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Abstract

Quantum electron states, in the case of an improved Dirac equation, are
linked to the Christoffel symbols of the connection of space-time geometry.
Each solution of the wave equation, in the case of the hydrogen atom induces
a connection which is completely calculated. This allows us to discover the
global and chiral properties of the space-time connection, with spin 2.
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1. Introduction

After L. de Broglie’s discovery of the quantum wave [1], Dirac formulated his
relativistic wave equation for the electron [2], correcting the non-relativistic
Schrédinger equation, and conserving the probability density linked to the wave.
The main success of this wave equation was its application to the case of the hy-
drogen atom: all the expected quantum numbers were obtained, as well as the
true number of states, and the true energy levels [3]. Moreover, the Dirac equa-
tion explained the spin 1/2 of the electron. The main problem was the presence
of negative energies which were then accounted for as due to charge conjuga-
tion.

Following de Broglie’s ideas on the necessity of non-linearity to unify quan-
tum physics and gravitation, an improved Dirac equation was studied [4]-[43].
This relativistic wave equation was extended to a wave equation of all fermions
and anti-fermions of the first generation, as described in “Developing a Theory

of Everything” [41]. The resolution of the wave equation in the case of the hy-
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drogen atom was completed in [42]. The aim of the present work is the use of
these solutions as physical examples of the differential geometry linked to the
quantum wave. The calculation of the Christoffel symbols was previously made
only in the case of plane waves: geometry of space-time was characterized by a
not null torsion and a null curvature. The torsion was linked to the mass term of
the electron. The case of the electron in the hydrogen atom is much more com-
plicated indeed, and also much more interesting because it will allow us to en-

counter the geometric aspect of chirality in quantum mechanics.

2. Tensorial Densities without Derivative

Early on, the Dirac theory encountered 16 of the 36 tensorial densities that may
be computed without derivatives from the electron wave. This is easy to see with
the Pauli algebra [5] [7] [8]. From the wave of the electron, ¢= ¢(X), we get
four space-time vectors (16 densities):
. (& ). & &
D, -=¢aﬂ¢*,u=o,1,2,3,¢.=ﬁ( R ] Bl RV
S T
And we get 20 densities (2 with S; and 6 for each S, ) as the components
of:
- - oo,
S, =¢go,4:6 =2 [_; ;]. (2)
2 4
The previous equalities use the three well-known Pauli matrices o,, o,, o,
and we let o, =1, identifying real numbers and scalar matrices. The 16 densi-
ties of the early theory were the components of the probability current J:=D,,
the K:=D, current, the S; bivector (6 components) and the ©;, and Q,

invariants, satisfying:

ffz
where f is the Yvon-Takabayasi angle. We just encountered the right (£) and

S :¢¢7:det(¢):2(§1771+§2772):peiﬂ =Q, +iQ, :2(771 Uz)f[éjv (3)

left (77) parts of the wave. We also need:

S L HH R I

m & 0
D, =RR";D_:=LL"

Currents Dy and D, are the chiral currents that dominate in weak interac-
tions. They satisfy:
D,=D;+D,;D, =Dy -D,. (5)

From the beginning of Dirac’s research, relativistic quantum mechanics is a
non-local theory, because the wave equation is not the only condition that go-
verns the dynamics of the wave:

JO
jj dv%zl. (6)
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We explained in 1.5.5 of [41] how this condition is a physical law that issues
from the principle of equivalence. This law, joined with the invariance under the
greater group C|; , implies the quantization of the kinetic momentum [41] [43].

The four D, currents form an orthogonal basis of space-time because they sa-
tisfy:
D,-D, =0,u#v;D,-D, = p’=-D,-D, =-D,-D, =-D, - D,. (7)
The ¢ wave of the electron defines a similitude:
D, : X =X"0, > x=¢X¢' =¢X"0,4' =X"D,, (8)
D, =D/c, =¢o,¢'. )
This variable basis is then associated with an affine connection. This also al-

lows us to use the Cartan’s mobile basis (D,,D;,D,,D,). This connection was
first studied in [15]. We let:

8, =—0 —Dro,;dx=dx"D,, (10)
axv H
dD, =T7,dX"D,. (11)

This givesif p#0:
dx=dx“c, =D/'c,dX" =D, dX",

= 4 = H . = -1 ’ 12
D, =4o,¢' =Dc,; 0, =(D") D, (12)
Now we use the similitude D such as:

D(x) =g xg. (13)

We have
D
Do(p’zﬁ (x)=x, (14)
D

And we get:
dD, =4, (D, )dX" =8, (D;o, )dX" =8, (D;)o,dX"

& 1\ v Y v (15)
=9,(D;)(D*), Ddx” =T, DydX".
Therefore the coefficients of the connection satisfy:
RV i
Fffv=6v(D§)(Dl)§; 8, =D[0.. (16)
By using the D similitude we get:
r’, =p70,(D;)Df; 8, =D]o,. (17)
Since Df =D; and 5? =-D; we have:
ro, =TIy, =T3, =I5 =0,[In(p)]=Df0,[In(p)]. (18)
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The Christoffel symbols of this connection satisfy (see [41] 4.1):
X'* = X% +dx“* +F;yx”dx7, (19)

For the complete calculation of these coefficients of the connection we need

the following quantities:

t t

Sy TiS = #S’;T); Ay 1A = &. (20)

With the improved wave equation of the electron, we obtained in D.4 of [41]
the following symbols:

Iy, =D, [ Sy - 204, |+2mps, 1)

19, =D, | Sy +204, |-2mps, (22)

3. =D, Sy, (23)

i, =-D, [ & ~204; | (4

I3, =-D, [ 8y +294; |, (25)

13, =-D, [ Sk +20A]-2mps?, (26)

ry, =I,=T;,=05,=D,-Vin(p), (27)

Ly, =T, j=123, (28)

r),=-T, =123 k=123 k=]j. (29)

with & =1, 5J-j =-1j=123 and &, =0,u#v. Since these tensorial densi-
ties are defined through partial derivatives of the ¢ wave of the electron, these

definitions need the wave equation that we present now.

3. Improved Dirac Wave Equation

The improvement of the Dirac equation was first presented in the frame of the
Clifford algebra of space-time used by Hestenes, who considered the y, ma-
trices of the Dirac theory as a basis of space-time [44] [45]. Read now in Cl,

the Lagrangian density of the Dirac equation is:
L= <¢7V¢30-21 +¢7qA¢3>+mpcos(,B), (30)

where o, =0,0, =—io,, A is the electromagnetic potential space-time vector
and <X> is the real part of X. The improved wave equation is obtained by sim-

plifying the Lagrangian density as:
£:=(§Vgo, +arg)+mp. (31)

The improved equation which comes from this simplified Lagrangian density

reads:

0=Vo,, +qAj+me 4. (32)
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This non-linear wave equation has the Dirac equation as linear approximation

when the Yvon-Takabayasi S angle is null or negligible:
0=Vdo, +qAj+mg. (33)

The mass term of the improved Equation (32) comes from Lochak’s theory of
the magnetic monopole [46]-[53] in the particular case where the Dirac Lagran-
gian is the linear approximation of the simplified Lagrangian density. The first
improvement of this simplification is the resolution of the problem of the nega-
tive energies, because the positron is no longer associated with non-physical
negative energy (see for instance [41] 1.5.3 and 1.5.6). Another improvement is
the partial decoupling of the left and right spinors, the wave equation also reads:

0=V¢?o-21+(qA+ mv)q;;vzz%. (34)

The momentum-energy of the electron gA+mv is the sum of an electro-
magnetic part A and an inertial part mv. Hence the improved equation may
be generalized to all fermions, it is compatible with the entire gauge group of the
Standard Model, U (1)xSU (2)xSU (3), and it is also compatible with the rela-
tivistic invariance of general relativity. This is the reason for the appearance of
the Christoffel symbols that we will calculate from the solutions of the improved

equation in the case of the hydrogen atom.

4. Resolution in the Case of the Hydrogen Atom

The Dirac equation was solved as early as 1928 by the mathematician C. G. Dar-
win using the previous resolution of the non-relativistic equation for an electron
with spin found by Pauli. This method used kinetic momentum operators, which
is ill-suited to the resolution of a non-linear equation like (32). Fortunately
another method exists, found more recently by H. Kriiger [54], who discovered a

very astute method of separation of variables in spherical coordinates. This uses:
x' =rsin@cosp; x> =rsin@sing; x> =rcosé. (35)

We use the following notations:

i, =0, =loy; I, =0y =l0,; I, =0y, =ioy, (36)
-2, -5, A IR
S=e?e?;Q=Q=r"(sing) 28, (37)
5= 030, + 20,05 +——— 0y (38)
T e T rsing
H. Kriiger obtained the remarkable identity:
0=00Q", (39)
which with:
r._ Ar 1 1
\Y% .—60—6 —00— 036r+F016g +m028w y (40)
gives also:
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Qlv=vQt (41)

For either the Dirac equation or the improved equation, to obtain the separa-

tion of the temporal variable x° =ct and the angular variable ¢ from the
radial variable rand the other angular variable @, we let:

¢=QXeﬁ3;g’=A(p—EXO+5, (42)

where X is a function, with value in the Pauli algebra, of only rand @, #iCE is

the energy of the electron, and J is an arbitrary phase that plays no role here

because the wave equations are electric gauge invariant. We get:
O = Xe®; Qg = Xe®®. (43)

Forthe p density that satisfies (7) we also have:

pe”’ =det(g)= det(Q)det(X)det(e“S), (44)
. . iy det(X)

_ 2 . iz ) _1- B _

det(Q)=r7(sin0) s det(e) =1; pe T (45)
Then if we let:
py e =det(X), (46)
we get:

p=—2 =y (47)

~r¥sing
Then the Yvon-Takabayasi angle depends neither on the time nor on the ¢

angle. It depends only on rand @. Therefore the separation of variables can be-

gin similarly for both the Dirac equation and the improved equation. We have:

r-17 1 1 4!
ViQ 1¢=(80—0'38r —Fo'lﬁg—mazawj[xeh] (48)
0, ()Zeé“i3 ) = —EXie*™; 0, ()Zegi3 ) = (ar>2 )ea3 (49)
0, (Xe™) =(8,X e 0, ( Xe™ ) = AXie ™. (50)
We then get:
~ 5. 5 1 5 TN
V= Q(—EXls - 0,0, X —Falagx ~ana azx|3je¢3. (51)
For the hydrogen atom we have:
eZ
GA=0QA’ =——; a=—, (52)
hc
where « is the fine structure constant. We have:
9Ado,, = —Zgiy = L OXied = Q(—Z >Zi3je4‘3. (53)
r r r

Also the improved Equation (32) becomes:

—EXi; — 0,0, X —lalagi A o, Xiy —Z Xi, +me ™ Xi, =0.  (54)
r r r
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This means:

o, Xi, = me ¥ Xi,, (55)

a) . ~ 1 ~
E+— | Xi,+0,0. X +=0,0,X +
( rj ST T U rsing

while the Dirac equation gives:

o, Xiy = mXi,. (56)

a e, ~ 1 ~
E+— | Xi,+0,0 X +=0,0,X +
[ rj ST T U rsing

Now we let:

x::(R1 _EEZ];det(X):Rifl+R2[, (57)

2

where R;,R,,L,L, are functions with complex values of the real variables r
and 6. We get:

)2:(L1 __ﬁz}xf:[ﬁl FTZJ;)?:)@:(E Ezj. (58)
L, R -L, L -R, R

Therefore the improved equation reads:

i(E_'_ﬁj L R + oL -OR, +1 oL, O,R,
r\L, _§1 -o,L, _arﬁl r\o,L _aaﬁz
M (LZ _@jﬂe“ﬂ[m& mEi].
rsind{-L -R, mR, -mL,

Conjugating the equations containing the conjugates we obtain the system:

(59)

i(E +3le+arL1+3(ag +_i‘9) L, =ime R,
r r

sin
. a 1 A L
—-i|E+=|R,-0.R, +=| 8, ——— |R, =—ime'’L,,
e+ r-or+ 3o, 2 IR :
1 a (60)
R [04 . i
i|E+=|L -0 L +=]8,———|L, =ime™”R,,
e R :
. a 1 A L
—i|E+= |R +0.R +=| 6, +—— |R, = —ime'’L,.
(v JRroR+ 30,4 2 IR, =-imer,
Next we let:
R, =AU; L, =BV; R, =CV; L =DU, (61)

where A, B, Cand D are functions of r while Uand V are functions of 6. The

(60) system becomes:

i[E+ﬁjDU+D'U +1(V'+_ivj8:ime‘/’Au,
r r sin@
—i(EJﬁ]Cv—C\/+3(U'—_LUJA=—ime‘ﬂBv,

r r sin@

1 2 (62)

i(E+ZjBV—B'v +—(U'—_—UjDzime“ﬁCV,

r r sin@
. a w0 A if
-1 E+— |AU+AU+—=|V'+——V |C=-ime” DU.

r r sin@
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Then usinga x constant satisfying:

U'—_LUZ—K’\/;V’-F_LV:KU, (63)
siné sind
the (62) system becomes:
i(E +3)D+ D'+ XB=ime’A
r r
—i(E +g)C—C’—£A:—ime‘ﬂB
r r
(64)
i(E +1)B-B'—ED =ime™’C
r r
—i(E +3)A+ A+2c =—ime’D
r r
5. Christoffel Symbols
We need to calculate V(Inp) andthe VS/ k=123 terms. We use:
~ ~ T ~
Vige') [V(gg' V(goyg'
V(Inp)=% 53(15* >+ £;¢f ) ?8(3)”5('3):%' (65)
~ ~ T
1| V(doss') (V(dous')
8(3) :E é¢f + &¢T (66)
V(do')=av(Xx'Q");v(s]) = av'(XeX'Q), (67)
V(s +is])=Qv'[ Xe*® (0, o, ) X Q' | (68)
These terms have the form:
av'(MQ')=Q(V'M)Q' +Qv'MQ’, (69)
where the underlined refers to:
1
VMQ'=M3 Q" —o,M8,.Q" —o,M =5,Q" —5,M o.Q 70
AL 0 3Oy V% 2 sing e (70)
u v
Welet M = ( J , we then get:
W S
VMQ'=0-0,M0,Q" —o,M laHQT—azM_—a ! (71)
r ing ?
Afu v
=r2(sm9)2( JS*
W -s
3 cosd i
Af-w -s i
+r7?(sing) 2( j Zsing 2 f
-u -v _l 3 cosé
2 2sin@
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i
. . . — 0
Bliw s cosd sind
+r?(sing) 2| ) i 2 st
—iu  —iv){—-sin@ cosé 0 i
2
cosé
u+s V+Ss—
—r2(sing) sind st (72)
cosé
~WH+U—F>  —(S+U)
siné
If M=Xx" =)20'0XJr and since:
>ZX*:det(XT)sze‘iﬁ:u:s;v:w:O, (73)
we get:
VX X0 DAU? + BCV?
_O'+T_:|:EGS+CO-—SQO_1:|QT;ID: sz = > . (74)
det(X ) r rsing r2sin® r2sin@
5.1. Terms with Index 0 and 3
For the o, case we have:
V(pe™) (vp)e ™ —i(Vp)pe
/(Oeiﬂ >:( : ,Oe(iﬂ Ae =V(Inp)-ivp
v(de') av'(xx'Q’) av/(xx')Q' +avxx'e
= = = ~ = = (75)
do" axx'qf XX'Qq'
v'(Xx*
:SMST+S{303+CO_—SHO'1}ST.
XX r rsiné
Next we have:
V'(Xx*):—(o—sa,+o—llag)(DKu2+Bév2)
r
=—(D'AU’ + DA'U? +B'CV?* + BCV?)o, (76)
—E(DKUUUr BCW )0,
r
Using (63) and (64) we obtain:
A':—l(E +Zjﬂ—£5+|me D,
r r
B'—i(E+ﬁjB——D ime™/C,
r r
C'= i(E +ﬁ)6—fﬂ—ime ) 77)
r r
D’:—i(E+ng—£B+imeiﬂA,
r r
U':_LU—K’\/;V’=—_LV+KU. (78)
sing siné
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We let:
(BB+CC)v*-(AA+DD)U’ _ (DA-BC)uv
I = P PHIpy = (79)
‘det(X*)‘ det(XT)
o i __(D(EJrEa/K)(UZJrVZ)_SlJriS _ DAU?-BEV?
s det(XT) ’ : det(XT)
These functions 1, p,, p,,9,,0,,5,,5, depend on rand @, with valuesin R.
We get:
v/(Xx!
<A—T):[—Zi(EJrgj(sl+isz)+£(q1+iq2)+imrl}a3
XX r r (80)
A . 2 .
+[—rsine(sl+|sz)+TK(p1+|p2)}al.
We then get:
. 24 . 2 . cosd
ST[V(Inp)—Nﬁ]S:[—rsine(sl+|sz)+TK(p1+|p2)+rsine}y1
(81)
+{2i(E+%](sl+i52)+§(ql+iq2)+imrl+ﬂo-3.
This gives:
22 2 cosd 2
V(Inp):SK_rsin&SlJrTKp1+rsinl9j01Jr[gqﬁ?jas}ST ®
V[In(p)]=5K,S"; K, =K}o,;Kg =0, (83)
cosfd—24s, 2 2
K2 =0; Kg:TQHT’(pl;Kg:F+§q1—2(E+3)sz.
We let:
(AA+DD)U? +(BB+CC)V? %(DB - AC)UV
r, = o=
’ ‘det(X*)‘ ‘det(XT)‘
3(BD-CA)uV DC -BA)(U?-V?
r, ::—‘S< ) ViV, ::( )( ) (84)
‘det(X*)‘ det(X")
" (DC-BA)uV _ (pC+BA)uv
+it, =————u, +il, = —————
P ()T T (X

where 1,,1,,1,,V,,V,,t,t,,u,,u, depend on r and @, with values in R. The

O4 Case gives:

M :=>203x*=(L1R1_E2R2 2Lk, _j, (85)
2L2R1 _L1R1+L2Rz
u=LR -LR,;v=2LR,;w=2L,R;s=-u, (86)

Using (72) we get:

DOI: 10.4236/jmp.2021.124033 492 Journal of Modern Physics


https://doi.org/10.4236/jmp.2021.124033

C. Daviau, J. Bertrand

cosd
L 0 v—u_—‘g
VMQ' =r?(sing) 2 SING gt
cosd
-W+U—— 0
sing
+hRmLR
QV'MQ' ol LR +LR, st

-

+hR LR io, + LR, ~ LR, CF)SG io,
LR +LR, 2 LR +LR,sing

1 . N ., C0S@.
gz t — = st
; (t,+it,)) oy + (U, +iu, )io, (sl+|sz)sin9|az}

(87)

Next we have the following, with the radial and angular functions previously
defined in (61):

0 15
" ! —— Uy All12 _RC\/?2 ~
v’[xagx*} S DAU?-BCV®  2DCUV
1, 2BAUV BCV?2 - DAU?
F 0 r
[ V2 (amVygz 2wy |10
=|-(DA)U*+(BC) Vv ——BA(UV)
+ —(DK)'UZ+(BC‘)'V2—EDC(UV)'F_U3 (88)
L r
T —$UU'+$VV'+(BK)'UV}(GI—iaz)
+ +$UU'—$VV’—(D6)'UV}(Q+io-2).
V’()Z03XT)=—(DK),UZ+(B€),V2—@(UV)'
+%(DC—BK)(UV)'03+(BZ\—DE)'UVJ1 (89)
{Z(DKUU'—BC‘VV')—(B/MDC")'UV}iaZ.
r
And we get, using (77) and (78):
V'(Xo, X"
M:Zi(EJrgj—imrz+£(vl+iv2)o-3+2mr30-2
Xx! r r (90)
( 22 J
+| ——+2mr, |io,.
rsiné
We then get:
V(dosg' i
TMS:Zi(E+£j—imr2+t1+It2 o, +2mr,o,
det(4") r r
+{2imr4+ 2_% +|u1—u2+(sz—|s.1)cose o, (91)
rsin@ r rsin@

+€(vl+iv2)o-3,
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V(dord’) ((do')|

1
Sy == + =SK,S'
(3) + T 3
2_ det(¢') det(4'") 02)
s &aﬁ(_u_zﬁz?ﬂ)aﬁfvm}s*
Lr rrsing r
0 K
K°:O;K1:E;K2:2mr U2 % 0080 s K 93
: e 7 o rsing” P or 43)
5.2. Calculation of the Currents
We have:
_ . Xeto e X"
D, =do, ¢ =QXeBo e X' Q' =5 ——~——5". 94
w =90, “ r¢sing (54)
We then let, for any space-time vector V:
V:=8"5;d, = Xe* o, e B X" (95)
We then have:
2D,-V=D,V+VD, =5d,s'svs" +svs'sd s
A (96)
-$(d,v+vd,)s'=s(2d,-V)s'=2d,-vss' =2d,-V.
This allows us a simplification of the scalar product. We get:
RR +LL, RR,-LL
do=XXT:[ Rkl R Li_zj, (97)
RZRl_LZLl L1L1+R2R2
do+dj =RR +L,L,;d; —id) =RR, - L,L,, (98)
do—d3 =L L, +R,R,;d} +id2 =R,R —L,L,. (99)
Similarly we have:
RR-LL RR,+LL
d3=xaax*=[ 11 2 1_2+L1_2J, (100)
R2R1+L2L1 _L1L1+R2R2
ds+dd =RR —-L,L,;d}—id2 =RR, +LL,, (101)
dd—d =-L L +R,R,;d} +id? =R,R +L,L,. (102)
Sum and difference of d, and d, are simple, which will be useful. We get:
RR, RR
dy+d; = X (1+05) X" :2( tt Ri_z} (103)
R2R1 RZRZ
LL -LL
do—dszx(l—%)xfzz( 22 Ll_zj. (104)
LG LG
Next we have:
i (—RL
d, +id, = Xe*"* (o, +ic, ) X" :ZeZ'C[ R RiLlJ, (105)
-R,L, R,
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d, —id, = Xe**® (0,—i0,) X" =2e7%¢ [

L
2 |
Ll N||—|
N;UI |
N

5.3. Calculation of 12 Christoffel Symbols
We have:
I, =D, -V(Inp)=d, K T3, =D, Sy =d, K,

We also get the symbols:

oo + T3 = —(df +dy ) K§ —(d5 +d3 ) K3 —(df +d3 ) K3

:_(R1§2 + Rzﬁi)Ké _ZS(Rlﬁz)Kg _(R1§1_R2§2)K§1

T g = —(d —dfy ) K5 —(df — 5 ) K3 —(df - d5 ) K3

:(L1E2 + L2E1)Kg +23(L2E1)K§ +<L1E1_ thz)Kg

T, +i5, =—(di +id} ) K} —(df +id3 ) K3 —(d? +id3 ) K3
=—-e® (R —R,L,)K; +ie® (RL +R,L,)K3
+e (RL, -R,L)K3.

We obtain also:

- + - + T
Ky =8' (s +2qA)S:S—t Vg ) [V(dort) —2i%|s
: @ 2i| det(g') | det(s') r

2/1—slcos¢9+i

:2E—mr2+(2mr3+t—2jo-1+(2mr4+ -
r rsinéd r

t
K =2E —mr,; KJ = 2mr, +-2
r

K7 :2mr4+%+%—%%;Kg3 :évz.
We then get from (15):
I3, =-2mps, —d, -Ki,
I} =-2mp—d, K}
=—2mp—%(R1I31+R2I32+L1E1+L2E2)Kg°
+R(RR, -LL Ky +3(RR, + L, )KY
+%(R1§1—R2§2—L1E1+L2E2)K;3,

1, — _ _
rl23 :_d3'Ké :_E(R1R1_R2R2 -LL+ Lsz)Kéo
+R(RR, +LL )KE +3(RR, + L1, )KZ

line mE T wl T \k
+E(R1R1—R2R2—L1L1+L2L2)K3°,

K
o, 'i‘?VZO'3

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)
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[ +il5, =—(d, - K} +id, - K3})
= (=R, + R, L )KY +e™ (R —R,L, )KY
-ie? (R L +R,L, ) K¥ +e** (-R L, —R,L, ) K.

5.4. Terms with Index 1 and 2
Now we consider:
M* = Xe®" (0, +ig,) XT; M~ = Xe** (0, —i, ) X,

This gives:
g2 S A cosé ;
m (L1+L2)O'1+|(L1—L2+2L1szj62 S

g 24¢

YIM +9T —

VMO - cosd

VMQ' = _Sine{—(Rf+R22)0'1+i(R12—R22+2R1R2W)02}S*.

Then we have:
V[&(Gl +io, )¢T:| ~ QV'[)zegi3 (o, +io, )e’¢‘3 X TQT]
o0' axx'qf
QV'[ Xe* (0; +io,) X Q! . QV'Xe*" (o, +io, X ') Q'
oxx'a! oxx'a!

V'[)Zezgi3 (0, +i0,) X TJ

=9 a
XX

e 1 cosé ).
2e2§r|:(Li+L§)Gl+(L§_L§+2L1L2sinﬁjlo_z:| ST

+ =~
ol

So we get:

V(S +iS])+2iqA(S] +iS]) V[ (0, +icy)g' |+2iaAd(0; +ic,) '

det(¢') 99!

VM —2i4M* 262i§1{(Lf+L§)al+(Lf—L§+2L1LZWJiaz}
-S r r sin@

= + =
xXx T xx T

We calculate now:
V'M™" +2igAM*
1

rsing *

s'.

(115)

(116)

(117)

(118)

(119)

(120)

=(ao 00, 0,20, -0, ——8 j[)iezé“is (al+iaz)x*]—2i3|v|+ (121)
r r

A C) .a , (-BDUV DU’
= -4i—e o2
B D r -B%?* BDUV
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Az(ao—a,)(—zemDBuv)Jr(—%agJr ! awj(—zez‘fBzvz),

rsing@
B=(0,+0,)(-2* Bzv2)+[—%ag +$

i 1 i i
C=(8, —6r)(262¢D2U2)+(—?69 +ma¢](2e”DBUV),

- 1 i
D=(6,+0.)(2e*DBUV |+| —-=0, —
(2 + ')( ¢ )J{ r’ rsing

awj(zem D?U?).
This gives:

V[(I;(O'lﬂaz)w]+2iqA¢3(0'1+i0'2)¢T:S£A' C']ST
det(g") det(g') B D

Zi(E +%) DB +ime ™ (AB—CD)

e 2e%UvV
det(X") (8- ?) ’

r

. o . —ip
" Y —2|(E+TJDB+|me (AB-CD)

" det(X)

K
-—(8*-D?)

272
piic +2ime”BCV? + = BD(U? +V?)
B,: r ]
1
det(x ) —Z/H_COSHBDUV
rsiné J
D2 .. | K ]
2i¢ —2ime ADU® +=BD(U*+V?)
oo 28 r
- : )
det(X ) 24 _COSQBDUV
rsiné i

Similarly we have:

V(o -io,)g' | | V[ Xe*" (0, -ic,) X" ]

. =S :
v xx'
eZi{_(ﬁfm;)aln(ﬁf_ﬁ;+zﬁ1§2WJGZ}
sing +
+ = S
xx'
We calculate now:

A ¢ .(-ACuv -C&*
VM~ —2igAM~ =| " 7 |44i%ee /fZCUZV _C_U
B D r A% ACUV

awj(—ze”ﬁ DBUV ),

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)
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A =(8,-0,)(—2e**ACUV )~ ( dy — L j(ze-zﬁzuz),

r rsing ?

B =(8,+0,)(2¢ AU?) +( 0, +

r rsmH j(ZeMKCUV),

4

C =(8,-0,)(-2e“CV?) +(

r r5|n6'
D =(0,+0,)(2e*“ACUV )+ cag + rsi'neawj(Ze-mc‘:sz).
This gives:
V[&(Ul —iaz)ﬂ —2iqA¢?(o-1 —ic, )¢’ _ S[.A_' C’ ]ST
det(4') det(4') B D
e —2i(E+%) AC +ime ¥ (BC - AB)
7_det(XT) E(KZ—C_Z) ,
r

) . aA\—= K[+ =
267UV 2|(E+?jAC——(AZ—CZ)

D = - r
det(X ) +ime""(l3c_:—ﬂl§)
e |~ AC(U?+V?)+2ime ”DAU?
. 2e¢ r
:—T _2 ]
det(x ) _AU 24-0080 5=y
r rsin@ i
e | —=AC(U?+V?)+2ime /BCV?
, 2e r
- t ~2/2
det(X')| _CV? 24+c0s6 1m
r rsin@ J

5.5. Calculation of 16 Christoffel Symbols

w)(zem ACWV),

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

We finally have all the pieces to finish the calculation of the Christoffel symbols.

We encountered in (21) to (26) left and right terms:

[ V[é(al +io'z)¢f] +2iqA($(01+i0'2)¢T

det(4') det(4')

= S iS5 (8o isy )+ 2a[ Ay £y #i( Higy)] e

= 8y =204, (S5 + 204 1 (S ~2047 )+ + 204, )|

This allows us to calculate the four Ty, +T73, +i (F S ) . Similarly:
_ V[&(OE _io'z)w] —2iqA¢3(o-l io,)¢'
det(4") det(4")

= 8+ ~i( Sy +iy ) ~2ig Ml) A =i(Ag + iA{a)]
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= 8y =204 + () +204) )+ [(5('1) ~29.4), ) (8, + 204, )J (143)

This allows to calculate the four I, —T73, —i (FO +I3, ) . Welet:

2u
L£=S(L,+iL,)s" L, =L;L, =L, (144)
R =S(R,+iR,)S";R, =R};R, =R}, (145)

We obtain:

V[ (e +ic,)4' ] +2iqA¢3(al+iaz)¢*
det(4") det(¢') (146)

= Sy =200 +i(8y ~ 2040 ) +1] 81y + 204, +i(5, + 204 ) |

Iy, —ir%, +i(ry, —iry, ) =d, L, +id, -L, +2mp (8. -i5}, ).  (147)

The separation between real and imaginary parts of this equality gives:

0, +05, =d, L +2mps; =d)L] -d, L —d5 L] —d’ L] +2mps;,  (148)

I3, +05, =d,-L,—2mps, =d L, —d; L', —di L, -d3 L, -2mp5,, (149)
Now we need:
1(A'+D') =L} +iL’, = 2imUve** AB-CD (150)
2 ‘det(XT)‘
) 2i(E+aJDB+K(BZ—D2)
Z(A'=D')= L +il3 = 2uve** ' ! . (151)
2 det(XT)
1 ’ ’ 1 a1l
E(B +C) =L +il,
2 _ 2
= 2im32i§M (152)
‘det(XT)‘
272 2112 2 2 41
B2+ DU +2K(U +V )BD—_—BDUV
42t sind ,
rdet(XT)
1 ' 2 2 2
—E(B -C )——L2 -i-ll_l
_ im(ADU2+BCV2)
=—2e’* (153)
‘det(XT)‘
2i¢
+—° F(DZUZ—BZVZ)+ZBDUV cos @ }
det(XT) r rsin@
We let:
e ::(L‘1+iL°2)e’2‘¢;p3e“’3 ::(L31+iL32)e’2i¢, (154)
P = (L +il, )e ™ pyet = (L +il e ™. (155)
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This gives:
LS = p, €0s(2¢ + 8, ); LY, = pysin (24 +6,)
L = p,cos(2 +6,); L, = psin(24 +6,)
Li =-p,c0s(2{ +6,); L% = p,sin(2£ +5,)
L = p, €08(24 +6;); L, = pysin(25 +6;).
Then (148) and (149) read:

+I;, =d} p, cos(24 +6,)—d), p, cos (2 +6,)

u

+d? p, cos(24 +6,)—d’ pycos (24 +68,) +2mpS,,

u’

1—~0

1u

1y, —T3, =d} pysin(24 +6,)—d’, psin (24 +6))

—:iipz sin(2¢ +6,)—d’ p;sin (24 + 6, ) - 2mps,,
These equations give for instance:
Iy, +T5 =dsp, cos(24 +3,)—dyp cos(24 +6,)
+d5p, cos(24 +5,)—d3py c0s (24 +5,),
Iy +ily, +T5, +ily,
=(df +id3 ) py c0s (24 +3, ) —(dj +id} ) p, cos(2¢ +4,)
+(df +id3 ) p, cos (24 +6,)—(df +id3 ) p, cos (24 + ;) + 2imp

(156)
(157)
(158)

(159)

(160)

(161)

(162)

(163)

=€ (-RL, +R,L,) pyc0s (2 + 3y ) —e* (R )L, = R,L, ) p €08 (24 +5,)

+e% (IR, +iR,L, ) p, c0s(2£ +6,)
—e® (=R, —R,L,) py c0s(2¢ + 3, )+ 2imp.

The same calculation must be made for the right terms:

V[$(0,~ic,)¢'] siopf(01710,)¢"

det(¢') —e det(¢)
= Sy =204 +i( S} ~204; )i [8(2) +204, +i(S), + 204, )}
re, —ir2, —i(r, —ir$,)=d, -R, +id, -R, +2mp (5 +is" ).

The separation between real and imaginary parts of this equality gives:

ry,-I;, =d,-R +2mps: =d° R} —d; R; —d3 R —d* R} +2mp5?

u’

(164)

(165)

(166)

12,12, =d, R, +2mpst =d°R% —d R —d?R2 —d*R3 +2mps’, (167)

Now we need (with p, = ‘det(X ' )‘ ):

1(,41 +D')=R}+iR} = 2imUVe'2‘4M (168)
2 Px
) (£ RS (7 -CY)
Z(A'-D')=R? +iR = 20Ve ' ' . (169)
2 det(X")
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%(B_'+c_'):R;+iR;

2i¢ [_)KU 2 + §C_:V2

= 2ime (170)
Px
~2s2 722 2 y\am L M xA
~(CV?+ AU?)+ 2 (U +V?)AC+ = ACUV
+e’2i§ SII’]H ,
rdet(X")
1 ' ry _ 2, D2
—E([)l —Cf) = —R2 -|—|Rl
-2i¢ _ _ _
:e_[l(A2u2_c2v2)+2Acuv Co_s‘g} (171)
det(X")Lr rsing
R\/2 ANl 12
1262 BEY_ZADUZ
Px
We let:
ple'® = (Rf +iR2); ple'% =% (Rf +iR§), (172)
ple' =" (R{+iR} ); pje'® =™ (R} +iR}). (173)
This gives:
RY = p;cos(-2¢ +3; ); RS = pysin(-2¢ +8;) (174)
R; = p/cos(-2¢ +6));R; = p/sin(-2¢ +5,) (175)
R? =-p; cos(-24 +3, ); RE = pjsin(-2¢ + 5, ) (176)
R} = picos(-2¢ +6;); RS = pisin(-2¢ +6;) (177)
Then (166) and (167) read:
Iy, —I3, =d)pycos(—24 +8y)—d;, p{ cos(-24 +6) (178)
+d? p; cos(—2¢ +6,)—dS pj cos (=24 +683) +2mps,,
-T3, -3, =d’ pysin(=2¢ +6;)—d;, p/sin (-2 +5/) (179)

—d? p; sin(-24 +6;)—d? p;sin (24 +68;) - 2mps,,

1%

6. Torsion and Symmetric Part of the Connection

The 64 Christoffel symbols may be calculated from the 4x7 =28 independent
terms, using the 36 relations described in (16), (17) and (18):

Lo, =d, KT, =d, KT, =—d, -K; —2mps, (180)
o, =dﬂ~%+2mp5§;r; =d#-% (181)
rs, :d”~%—2mp52;r§ﬂ :d/,_LZ—Z_RZ. (182)
The torsion tensor is usually defined as:
Th = %(rf;k ~Tf); jk =01,02,08,12,23,31, 4 =0,1,2,3. (183)
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This tensor is then antisymmetric: (Tk’j‘ = —Tj*l‘(). Here, for instance, eight

terms contain the K space-time vectors, without other terms:

To="Tg =%[—d3 Ko +dy K, ], (184)
1 1 1 ]
T,=-T, =E[d1~K3+d2~K0], (185)
2 2 1 ’
T =Ty :E[dz ‘K3 _dl 'Ko], (186)
3 3 1
Too =~Tas = 5[do Ko =y K], (187)

Rodichev [55] studied the torsion in the frame of a Euclidean geometry with
torsion. The present study acts in the frame of a space-time manifold, not Eucli-
dean, so we get very different properties. In space-time the torsion tensor has 24
independent components while the connection contains 28 independent Chris-
toffel symbols. We obtain these 28 symbols from the 4x8=32 functions a,
defining a dilator M (see ([41] 4.1.2), satisfying:

M =1+dx* (az +alo; +a io; +a;i), (188)

where we have:

Iy, =T, =T, =T;, =2a), (189)
r;, =T, =2a, Iy, =T, =2a,; T, =T;, =2a, (190)
r;,=-T;, =2a,, 5 =-T;, =2, T, =-T; =2a, (191)

7. Concluding Remarks

The principle of equivalence between inertia and gravitation being simply the

equality between the I, andthe I') , the solutions studied here show that all

uv?
28 functions come simply from scalar products of the four contravariant D, by

the seven covariant vectors:
V, = SK,S"; V, == SK,S; V, = SKiST, (192)
2L, :=SL,S"; 2R, =SR,S"; 2L, :=SL,S"; 2R, :=SR,S".

These vectors allow us to obtain all Christoffel symbols as scalar products:

ro,=n, =03, =I5, =2a, =D,-V,, (193)
r;, =T, =2a,=D,-V,, (194)
Flzﬂ =—1"12H =2af; =Dﬂ-V6—2mp52, (195)

while the 32 other symbols use the right and left vectors:
Iy, =Ty, =2a, =D, (L4 +R,)+2mp5;

u!

(196)

Fgu = Fg/t = 28‘/24 = Du ([2 _7—‘)2)_2mp5;1u (197)
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Fgﬂz—Fg;,:Zaz:Dﬂ-(—[,z—Rz), (198)
Iy, =-T3, =28 =D, (L -R,). (199)

The chiral structure of the connection appears here, from the fact that three
definitions only act with indexes 0 and 3 while four definitions act with the left
and right vectors. Moreover only the symbols containing the three indexes 1, 2,
0, contain the mass term 2mp . This chirality is also linked to the electric gauge
transformation, which acts everywhere in quantum mechanics, even in the
non-relativistic case. It induces a rotation in the 1-2 plane, in the direction from
1 to 2: the rotation transforming 1 into 2 transforms 2 into —1. This partially re-
mains in non-relativistic quantum mechanics, where the conservation of the
probability density still acts.

The previous calculation must be completed by the examination of the differ-
ent cases corresponding to the different quantum numbers characterizing the
electron states. This will be carried out in the second part of this work. These states
are different first from the sign of the x number. This number is present in the
previous calculation, not only by the value of E which contains &, but also

K
directly in the — terms, and also in the A terms: the values of A are
r

—j,—j+1,---,j-1,j with j =|K‘|—%. The linking of the states with x>0 to

the states with k¥ <0 is not a one-to-one link: the other quantum numbers are
the integer degree n, of angular polynomial functions and the integer degree
n, of radial polynomial functions, and there is no state with x <0 and
n, =0. Consequently n(n+1) states exist with x>0 and only n(n-1)
states with & <0, for each principal quantum number n. The symmetry be-
tween these two kinds of states is then a false symmetry. This mainly comes from
the property demonstrated in the next appendix: even if Gegenbauer’s polyno-
mials are different in the cases x>0 and x <0, the angular functions Uand
Vencountered in the previous calculation are exactly proportional. The result of
this similarity is the very popular Pauli’s tale of the spin-up, spin-down states
which doubles the n?® number issued from the spectroscopy and also from the
Schrédinger wave equation.

It is only a tale, even if n(n +1)+n(n —1) =2n?, as may be seen in our pre-
vious calculation: the spin effect is much more complicated. The A factor (with
half-integer value) present in the { =A¢p— Ex’+6 electric phase of the elec-
tron wave is doubled in all the 2¢ terms, but is even quadrupled in the
e?* c0os(2£ +5,) terms in (163). It then happens that space-time turns more
rapidly than the wave (or the wave turns less rapidly than the space time).
Space-time geometry defined by the Christoffel symbols is animated not only by
waves with a 24 phase, but also by waves with a 44 phase. This kind of
phase was first encountered in general relativity as waves with spin 2. Our calcu-
lation shows that it is linked to the quantum wave of the electron, as suspected

by Feynman [56].
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Appendix: Angular Functions

The angular functions are calculated from the auxiliary C(6) function using

the differential equation of Gegenbauer’s polynomials (see [41] C.2):

3 [

C(¢9)=nZ:0 (;+|,1|]nn! sin

where « is any integer not equal to zero. This condition on x results from

(200)

the necessity of the normalization of the ¢ wave. We first consider the case

k>0 and A>0 for which we must have /1:%,;---,/(—% (for other val-

uesof A andif k=0 the ¢ function is ill-defined):

(ﬂ—z{—éj (/1+K+;j 9
n ”sinz"( ] (201)

C(9)=§0 (;Jrlj n! :

with:
(a), =L (a), =a;(a),, =a(a+l)--(a+n). (202)

We then have:

1 1
[z_K_ELWlH _ [/I—K—Eju-(—Z)(—l)O ~o. (203)

And any other term with upper n1is also null. Then the infinite sum is reduced

to:

- | 204
whose derivative is:

(205)

9 n_xi+;(ﬂ.—K—;\J [/1+K'+;\J 0
j > n nnsinz"‘l( )

C'(9)=COS(E 1
n=t (2+/1) n!

All angular functions satisfy:

sing(a) =|:Sin(ng'—(K—ﬂ,-‘r%jCOS(ng}, (206)
#w):{cos(gjc#(x—ﬂ+%)sin(§jc}. (207)

Since the term of C’ with rank 0 is null from the n factor:

DOI: 10.4236/jmp.2021.124033 507 Journal of Modern Physics


https://doi.org/10.4236/jmp.2021.124033

C. Daviau, J. Bertrand

(A—K—;jn (ﬂ—i—l{-&-;)n - (gj
T

, . .
_(,(_“%j(l'(z)n(“’ﬁzl . Zn(e)

1 sin
(+/1) n!
2 n

The last term of this sum is null, as it is a difference of two equal terms. Then

. (208)

the sum contains one term less and we obtain:

n:K*ﬂfl

o2 5 s A ) o

sin* (0) ) (14_1) n
2 n
And we have:

(a),(a+n)=[a(a+1)--(a+n-1)](a+n)
a[(a+1)--(a+n-1)(a+n)]=a(a+1)

(210)

ne

which implies:

) (o N S A

We then finally obtain:

2

nx_z_l(ﬂ—zc+1j (ﬂ+K+1)
U ( 1} (6) 2 2), 2), . Zn(e
= /I—K—E cos sin

: Z1. 12)
sin* () = [1+/1j nl 2)
2 n
Next for V'we have:

n:;c—/l+% ﬂ—x—l 4+K+l
()] 2 “( (M) (s

(213)
1 n:x—l+% (ﬂ, —K—;j (ﬂ +K+;j 0
+(/<+——/1j > 1 n ”sinz”“(gj
n=0 (mj n!
2 n
Therefore we have:
Vv n:;c—}wr% (A—K—;j [ﬂ,-f—l('-i—;\} 0
— — z n n nsin2n1(_j
sin“(0) w4 (;m) n! 2
" (214)

1 n:x—iﬁ% (/1—1('—;) (l + K+;) 0
+(—n+1c+§—/1) > . n ”sinZ””(—)
n=0 (2+/1j n!

2
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In the first sum we let n=1+n" while in the second sum we use the cancella-

tion of the last term, so we have one term less:

n’x—z—l(ﬂ—l(—lj (/1+/c+1)
\ _ 2 2 1+n’ 2 1+n' oj 2n’+1[‘9j

= 2 sin
WO E L) .
1+n'

2

(215)
A+K+=

S T
+ 1 n ”(—n+K+E—ijsin2””(§j.
n=0 (2+/1j n!

In the first sum the n' variable is replaced by n. In the second sum the

1 . .
(—n + K+ > Aj factor gives also one term less and we obtain:

v n,(_a_;(/l—/c—;j (A+K+;j
_ 1+n 1+n SinZn+1

sin () g (1+/1J N [gj

2

(216)

nk_z_;(ﬂ—/c—g (2+K+;j ) )
n n (—FH-K-F——ﬂjSinzml (_j
2 2

And we have:

(A—K—lj =(1—K—1J[2—K+lj , (217)
2 1+n 2 2 n
[/1+/<+1J :(/1+1<+£J (/1+/<+1+n], (218)
2 1+n 2 n 2
(ﬂ—l{—lj (—n+x+£—lj:—(l—l{—ij(l—lﬁ-lj . (219)
2), 2 2 2),

Then we obtain:

1
A+K+=+n P
x| 2 _qlsin (Ej (220)

Consider now the case k<0 that means x = —|K| . Still for A >0 we have
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N w

,--~,|K|—l,and:
2

) (/1+|K|_;j (1_|K|+;J ,
n nsin2" (Ej (221)

now /1:1,
2

C(0)=2

n=0 (1+/1j n!
2 n

Now it is the second factor which contains a negative integer and then this
product cancels from some rank. Since this rank is (for a negative -a integer) the

arank, we have:

a1 A +|K 1 A—|x] +1
2(2 | | )n( | | )n =.2n
-5 )

We see that this sum has one term less than in the case x>0. We could ex-

(222)

pect that Uand V'should be very different from the functions previously calcu-

lated. Yet we will see that this is untrue. We have:

nefi-a-t /1+|/c|—1 /1—|rc|+1
, 0 2 2 2 . ona( O
C'(@)=cos|—=| > n n " sin = (223)
2) = 1
E+/’t n!

2
(206) gives for U

it [ A+l =2] [ 2=|x]+2
P s

sin*

Then distributing the product in the second sum, we have:

nefd -2+

sing(e) = cos(gj ; (n + A +|x] —%)

(4+|K|_;j (g_|,(|+;j (225)
x n n oi ZnLGJ.

1 SIn
(+ /1) n!
2 n
And we have with (211):

(n+l+|x|—%j(/i+|x|—%j :(4+|K|_%j(z+|x|+%] (@20

We then obtain:
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Sin

! +/c+1 —/c+1
Y [/1+|rc|%)cos(gjn’(ziz(/1 i Zl(ﬁ i Zl -2”(2)

sin” (6) 2) % (1+1j nl
2
(227)
Comparison with (212) indicates, for 4>0:
144_%
Yemte) =71 Yoy (228)
A —|K‘| -=
2
Next for V'we start from (207) which gives:
, mkiz(zqq_;j[444+;j ,
. = cos’ (—] > n n N gjn2"? (—J
sin* (6) 2) (1+}“j ol 2
2
" (229)
) nefei-A2 (/1+|K|—;j (A—|K|+;) )
—(/1+|K|——j > . D " sinZ””(Ej.
n=0 ( + /lj n!
2 n
The first sum splits into two sums by using cos’(a)=1-sin*(a):
nefel-2-2 (/1 +|x|- 1} (ﬂ —|x|+ 1)
Y- 2 ‘n 2)n 2/n sinz“(gJ
sin“(0) 1% (1+/1j ol 2
2 n
nif-1-2 (i +|x] - 1) (A x|+ 1)
2 2 n 2 N oin2n+l (gj (230)
2

- > 1 sin
n=0 (M) n!
2 ),

Sin

5 )

1 nx—i—;(/l+|l(|—;] (l—|1c|+;j )
_(ﬂ+|l(|—5j Z n n i 2n+1( j

The first sum begins truly with n=1 and we let n=1+n". We group to-
gether the last two sums:

1+n';<11(/1+|1(|—1j (/1—|K|+1J
4 g 2 1+n’ 2 1+n' o3 2n’+1(0j

= Sin
2 1+n' -

2

(231)

1Kﬂ;(zqq_;)(zqq+;j ,
—[n+/1+|1(|—§) Z n n i 2n+1( j

. sin®| = ).
n=0 (M) n!
2 n

In the first sum we replace N' by n and we add a null term that changes
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nothing. In the second sum we again use (211), this gives:

n—Kal(/1+|rc|—1) (/1—|/<|+1]
v 2 2 1+n 2 1+n o3 2n+1[9)

= > sin

fa A
O 5 (1]
2 1+n

2

n 1 (232)
1 K-a_;(/1+|zc|+2j (/1—|K|+2j )
—(/1+|K|——j > . n ”sinz””(—j.
2) (+/1) n! 2
2,
This implies:
v 1 n_,ca;(l—|/c|+;j (/1+|K|+;j
se(ael-3) 3 : :
sin* (0) ( 2) = [1+/1j ol
2 n
/1—|K|+1+n 0
x %—1 sin?"t (—) (233)
A+=+n 2
nefxj-a-1 [/1—|K|+1) (1+|K|+1)
1 2 2 2) . ol 0
:_|K|[z+|,(|_§) » Zn "sin H
n=0 (+/lj n! 2
2 1+n
Comparison with (220) proves:
/1—|K|_%
\/|;(>0 == 1\/|1(<0; U\/|K>0 = _U\/Il(<0 (234)
ﬂ+|/c|—f
2
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