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Abstract 
Numerical simulations have been carried out for a supersonic three-dimensional 
rectangular arc nozzle, where a secondary flow toward the center of the cur-
vature occurs due to the shape of the nozzle. It is known that secondary flow 
causes longitudinal vortices to form near the wall of the nozzle corner, mak-
ing the nozzle outlet flow unstable and induces loss of transport energy. 
When the working fluid is a condensable gas with relatively large latent heat 
such as moist air or steam, rapid accelerated expansion in the nozzle causes 
non-equilibrium condensation due to supersaturation. After the release of la-
tent heat during phase transition, nozzle flow continues expanding at an 
equilibrium saturation condition. In the absence of foreign particles, e.g. ions 
or dust particles, condensation nuclei are formed in the gas itself causing 
non-equilibrium homogeneous condensation. Supersonic nozzle flow proper-
ties vary considerably due to the occurrence of condensation phenomenon. 
The objective of this study is to investigate the effect of non-equilibrium ho-
mogeneous condensation on the longitudinal vortices which form in the 
range close to the corner of rectangular arc nozzle numerically. 
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1. Introduction 

The instability of a boundary layer over the concave surface results from the im-
balance between the centrifugal force and the wall-normal pressure gradient in 
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case of supersonic rectangular nozzle flow [1]. As a result of interaction between 
the two adjacent boundary layers, driven by the lateral pressure gradient; 
stream-oriented, counter-rotating longitudinal vortices are created and can be 
significantly intensified downstream of the flow causing flow transition. This 
transition of the flow from laminar to turbulent prevents the quiet nature of the 
rectangular wind tunnel [2]. Besides, successful design of the turbomachinery 
requires an understanding of the secondary flow. This flow is generated when a 
developed flow passes through a bend, or when a sheared flow passes over an 
aerofoil, or when a boundary layer faces an obstruction normal to the flow direc-
tion. It is well known that in a turbomachine there are three major losses: profile 
losses, end wall secondary flow losses, and tip clearance losses. These losses are 
accountable for almost 30 - 50 percent of the total pressure loss in a blade row 
passage [3]. Prediction of the cascade vorticity by the classical theory of second-
ary flow by Howthorne [4] showed the presence of end wall vortices. 

There has not been much study about the interference between non-equilibrium 
homogeneous condensation and the corner flow vortices. In general, air as a 
working fluid contains humidity which induces non-equilibrium homogeneous 
condensation due to adiabatic expansion. Therefore, it is important to under-
stand the effect of non-equilibrium homogeneous condensation on the corner 
flow vortices in order to delay the laminar-turbulent flow transition and to re-
duce the total pressure loss. 

In case of supersonic rectangular nozzle flow, high-speed expansion of moist 
air causes the formation of condensate particles [5]. During condensation, 
change of phases occurs from water vapor into liquid or liquid into solid phase. 
This phenomenon causes release of latent heat due to the phase change resulting 
in an increase of specific volume which causes reduction in gas mass flow rate. 
Molecular weight, gas constant, specific heat of the flow also change with con-
densation process [6]. In the absence of foreign nuclei, homogeneous condensa-
tion takes place through the formation of water nuclei from its vapor. The pur-
pose behind the development of the homogeneous nucleation theory was to pre-
dict condensation and to apply this theory to various devices such as wind tun-
nel and steam turbine nozzle etc. [7]-[13]. Condensation and nucleation phe-
nomena have great importance in compressible fluid dynamics because it con-
tains two-phase flow and multi-component system. Two-phase flow demands 
significant attention due to the thermo-fluid dynamics that take place during the 
change of phase. The characteristics of the supersonic nozzle flow properties 
vary greatly due to the existence of condensate particles and the flight simulation 
in the wind tunnel would not experience the isentropic fluid flow due to the 
presence of condensate particles [14]. Besides, airflow experiences pressure and 
temperature drop due to the rapid expansion of the flow in a supersonic rectan-
gular nozzle. This rapid expansion causes supersaturation with respect to the 
equilibrium state due to the absence of condensate deposit surface. 

This research aims to investigate the effect of non-equilibrium homogeneous 
condensation on the corner flow of a three-dimensional supersonic rectangular 
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arc nozzle numerically. Density distributions along with the flow vorticity near 
the nozzle corner have been analyzed to know the influence of non-equilibrium 
homogeneous condensation on the flow vortices in cases of dry air and moist air.  

2. Numerical Analysis 

In this research, numerical calculations were performed using the unsteady 
three-dimensional compressible Navier-Stokes equations in combination with 
the equations of continuity, energy, turbulent kinetic energy, specific dissipation 
rate, conservation of mass of the liquid phase, and conservation of the number 
density of droplets with homogeneous nucleation. Discretization was performed 
spatially by the cell-centered type finite volume method. Furthermore, a third-order 
accurate MUSCL TVD (Total Variation Diminishing) schemes based on Roe’s 
approximate Riemann solver [15] were applied to the inviscid fluxes and the 
viscous fluxes were evaluated by the second-order accurate central difference 
method. Generation terms associated with turbulence and condensation were 
evaluated by the first-order accurate central difference method. Unfactored im-
plicit equations derived with no approximate factorization were solved by a 
point Gauss-Seidel relaxation method [16]. 

v v v

t x y z x y z
∂ ∂ ∂∂ ∂ ∂ ∂

+ + + = + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂

E F GQ E F G I S             (1) 

where Q is the conservative vector; E, F and G are inviscid flux vectors; Ev, Fv, Gv 
are viscosity flux vectors. I and S are the source terms corresponding to turbu-
lence and condensation, respectively. The governing equation systems that are 
non-dimensionalized with reference values at the inlet conditions upstream of 
the nozzle are mapped from the physical plane into a computational plane of a 
general transform.  
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Numerical modelling of non-equilibrium homogeneous condensation phe-
nomenon consists of two equations for condensate mass fraction g and the 
number of droplets per unit mass n [17].  

( ) ( ) ( ) ( )m m m m 3 2
l c F m

4 d3
3 d

g gu gv gw rr I nr
t x y z t

ρ ρ ρ ρ
ρ ρ

∂ ∂ ∂ ∂  + + + = + ∂ ∂ ∂ ∂
π

 
  (3) 

https://doi.org/10.4236/ojfd.2021.112004


S. Haque et al. 
 

 

DOI: 10.4236/ojfd.2021.112004 58 Open Journal of Fluid Dynamics 
 

( ) ( ) ( ) ( )m m m m
F

n nu nv nw
I

t t t t
ρ ρ ρ ρ∂ ∂ ∂ ∂

+ + + =
∂ ∂ ∂ ∂

             (4) 

Reference [18] provided the equations of latent heat, critical radius of the 
nuclei, droplet average radius, radius growth rate, density of liquid phase, and 
surface tension. While Frenkel’s equation [19] was used to calculate nucleation 
rate. Numerical calculations of the flow over a flat plate using kt-kl-ω turbulence 
model [20] have been performed to set the initial values of turbulent kinetic 
energy kt0, laminar kinetic energy kl0 and specific dissipation rate ω0 in case of 
rectangular arc nozzle flow. The y+-u+ distribution of the flow in case of flat plate 
was consistent with the experimental value [21] which validated the simulation. 

3. Calculation Domain and Conditions 

Figure 1 shows the calculation domain and boundary conditions of the super-
sonic rectangular arc nozzle flow. The height at entrance and exit of the nozzle is 
60 mm, while the width is 19 mm. The height of the throat H (characteristic 
length) is 23.8 mm and the nozzle arc radius of curvature is 400 mm. Total 
length of the nozzle is 550 mm while the supersonic portion of the nozzle is 310 
mm long. This simulation was conducted by considering only half of the nozzle 
span direction to reduce the calculation time. The solid wall boundary condition 
was no-slip, while slip boundary condition was applied at the beginning of the 
nozzle span direction.  

Initial calculation conditions were fixed at the nozzle inlet while the back 
pressure was not fixed at the nozzle outlet. Initial stagnation pressure p0, tem-
perature T0, and initial degree of relative humidity 0φ  were set at 102 kPa, 287 
K and 60%, respectively, in case of moist air. In addition, initial stagnation pres-
sure p0, temperature T0, and initial relative humidity 0φ  were set at 102 kPa,  
 

 
Figure 1. Nozzle geometry and boundary conditions. 
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287 K and 0%, respectively, in case of dry air. In both cases, initial turbulent ki-
netic energy kt0, laminar kinetic energy kl0 and specific dissipation rate ω0 were 
set at 0.124490 J/kg, 0 J/kg, and 364.955 1/s, respectively. 

4. Results and Discussion 

Simulations of the rectangular supersonic arc nozzle flow in cases of dry air and 
moist air have been carried out until the residual error has reached the order of 
10−6. In Figure 1, a dashed red line close to the bottom of the nozzle center indi-
cates the measurement position of the static pressure distribution. In order to 
know the effect of non-equilibrium homogeneous condensation on the nozzle 
corner flow, four cross-sectional views were examined at x/H = 0, 1, 1.4, and 2, 
respectively. Here, x/H = 0 indicates nozzle throat, while non-equilibrium ho-
mogeneous condensation zone is located in the range from x/H = 1 to x/H = 1.4, 
and x/H = 2 represents a position after the non-equilibrium condensation zone.  

As shown in Figure 2, static pressure distributions obtained by the simula-
tions in cases of dry and moist air are almost similar to the experimental datum 
[22], which eventually validates the calculation. The onset of non-equilibrium 
homogeneous condensation in case of moist air causes an increase in static 
pressure distribution downstream of the nozzle throat. In addition, carefully 
identified four positions are shown to investigate the effect of non-equilibrium 
homogeneous condensation on the longitudinal vortices at the nozzle corner 
flow.  

Distributions of condensate mass fraction g, nucleation rate IF, and static 
pressure p/p0 are illustrated for the non-equilibrium homogeneous condensation 
phenomenon of moist air in Figure 3. As the condensable moist air expands ra-
pidly in this supersonic nozzle, the release of latent heat with the onset of 
non-equilibrium homogeneous condensation causes an increase in static pres-
sure due to the deviation from the isentropic flow around x/H = 1. The nuclea-
tion rate reaches its maximum value at the onset of non-equilibrium homoge-
neous condensation and the condensate mass fraction g begins to increase.  
 

 

Figure 2. Stream-wise distributions of p/p0 in case of dry air and moist air on the center 
line of bottom wall. 
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Figure 3. Distributions of condensate mass fraction g, nucleation rate IF, and static pres-
sure p/p0 at the measurement line (c-c'). 
 
Besides, the end of non-equilibrium condensation zone at x/H = 1.4 is indicated 
by the maximum point of the static pressure rise and after this point the flow 
again becomes isentropic. 

Figure 4 illustrates the onset of non-equilibrium homogeneous condensation 
with contour map of condensate mass fraction g. It can be seen that the 
non-equilibrium homogeneous condensation forms in a gentle curved surface 
from the upstream upper wall side to the downstream lower wall of the nozzle. 
Besides, it is found that the surface of condensation onset has a complicated 
structure due to an interaction between the boundary layer and the longitudinal 
vortex at the nozzle corner flow which is shown in the y-z plane of Figure 4(b). 
The y-z plane contains the front view of the condensate mass fraction contour 
map in the flow direction.  

In case of dry air, Figure 5 shows contour maps of vorticity (ω) near the cor-
ner of the nozzle upper wall at four positions (x/H = 0 (nozzle throat), 1.0, 1.4, 
and 2.0). Density distributions of each cross-sectional plane are shown in the 
y-axis direction at z/H = 0.40, 0.714, 0.742, 0.762, and 0.779, respectively. Hori-
zontal dotted lines illustrate the position of δdry, where the absolute value of den-
sity gradient (dρ/dy) is minimum and δdry.max is the maximum thickness of δdry. 
Extension of vorticity variation region toward the lower wall at the nozzle corner 
causes the position of δdry to move away from the upper wall as the measurement 
position approaches the sidewall. Therefore, it can be said that the change in 
density has a strong correlation with the change in vorticity. Further, δdry.max be-
comes larger at x/H = 2 compared with that of x/H = 0.  

Figure 6 shows a schlieren photograph [22] of the rectangular nozzle in case 
of dry air. In this figure, the end of the white band from the solid wall in the di-
rection perpendicular to the knife-edge indicates the thickness of experimental 
density gradient δdry.exp. Comparison between the calculated δdry.max and measured 
δdry.exp [22] has been made at four positions (x/H = 0, 1, 1.4, and 2). It is found  
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Figure 4. Three-dimensional contour map of condensate mass fraction g with onset of 
non-equilibrium homogeneous condensation. 
 

 

Figure 5. Contour maps of vorticity and ρ/ρ0 profiles at x/H = 0, 1, 1.4, and 2 (dry air). (a) 
x/H = 0; (b) x/H = 1; (c) x/H = 1.4; (d) x/H = 2. 
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that the value of δdry.max is almost the same as the δdry.exp of schlieren photograph 
at each position. These results confirm the relation between the experimental 
datum and present simulation outputs.  

Four cross-sectional planes (x/H = 0, 1, 1.4, and 2) in Figure 7 have been used 
to show the correlation between the contour maps of vorticity (ω) and density 
distributions in case of moist air. At each cross-sectional plane, density distribu-
tions in the y-axis direction are shown at the same positions as of Figure 5 near 
the corner of the nozzle upper wall. It can be seen that condensation causes an 
increase in flow density when the flow moves toward the nozzle corner. The ir-
regularity in the density profile could have been induced by the onset of 
non-equilibrium homogeneous condensation at the nozzle corner flow. From 
these figures, it can be deduced that the location of the δmoist i.e., minimum ab-
solute value of density gradient (dρ/dy) departs further from the upper wall as 
the measuring position reaches the sidewall. This is attributed to the extension of 
vorticity variation region toward the lower wall at the corner of the nozzle. Fur-
ther, δmoist.max which indicates the maximum value of δmoist becomes larger at x/H 
= 2 compared with that of x/H = 0. 

In Table 1, the thickness of δdry.max and δmoist.max in cases of dry air and moist 
air are indicated at x/H = 0, 1, 1.4 and 2. From this table, it can be seen that the 
non-equilibrium homogeneous condensation that occurred downstream of the 
nozzle throat reduces the thickness compared with the δdry.max at x/H = 1 and 1.4. 
Therefore, it can be deduced that the latent heat released by the non-equilibrium 
homogeneous condensation suppresses the development of longitudinal vortices 
near the nozzle corner. 
 

 

Figure 6. Schlieren photograph of ρ/ρ0 in case of dry air (knife edge position: ). 
 
Table 1. Thickness of dry.maxδ  and moist.maxδ  in cases of dry air and moist air. 

Measurement 
positions 

Thickness for dry air 

dry.maxδ  [mm] 
Thickness for moist air 

moist.maxδ  [mm] 
[ ]dry.max moist.max

dry.max

%100
δ δ

δ
−

×  

x/H = 0 0.8568 0.8568 0 

x/H = 1 0.9996 0.952 4.76 

x/H = 1.4 1.1186 0.9044 19.15 

x/H = 2 1.19 1.0472 12.0 
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Figure 7. Contour maps of vorticity and distributions of ρ/ρ0 at x/H = 0, 1, 1.4, and 2 
(moist air). (a) x/H = 0; (b) x/H = 1; (c) x/H = 1.4; (d) x/H = 2. 

5. Conclusions 

This numerical study has been set out to investigate the effect of non-equilibrium 
homogeneous condensation on the corner flow of a supersonic rectangular arc 
nozzle. The results obtained are as follows: 

1) An increase of static pressure downstream of the nozzle throat in case of 
moist air indicated the non-equilibrium homogeneous condensation. Simulated 
results of static pressure distribution were in good agreement with the experi-
mental results. 

2) Change in density at the nozzle corner flow had a strong correlation with 
the change in vorticity. This is because the extension of vorticity variation region 
toward the lower wall caused the position of density gradient with minimum 
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absolute value to move further away from the upper wall. 
3) In the range of the nozzle corner, surface of condensation onset had a com-

plicated structure due to an interaction between the boundary layer and longitu-
dinal vortex. 

4) Latent heat released by the non-equilibrium homogeneous condensation 
suppressed the development of longitudinal vortices near the nozzle corner 
which resulted in the reduced thickness of δmoist.max. 
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Nomenclature 

p   Static pressure 
Q   Conservative vector 
E, F, G  Inviscid flux vector 
Ev, Fv, Gv Viscosity flux vector 
I   Turbulence vector 
S   Condensation vector 
T   Temperature 
R   Radius of curvature 
ρ   Density 
u   Velocity component in x-axis direction 
v   Velocity component in y-axis direction 
w   Velocity component in z-axis direction 
n   Number of condensate particles 
g   Condensate mass fraction 
kt   Turbulent kinetic energy 
kl   Laminar kinetic energy 
ω   Specific dissipation rate 
ϕ   Relative humidity 
H   Nozzle throat height 
σ   Surface tension 
rc   Critical cluster radius 
IF   Nucleation rate 
r   Droplet average radius 
Subscripts 
0   Stagnation point 
m  Mixture of air and vapor 
l   Liquid 
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