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Abstract

The properties of the first eigenvalue of a class of (p,q) Laplacian are in-

vestigated. A variational formulation for the first eigenvalue of the Laplacian
on a closed Riemannian manifold is obtained. This eigenvalue corresponds to
a nonlinear, coupled system of p-Laplacian partial differential equations. The
main idea is to investigate the evolution of the first eigenvalue of the system
under the Ricci harmonic flow. It is also possible to construct monotonic
quantities based on them and study their evolution which is done.
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1. Introduction

The eigenvalue problem which arises from geometric operators under various
kinds of geometric flows has attracted a great deal of attention recently, as it is a
very effective method of studying Riemannian manifolds. This area of investiga-
tion opened up when Perlman [1] showed that a functional depending on scalar
curvature is nondecreasing along the Ricci flow coupled to a type of heat equa-
tion [2] [3]. This property of the functional implies that the first eigenvalue of a
geometric operator is nondecreasing under Ricci flow. The geometric operator
—A+CR has also been studied with regard to its eigenvalues along the Ricci
flow and Ricci-Bourguignon flow as well. The evolution of the first eigenvalue
has been looked at in the case of the p-Laplacian along a Ricci-harmonic flow,
and the Ricci flow and the m-th mean curvature flow respectively [4] [5]. There
is a generalization of the p-Laplacian to a class of (p,q)-Laplacian which has
applications in applied mathematics and physics [6] [7].

A geometric flow is an evolution of a geometric structure relevant to a given
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manifold. Let M™ be a closed, m-dimensional Riemannian manifold that has
metric ¢ . Hamilton first introduced the Ricci flow by means of the differential

equation

%“L—Ric(g(t)% 9(0)=0s. W

In (1), t isan evolution parameter and Ric is the Ricci tensor of metric ¢ (t) .
Lowered indices are understood to apply in (1) so that g(t)= g (t). Let (M " g)
and (N " o-) be two closed Riemannian manifolds. By Nash’s embedding theorem,
it may be assumed that N" is isometrically embedded into Euclidean space
iy :(N",o-)—>]R"”. Identify maps @:M™ — N" with iyop:M™ > R? for

sufficiently large d . Then a generalization of Ricci flow can be established as fol-

IOWS;
D9 _ ric(g(t)+ 20V @ Ve, 9(0)=g,,
66,[ (2)
%
Lo 0(0)=0,

In (2), a is a positive constant, ¢(t) is a family of smooth maps from
M™ to a closed target manifold N" and L¢ is the intrinsic Laplacian of ¢
which denotes the tension field of ¢ with respect to the evolving metric ¢ (t) .
This system of evolution equations will be called the Ricci flow coupled to a
harmonic flow. It has been shown that (2) has a unique solution with the initial
data (0o, ¢, ). It is also useful to define a normalized Ricci-harmonic flow de-

fined as
agT(t): —2Ric(g(t))+2ano®Vgo+%r(t)g(t), g9(0)=g,, "

op
A Lyp, ¢(0)=p,.

The variable r(t) in (3) is called the average of R —a|V(p|2 with respect to
M ™, and defined as

r:J.M(R—a|V¢)|2)d/I' (4)

Jo du

When integrating over the manifold, we simply write M, and du is the

volume form or measure on M ™. Under normalized Ricci flow, the volume of

the solution metrics remains constant with respect to £

2. Definition of the Eigenvalue Problem

Let (M " g) be a closed Riemannian manifold andlet f:M™ — R be a smooth
function on the manifold so suppose f eW"? (M ) The Laplace-Beltrami opera-
tor which acts on a smooth function fdefined on M™ is the divergence of the

gradient of £
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Af

G (\/E 0,t). (5)

where we have set 0, f =0f /8X' . The p-Laplacian of fis defined for 1< p<oo
as

A, £ =div(|VE[ VE )= [VE["7 Af +(p-2)|VE| (Hess f)(VE,VE),  (6)

where (Hessf)(X,Y)=V(Vf)(X,Y), where X,Y are vector fields on M".

In local coordinates,
(Hess)(6,,0,)=0,0;f -0, f. )
When p=2 the p-Laplacian becomes the Laplace-Beltrami operator. Let

(M " g) be a closed Riemannian manifold. To present the problem, consider

the following nonlinear system of equations on M"
Ayu= Al v,
A== v u, ®)
uveW " (M)xW(M).

In (8), p>1 and gq>1 and «,pB are positive real numbers which satisfy
the condition

a+l B+l
P g

=1 (9)

It is said that A4 in (8) is an eigenvalue for the system whenever for some

UeW,?(M) and veW,*(M) itis the case that
[, IVu|"* (Vu,Vg)du = Al " V" vedu, w0
[, W[ (W, Vi) du = A, v/ uydp.

The functions ¢ cW™"" (l\/l ) , weW (M ) and Wol'p (M ) is the closure of
Cy (M) in the Sobolev space W*"(M ). The set of functions U,v are called
the eigenfunctions which correspond to the eigenvalue A. A first positive ei-

genvalue of (8) can be determined by computing
inf { A(u,v):(u,v) €W (M)xW (M), B(u,v) =1}, (11)
In (11), A(u,v) and B(u V) are defined to be
A(u,v a+lj |Vu|pd,u ﬂ J' |Vv|q du,
(12)
B(u,v) :JM|u| |v|ﬁ uvd .

Let (M ".g (t),w(t)) be a solution of the RH* flow (1) on the smooth ma-
nifold (M™,g,,¢,) with te[0,T). Then

A(t)= ‘“1j IVulP d+ ﬂ L 1 du (13)

defines the solution of an eigenvalue of (8) under the variation of (g (t) , go(t)) .
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The eigenfunctions associated to A(t) are normalized such that B(u,v)=1.

The first eigenvalue of a class of (p,q)-Laplacians given in (8) is studied
such that its metric satisfies the flow. Let us denote differentiation with respect
to tas Ou/ot=0,u=u’, and introduce tensor S and its trace

S=Ric, —aVp®Vo, S=R—a|V(p|2, (14)

where R is the Ricci scalar curvature.

3. Variational Formulation

Some useful evolution equations for /l(t) under the Ricci harmonic flow will
be formulated. In particular, a useful result concerning the variation of the first
eigenvalue (8) under the Ricci harmonic flow is considered next.

Theorem 1: Let (g (t),(p(t)) with te [O,T) be a solution of the Ricci har-
monic flow on the closed manifold M™.Let A(t) be the first eigenvalue of the
(p.q) -Laplacian along this flow. For any t,t, €[0,T) such that t >t;, we
have

j‘lg ),v(z))dz. (15)
The integrand is given by
g(g(t),u(t),v(t)):(a+1)jM (S(Vu,Vu)+(Vu’,Vu))|Vu|p_2 du
+(B+D[ (S(VV, W) +(W, W))W du  (16)

’“1] VUl du ﬂq+1jM|vV|qdy.

Proof: Let us put

1 1
6 (9000090 = 21, 00 s L2 [0 g 7

suppose that at t, we assign (u;,V;)=(u(t,),v(t,)) be the eigenfunctions cor-
responding to the eigenvalue A(t,) for the (p,q)-Laplacian. Define the fol-
lowing smooth functions along the Ricci harmonic flow as follows,

. w Y(2(a+p+1)) By w#@(wﬂﬂ))
1 det(gij(t)) 1 dEt(gij(t)) '

Furthermore, functions U,V can be defined along this flow according to the

(18)

equations

h(t)
(O k@ n(o)k(1)da)”
v(t)= k(t)

(J, IO [ n(t)k (0)du)

In (19), the functions u(t) and V(t) are smooth functions under the Ricci

u(t)=

(19)

harmonic flow and they satisfy the condition
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IM |u[* |v|ﬂ uvdg =1. (20)

Now (u(t,),v(t,)) are the eigenfunctions of the eigenvalue A(t,) for the
(p.q) -Laplacian at time t,, thatis, A(t,)=G(g(t,),u(t,),v(t,)). The follow-

ing formula will be needed, which arises from the fact that

09" _ 09y

L2 = 21
9 o ot 1)
With (21), (3) can be expressed in components using (14) as
g™ li ik g li ik
= o _gigkZL=2ggks.. 22
o g9 at g9 (22)

Hence, if fis a smooth function with respect to # then along the Ric-

ci-harmonic flow, we find that

)

Substituting the result from (22), we have

d -2 ,
E(|Vf|p): p|VE|"? (S(VF, V) +(VE,Vf)). (24)
The measure du also depends on tthrough gand has derivative
—d :5 Tr (agjd,u——Sd,u (25)

Since U (t) and V(t) are smooth functions so too is G (g (t),u (t),v(t))
with respect to £ Let us write

G(g(1).u(t).v(1)) =G (g(t).u(t).v(t))- (26)
Using (24) and (25) with freplaced by uz and v, it follows that,

g(g(t),u(t),v(t))=(oe+l)'[M(S(Vu,Vu)+(Vu',Vu))|Vu|p’2 d
+(B+D)[ (S(Vv. W) +(VV, W))W de (27)

“+1j vul’ sdu - 27 1j IVv[° Sdy.

Integrating both sides of (26) with respect to tbetween t; and t, it follows
that

fio(a( ).v(7))dz =G (g(t,).u(t).v(4))-G(g(t).u(ty).v(t)), (28)

where t,€[0,T) and t, >t,.since it is the case that
G(g(ty).u(ty).v(ty)) 2 A(ty) » then setting A(t;)=G(g(t)u(t).v(t)) in
(28), it is seen that (15) follows immediately with S (g (t),u(t), (t)) satisfying
(16).0

Theorem 2: Let (M "9 (t),w(t)) be a solution of the Ricci-harmonic flow
on the smooth, closed manifold (M m,go,(po) and let A(t) denote the evolu-
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tion of the first eigenvalue under the flow. Suppose that x = min{ p, q} and on
M ™ x [O,T) it holds that

s-Lsgso. (29)
K

If S,;,(0)>0 then A(t) is nondecreasing and differentiable almost eve-
rywhere along the Ricci-harmonic flow (2) on [0,T).

Proof: For any t, €[0,T) let u(t),v(t) be the eigenfunctions corres-
ponding to the value A(t,) of the (p,q)-Laplacian. Then there is the norma-

lization condition
fiu @ ()] 0 () v () dary =1 (30)
Thus (16) is given by
G(g(t)u(t)v(t))=(a+D [, (S(Vu,vu)+(Vu",vu))[vu|"" du
+(B+D)[ (S(VV, W)+ (W, W))W du (31)

“+1j VU du ﬂq*HMer du.

Differentiating the normalization condition and using (25), we get
(a+1) [, v M u'vdu + (5 +1) [, M uv'du — [ M uvdp=0. (32)
The results in (10) imply that by replacing function ¢ by u’ and w by
v’ , one obtains
[, (vu',vu)|vul"* du = A(t)] o V" u'vda,

) ! (33)
[ (v, w)|vyf* 2du= A(t)] (ul V)" uvde.

Multiply the first equation in (33) by a+1 and the second by g+1 and
then add the two, then we obtain that
A(t)(a +1).[M Jul“ v’ u’vd,u+/1(t1)(ﬂ+l).fM Jul“ v’ uv'dp

(34)
=(a +1).(M (vu',vu)|vu|"? d#+(ﬁ+1)IM (W', W)W dpa.

Multiply (32) by A(t;) and then subtract the resulting expression from (34),

(a +1)_[N| (vu',vu)|vul" du+( +l)jM (W', W) W[ d
(35)
—A(t)] Jul* " Suvds = 0.

Substituting (35) into G given in (31), we have
6(0(0).u(t). (1) = A(1), SII* ]’ wel

+(a+1)[ S(Vu,vu)[vu|"* dy—“T”jM [Vul|® sdu  (36)
+(ﬂ+1)IM A d,u+%jM |Vv[* du.

Substitute the hypothesis given in (29) into (36) to yield the inequality
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G(g(t)u(t).v(t))

>2(t)[ Slul* v uvdu +aTJr1jM Sg'V,uv,u|vu|* " du

a+l p+1 i -2 p+1
— IVl Sdus ] sgTV Y v T du =S T sdu 37)
a 1 1
)], S w9 221 s
11 .
+(ﬁ+l)(;—aJJ'M V[ da.
Using the definition of S from (14) and the two known results
%=AS+2|S”|2+20:|£9¢|2, |3ij|2%52, (38)
it follows that since « >0 the last term in (38) is positive the lower bound re-
sults
ﬁzAS +£Sz, (39)
ot m

Thus S1is a supersolution of the partial differential equation
dQ/aot = AQ +(2/ m)QZ. To be able to use the maximum principle, it has to be

observed that the solution to the equation

Y247 y(0)=5,(0) (10)

is exactly the function

Smin 0
y(t) — 2—(), (41)
1-—S,,, (0)t
m mln( )
for te[0,T'), where T'=min{T,m/2S_ (0)}. Applying the maximum prin-
ciple to (39), it must be that S=y(t) along the Ricci-harmonic flow. If
Sin (0)=0 the nonnegativity of Sis preserved along the flow and (37) has the
property,
G(9(t).u(L)v(t))=o0. (42)

In any small neighborhood of t, then it also holds that
G(g(t),u(t),v(t))=0. So it follows that for any t, <t, sufficiently close to t,,

.L:g(g(f)’u(f),v(r))dr>0. (43)

Since t € [O,T) is arbitrary, the first part of the claim is complete. For diffe-
rentiability of A(t) note thatas A(t) is increasing and continuous on the in-
terval [0,T), the Lebesgue theorem implies that function A(t) is differentia-
ble almost everywhere on [O,T) . Thus the proof is complete. []

4. Ricci Flows

A smooth eigenvalue function can be introduced along the Ricci harmonic flow.
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Evolution equations can be developed for this. Let M™ be an m-dimensional
closed Riemannian manifold and let ¢ (t) be a smooth solution of the flow. In-
troduce a function which depends on u, v and g(t) which satisfy the three

integral constraints
(MR v uvdu =1, (MR v vdu =0, [l M udw =o0. (44)

In terms of u and v; let us introduce the function

/l(u,v,t)zaTJrl.[M |Vu|pdu+%jM [Vv|* . (45)

With respect to the variable £, A(u,V,t) is a snooth eigenvalue type function.
In the case where U,V are the corresponding eigenfunctions corresponding to
the first eigenvalue A(t,), then A(u,v,t)=A(t,). In this case, (45) gives the ei-
genvalue directly without going through the process indicated in (11). This leads
us to formulate the following Proposition which can be proved along exactly the
same lines as the two proceeding results.

Proposition 1: Let (M ".g(t), go(t)) be a solution of the Ricci harmonic
flow on the smooth closed manifold (M m go,goo) CIf ﬂ(t) denotes the evolu-

tion of the first eigenvalue under this flow, then
dA a
E(u,v,t):/i(ti).[MS|u| M uvdu
+(a+1)[ S(Vu,vu)[vul"” dy—“TJ"le [Vul”Sdu  (46)

+(B+1)], S(Vv, W)W du —%J‘M [Vv|" Sd.

Here zand vare the associated normalized evolving eigenfunctions. []

At this point we can start to study the evolution of A(t) under the norma-
lized flow (3), which is similar to what has already been done.

Theorem 3: Let (M "g(t), w(t)) be a solution of the normalized Ricci
harmonic flow on a smooth closed manifold (M "™ o (po) JIf A(t) denotes the

evolution of the first eigenvalue under the flow (3), then

oA « _
E(u,v,t)l:ll :i(g)jMS|u| v/’ UVdﬂ+(a’+1)IMS(VU,VU)|VU|p 2 du

+(B+1)[ S(Vv, W)W dy—%j’w [Vv|* sdu

S wupP sau- 2 e (1) [ vl du )
p M m M
p+1
L) o

in which u,v are the associated evolving, normalized eigenfunctions for the
problem.

Proof: In the normalized case start by differentiating the first integrability
condition in (44) with respect to the parameter to find
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(a +1)J'M |u]” V[ u'vdp +(ﬁ+1).[M Ju]” V[ uv'd

(48)
=—r(t)+] S|u[*|a[ uvdp.
To get the right-hand side, Equation (25) has to be modified to
0 1_(ag 1 2
adﬂ = ETr(Ejdﬂ = ETr(—Sij +El’gij jd/,l = (I’ - S)d,u (49)
Hence the fderivative of A is given by
oA
E(u'v’t)t:q
_arl (£|Vu|p_2 (28(Vu,Vu)+ 2<Vu',Vu>—3r(Vu,Vu>j
p ‘M2 m
(50)
S |vul? (r—S))dy
+% ) (%|VV|G'2 2S(VV, W)+ 2(VW', W) +|W[' (r-$ )j de.
For the normalized Ricci flow, the following relation holds,
(a +1).fM (vu',vu)|vu|" du +(,B+1)J'M (W', vv)|vy|* du
. (51)
=—2(t)r(t)+A(t)], Sl V)" uvd.
Now replacing (51) in (50), we obtain the result
oA r 2 -2 a+l
T, el (s(w,w)_aw j|u|p a2, vl du
r 2 q-2 ﬁ+l q
+(p+1 (S VvV, Vv)——|Vv j V" Tdu—=——=| S|Vv| du
(g, (e Lo o gLt

" r(g)[“T”jM v’ dy+%jM [V dyj—/l(tl)r(tl)
+A(t) ], S V)" uvd.

The first term of the third line in result (52) is just A(t,), so this term cancels

with the second in that same line and what remains is exactly the desired result
47).0
Theorem 4: Let (M "9 (t),w(t)) be a solution of the Ricci harmonic flow

on the smooth closed manifold (M m go,(po) and l(t) denotes the evolution

of the first eigenvalue under the flow. If &« =min { p, q} and

3—159 >0, (53)
K

m/2

on M"x[0,T) with S (0)>0. Then the quantity l(t)(l—%smin (O)tj

is nondecreasing along the flow on [0,T) where T =min{(m/2)s_, (0),T}.

Proof: It has been shown that
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= (uvt), =A()], Sl M uvdu
+(a+1)[ S(Vu,vu)|[vul’ d,u—aTHIM Vul"du (54
+(ﬂ+1)IMS(VV,VV)|VV|q dy_%jm V| du

Using condition (53), the following bound is produced
da|
dt

0] Sl v’ uvdy+aT+leS|Vu|pdy—aTJrleS|Vu|pdp
t=t,
+MJM Sk dﬂ—ﬂjM S|Vv[* du
" | (55)

= ﬂ(ti)jMS|u|“ v uvdu +(a +1)(l ijJ'MS|Vu|’J du

+(B+ 1)(——%JJMS|Vv|qd,u. -

If S, (0)>0 then (41) implies that positivity of S persists under this type of

flow. Using (20) we have therefore,
dz Smin (0)

it —(u,v,t),_ t1_/1(t1) gsmm(o) “u|a|\,|ﬂuvdy
m (56)
i) =
mll‘l(o)

Then in any sufficiently small neighborhood about the value t=t,, it can be
concluded that

di(u,v,t)zﬂ(u,v,t)?i“—@. (57)
dt 1- =y, (O)t

This is a separable equation, so integrating inequality (57) with respect to ¢

over the interval [t,,t;]< 1,

ttld_;t > J':l 2"“” (O) dt. (58)
PA TS (o)t
m
Integrating we obtain
2
Au(t).v(t)t) 1 S (O
Iog[ﬂ(u(to),v(to),to) zlog 2 (59)
Since A(u(t,),v(t).t,)=2(t) and A(u(t > A(ty), it is con-
cluded that
=25 (on ]
l(ti) _E min
Iog(ﬂ(tO)Jz log — . (60)

1-—S..,(0)t
m mln( )0
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m/2
This implies that the function z(t)(l—ismm (O)t) is nondereasing on
m
any sufficiently small neighborhood of t, . Since t, is arbitrary, we conclude
m/2
that ﬂ,(t)(l—ESmin (O)t} is nondecreasing along this flow over the interval
m

[0,T).O

Now if « is taken to be zero, then the Ricci harmonic flow reduces to the
Dirac flow and the theorem implies that the following Corollary can be stated.

Corollary 1: Let ¢ (t) for te [O,T) be a closed Riemannian manifold M™
such that A(t) denotes the first eigenvalue of the (p,q)-Laplacian With
K =min { p, q} and condition (53) in effect along the Ricci flow, then (a) If
Ryin (0)>0 then A(t) is nondecreasing along the Ricci flow for any te[0,T).
(b) If R, (0)>0 then the quantity (1-R_; (0)t)A(t) is nondecreasing along
the Ricci flow for any t €[0,T') where we define T'=min{T,1/R; (0)}.0

If we simply work with two-dimensional manifolds or surfaces, then the fol-
lowing result must hold.

Theorem 5: Let (g (t),go(t)) with te [O,T) be a solution of the Ricci har-
monic flow on a closed Riemannian surface M™ andlet A(t) denote the first
eigenvalue of the (p,q)—LaplaCian (8). (1) Suppose that K:min{p,q} and
Ric—(R/xk)g>0 along the Ricci flow. If S (0)>0 , the function
(1-Sy (0)t)A(t) is nondecreasing along the flow for any te[0,T). If
Smin (0)>0, the function (1-S,, (0)t)A(t) is nondecreasing along the Ric-
ci-harmonic flow on [0,T') where T'=min(T"1/S ; (0)). (2) Suppose that
|Vgo|2 >kVe®Ve.If S (0)=0 then A(t) is nondecreasing along the Ric-
ci-harmonic flow for any te[0,T).If S ; (0)>0 the quantity
(1-S,,(0)t)A(t) is nondecreasing along this flow on [0,T') where
T'=min{T"1/S, (0)}.

Proof: In the case of two dimensional manifolds, the tensor Ric takes the sim-

ple form,
R
Rij :Egij. (61)
Consequently, we can calculate that
S R 1
T;=8-—0==9;—aVipV,p—— R—a|V(p|2 Oij
K 2 K
11 (62
a 2
:[___J Rg; _avi(ﬂvj¢+_|v¢| 9
2 K K
For any vector w; then we can contract 7; with the W to get
P 11 2 2 a 2 12
I _ - _ ! -
T,w'w _(E K)R|W| a(V@W) +K|V(p| |w]
11 1 (63)
> (___j R|w +a[——1j|V¢|2 Wi’
2 K K
If Ric2eVp®Vep where ¢2 20:(1(—1)/(1(—2) , then R> £|V(oz , hence
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using & and simplifying, we have

T 2 Kl_ljgm(l_lﬂwgor W 20, (61)
2 x K

2
>

Now with §; =Ric; —aV,pV,p and §= R—a|V(p

Tww =S ww! —§|W|2
ij ij P

= Ric,w'w’ —a(V,pw' )2 —%(R—a|V¢|2)|W|2

R (65)
> Ryww! = Z|Vg uf’ = Z|w* + Z|V g [wf
K K K
= R;w'w’ —E|W|2 =(l—£jR|w|2 >0.
K 2 K

To get the second last inequality in (65), use has been made of R; in (61) for
the two-dimensional case. The result now follows by using Theorems 2 and 4. [

Corollary 2: Let ¢ (t) , te [O,T) be a solution of the Ricci flow on a closed
Riemannina surface M™ and A(t) denotes the first eigenvalue of the (p,q)-
Laplacian (8). (1) If R;,(0)>0 then A(t) is nondecreasing along the Ricci
flow for any te[0,T).(2)If R, (0)>0, then the quantity (1-R;, (0)t)A(t)
is nondecreasing along the Ricci flow for any t€[0,T") where
T =min{T" YR, (0)}.0

As an illustration of these ideas, let (M m,go) be an Einstein manifold so
there exists a constant S such that RiC(go) =g, and suppose
(N " o-) = (M ", go) s0 @, is the identity map. Assuming that g(t)=c(t)g,,
C(O) =1 is a function and the fact (p(t) = (0(0) is a harmonic map for all
g (t) , then the Ricci-harmonic flow reduces to

ac(t)

— o =2f+2a o(0)=L (66)

The solution for ¢(t) of the initial value problem is given by
c(t)=(-28+2a)t+1. (67)
The solution of the flow remains Einstein and so we have,

p—a

SZRICg(t)—ano@Vgo:(ﬂ—a)go :mg(t), (68)
S=R 2 _(projm
—R-alvyf -~ LN
-2(B-a)t+1
By (46), we find that
d—l —L P a
(v, ‘_z(ﬁ_a)ul((“””MW”' du+(B+1)], [V due). (69)
Ifit is assumed that p<q thenfor @< and t €[0,T") where
T"=min{l/(2(B-)),T}, we have
L p-a
it (uvt),, = —Z(ﬂ—a)Tl+l/1(t1)' (70)
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In any sufficiently small neighborhood of t ,

di p—a

dt Wﬂ(u,v,t). (71)

Integrating this inequality with respect to fon [ty,t,], we find that

Au(t)v(t) 1) >,n[—2<ﬂ—a>u+lj"’“_ 72

M) V() ) —2(B-a)t, +1

T") isarbitrary, A(u(t,),v(t).t;)=A4(t,) and
0)it) 2 g ») - It can be concluded from this that
a t+l) is nondecreasing along the Ricci-harmonic flow on

As tie[O
A(u(ty).v(t
A(t)(=2(8~

[0,T7).

5. S ummary

The main results here have been to define a p-Laplacian eigenvalue problem and
to find a way to study the evolution of the first eigenvalue under the Ricci flows
established in Equations (2) and (3). It has also been found that flows for some
related quantities can also be studied. This work will provide a foundation for

the study of similar problems in the future.
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