))- 2" (k=2
) | (-0 k(14 )= (1= (<) )+ (2= 7)) | 6 (k) )

Proof Assume that the inequality (3.1) holds true and |z| =1. Then obtain
2(D"f(2)) -D"f(z)+ D"t (-2)
- a(D“f<z>)’+<1—7)r>“f<z>—<1—y>D"f(—z)
\ SIS 1)“ (1) )]s(nk)az
ulaz=3 | (1) ak—-(1-y
<Y (D) k(- p )( (-1

—p(a+2(1-y))+1<0

)J&nk )a,z“ +2(1-y)z ‘
)@+ ult-r)]s(nk)a,

Thus, by maximum modulus principle [2], f Q. (a7, u).
Now assume that f €Q, (e, 7, 1) then

z(D”f(z))' 9
D' (2)-DT(D) |,y
Da;z(D”f(nz))_ +(1-a)
(2)-D"1(7)
Then
2(D"f(2)) ~D"f(2)+D"f (-2)
<ulaz(D"f(2)) +(1-7)D"f (z)~(1-7)D"f (~2)
\—z—z;:z[(—n“k—(1—<—1>k)]5<n,k>\
<ulaz=37 (1) ak-(1-)|5(nk)a 2t +2(1-7)7]
Thus
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Zf:z[(—l)k’l k(1-pa) —(1—(—1)k )(l+ u(l- 7))}5(& k)a,
<,u(a+2(1—;/))—1
And the proof is complete.

4.The Class Q. (a7, u)

Theorem 4.1 Let the function f be defined by (1.2), then f €Q (e, 7,u) if

and only if
®© k-1
Sro () k() (1 w(1-7)) o (0 )a, )
S,u(a+2(l—7/))—1
1 1
where 0<y <1, 0<a< <1, <pu <l and

2(1-7) a+2(1-y)

5(n,k):[“+:‘1j.

The result (4.1) is sharp for the function

f(2)- ,u(a+2(1—y))—1 -
() k(1 per) = (1+ (1)) |5 (k)

Proof Assume that the inequality (4.1) holds true and |Z| =1. Then obtain

2(D"f(2)) ~D"f (z)+D"f (~2)

(k> 2)

a(D"f(2)) +(1-7)D"f (2)-(1-7)D"f (-2)

\ Y[ k- ]<nk>ak
daz=37 [ (<) ak-(1-7)|5(nk)a 2 +2(1- )

<3| (D) k(1 pa) 1+ u(1-7)) [5(n.k)a,

—pu(a+2(1-y))+1<0

Now assume that f €Q, (e, 7, 1) then
z(D”f(z))’
D"f(z)-D"f(-z)
az(D”f (z))’
D"f(z)-D"f(-z)

<u, zeU

+(1-a)

Then

2(D"f(2)) -D"f(z)+D"f (~2)

ulaz(D"f (2)) +(L-7)D"f (2)-(1-7)D"f (~2)
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2= 3 [0 _1]5(n, 5
<uaz-37 (<) ak-(1-7)Js(nk)a +2(1-7)7
Thus
Zfzz[(—l)kflk(l—ﬂa)—(lw(l—y)ﬂc?(n.k)ak
<u(a+2(1-y))-1

And the proof is complete.

5. Application of the Fractional Calculus

Several operators of fractional calculus (Ze., fractional derivative and fractional
integral) have been rather extensively studied by many researchers (c.f. [3] [4]
[5]). Making use of the following Lemma (given by Srivastava et al [6] and used
by Gh. Esa and Darus [7]) stated as
Lemma 5.1 Let >0,k >n—6-1, then
sk _ C(k+1)C(k-r+5+1) Jkos
0z C(k-p+1)C(k+B+5+1)

to prove the following theorem:
Theorem 5.2 Let $>0,7<2, f+6>-2,1(B+5)<3B. If A2) defined by
(1.2) in the class

Qu (2.7, 44)5
then
18728 (2)]
r(2-n+6)2”" [1_ [u(e+2(1-7))-1](2-1+05) |Z|J (5.1)
C(2-n)0(2+p+3)[ (<1)"* (n+1)(1- pa)(2-7)(2+ B +9)
and
péz1 )

F2-n+8)” [1— [n(a+2(1-7))-1](2-7+5) |Z|] (5.2)
)

F2-n)L(2+p+8)|  (-1)"*(n+1)(1-pa)(2-7)(2+p+6

for zeU,, where

] n<l
U -{0} n>1

the result is sharp and is given by

f(z)=z-

,u(a+2(1—;/))—1 72
(-1)"* (n+1)(1- ar)

Proof. By using Lemma 5.1, we have

(5.3)
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Bns _ I(2-1+5) 1p
oz f(Z)_r(2—77)r(2+/3’+5) s
& T(k+)r(k-n+6+1) zk“"‘ G4
_kZ_ZF(k—77+1)F(k+ﬁ+5+l) “
Setting
T(2-7)T(24B+5) 5 4 E )
H(z)= ( r’gg_;:f)Jr )z 1 f(z):z—kzz‘éh(k)akz
where
h(z):( (2_n+5)k—1(1)k (kZZ) (5_5)

2- 77)k71 (2 +f+ 5)k—l

It is easily verified that A(k) is non-decreasing for & > 2, and thus we have
2(2-n+0)

(2-n)(2+p+9)

Now, noting that &(z, 2) is increasing function of 1, we have

2(-1)"* (14 pa) 8 (n, 2)231k

0<h(z)<h(2)= (5.6)

M

<> 5(nk)a (1-pa)< ,u(a+2(1—a))—1

k

2
or

ia < ,u(a+2(l—7/))—l

2 2(-0)"* (n+1)(1- pa) 57

Hence, using (5.6) and (5.7), we have
M) 2l -h() 3a
[,u(a+2(1—y))—1}(2—77+5)
(-1)"* (1-pa)(2-1)(2+ B+6)
which proves (5.1), and other parts (5.2) we can find that
[u(a+2(1-))-1](2-n+95)
(1) (1-pa)(2-n)(2+ B +5)

(5.8)
>|z|-

i

[H(2)|<[2- ", (59)
and the prove is complete.

Using the same technique for the functions £2) in the classes Q. (a,y,x)
and Q. (a,7, ).

Now, taking n=-f=-1 and n=-f =41 in the Theorem 5.1, and using
the definition given by Owa [8] which is stated as:

Definition 5.3 (Fractional Integral Operator) [8]. The fractional integral of
order A is defined, for a function £2), by

D, f(z)=——] f(gz_ﬂdg (2>0) (5.10)
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where f{2) is an analytic function in a simply-connected region of the z-plane
- . s i -
containing the origin, and the multiplicity of (z—¢)" is removed by requiring
log(z — ¢) to be real when
(z=¢>0.

We get two seperated corollaries which are contained in;
Corollary 5.4 Let the fuction £2) defined by (1.2) be in the class Q, (a,7, ),

then we have

1+ A
00 [ e PR B E SO0
F(2+2) 0 (-1)"* (1-pa)(2+4)(n+1)
and
S ()< 2 [y, 2(a+2(1_y))_1 7| (5.12)
F2+2) (-1)"* (1-ua)(2+2)(n+2)
for 1 >0, zeE.Theresultis sharp for the function
D1 (2) =14 ;:(a+2(1—y))—1 K (5.13)
F(2+2) (-1 (1-ua)(2+2)(n+1)

Corollary 5.5 Let the fuction £z) defined by (1.2) be in the class Q, (e, 7, 1),
then we have

S {1_( (a+2(1—7))—1

2)|2 12 z
S S Ry v @ e

and

% f( )| | | ){14_( )n+2(6¥+2(1—7))_1 |Z|J (5.15)

r(2+ (1-pa)(2+2)(n+1)
for 0<A <1, zeU. The result is sharp for the function
D/ f(2)= [~ {1+ M('Hz(l_y))_l |Z|J (5.16)
r(2+4) (1) (- pa)(2+ 2)(n+1)

Again the same technique uses for the function in the classes Q. (a,7,u)
and Q. (a7, ).

6. Conclusion

The classes Q(a,7, 1), Qu(a,7,4)> Qu. (a7, 1) of analytic and univalent
functions are investigated. The estimated coefficients are studied and obtaind
respectively and shown in the Equations (2.1), (3.1) and (4.1). The application of
the fractional calculus is studied on the class Q («,7, 1) and obtained in Equ-
ations (5.1) and (5.2) and concluded for other classes Q, (a,}/,y) and
Quc (@0, 7, 42) . Fractional Integral Operator is studied and obtained on the class
Qus (a, 7, y) and concluded for other classes by using the same mathematical

techniques.
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