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Abstract 
Quantum electron states, in the case of an improved Dirac equation, are 
linked to the Christoffel symbols of the connection of space-time geometry. 
Each solution of the wave equation, in the case of the hydrogen atom induces 
a connection which is completely calculated. This allows us to discover the 
global and chiral properties of the space-time connection, with spin 2. 
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1. Introduction 

After L. de Broglie’s discovery of the quantum wave [1], Dirac formulated his 
relativistic wave equation for the electron [2], correcting the non-relativistic 
Schrödinger equation, and conserving the probability density linked to the wave. 
The main success of this wave equation was its application to the case of the hy-
drogen atom: all the expected quantum numbers were obtained, as well as the 
true number of states, and the true energy levels [3]. Moreover, the Dirac equa-
tion explained the spin 1/2 of the electron. The main problem was the presence 
of negative energies which were then accounted for as due to charge conjuga-
tion. 

Following de Broglie’s ideas on the necessity of non-linearity to unify quan-
tum physics and gravitation, an improved Dirac equation was studied [4]-[43]. 
This relativistic wave equation was extended to a wave equation of all fermions 
and anti-fermions of the first generation, as described in “Developing a Theory 
of Everything” [41]. The resolution of the wave equation in the case of the hy-
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drogen atom was completed in [42]. The aim of the present work is the use of 
these solutions as physical examples of the differential geometry linked to the 
quantum wave. The calculation of the Christoffel symbols was previously made 
only in the case of plane waves: geometry of space-time was characterized by a 
not null torsion and a null curvature. The torsion was linked to the mass term of 
the electron. The case of the electron in the hydrogen atom is much more com-
plicated indeed, and also much more interesting because it will allow us to en-
counter the geometric aspect of chirality in quantum mechanics. 

2. Tensorial Densities without Derivative 

Early on, the Dirac theory encountered 16 of the 36 tensorial densities that may 
be computed without derivatives from the electron wave. This is easy to see with 
the Pauli algebra [5] [7] [8]. From the wave of the electron, ( )xφ φ= , we get 
four space-time vectors (16 densities): 

1 2† † 1 2

2 1 2 1

: , 0,1, 2,3; : 2 ; 2 .Dµ µ

ξ η ξ ξ
φσ φ µ φ φ

ξ η η η
−   

= = = =    −   
    (1) 

And we get 20 densities (2 with 0S  and 6 for each kS ) as the components 
of: 

1 2

2 1

: ; : 2 .Sµ µ

η η
φσ φ φ

ξ ξ
 

= =  − 
                  (2) 

The previous equalities use the three well-known Pauli matrices 1σ , 2σ , 3σ  
and we let 0 : 1σ = , identifying real numbers and scalar matrices. The 16 densi-
ties of the early theory were the components of the probability current 0J : D= , 
the 3K : D=  current, the 3S  bivector (6 components) and the 1Ω  and 2Ω  
invariants, satisfying: 

( ) ( ) ( )† 1
0 1 1 2 2 1 2 1 2

2

det 2 e 2   ,iS iβ ξ
φφ φ ξ η ξ η ρ η η

ξ
 

= = = + = = Ω + Ω =  
 

  (3) 

where β  is the Yvon-Takabayasi angle. We just encountered the right (ξ ) and 
left (η ) parts of the wave. We also need: 

1 1† 1 2

2 22 1

0 0ˆ ˆ: 2 ; R : 2 ; L : 2
0 0

ξ ηη ξ
φ φ

ξ ηη ξ
 −    

= = = =     
    

       (4) 

† †: RR ; : LL .R LD D= =  
Currents RD  and LD  are the chiral currents that dominate in weak interac-

tions. They satisfy: 

0 3; .R L R LD D D D D D= + = −                    (5) 

From the beginning of Dirac’s research, relativistic quantum mechanics is a 
non-local theory, because the wave equation is not the only condition that go-
verns the dynamics of the wave: 

0Jd 1.v
c
=∫∫∫ �

                          (6) 
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We explained in 1.5.5 of [41] how this condition is a physical law that issues 
from the principle of equivalence. This law, joined with the invariance under the 
greater group *

3Cl , implies the quantization of the kinetic momentum [41] [43]. 
The four Dµ  currents form an orthogonal basis of space-time because they sa-
tisfy: 

2
0 0 1 1 2 2 3 30, ; .D D D D D D D D D Dµ ν µ ν ρ⋅ = ≠ ⋅ = = − ⋅ = − ⋅ = − ⋅      (7) 

The φ  wave of the electron defines a similitude: 
† †

x : x ,D X X X X X Dµ ν ν
µ ν νσ φ φ φ σ φ= = = =�           (8) 

†.D Dµ
ν ν µ νσ φσ φ= =                       (9) 

This variable basis is then associated with an affine connection. This also al-
lows us to use the Cartan’s mobile basis ( )0 1 2 3, , ,D D D D . This connection was 
first studied in [15]. We let: 

; dx d ,D X D
X

µ ν
ν ν µ νν

∂
= = ∂ =
∂

∂                  (10) 

d d .D X Dβ ν
µ µν β= Γ                       (11) 

This gives if 0ρ ≠ : 

dx dx d d ,D X D Xµ µ ν ν
µ ν µ νσ σ= = =  

( )† 1;  .D D D D
βµ

ν ν ν µ µ βµ
φσ φ σ σ −= = =               (12) 

Now we use the similitude D  such as: 

( ) ˆx x .D φ φ=                         (13) 

We have 

( ) ( )

( )( )
( ) ( )

† 2

2

1 2

ˆx x x e x e x,

x x,

x x .

i iD D D D

D D

D D

β βφφ φφ ρ ρ ρ

ρ

ρ

−

−

− −

 = = = = 

=

=

�

�         (14) 

And we get: 

( ) ( ) ( )
( )( )1

d d d d

d d .

D D X D X D X

D D D X D X

ν ξ ν ξ ν
µ ν µ ν µ ξ ν µ ξ

βξ ν β ν
ν µ β µν βξ

σ σ

−

= = =

= = Γ

∂ ∂ ∂

∂
        (15) 

Therefore the coefficients of the connection satisfy: 

( )( )1 ;  .D D D
ββ ξ τ

µν ν µ ν ν τξ

−Γ = = ∂∂ ∂                 (16) 

By using the D  similitude we get: 

( )2 ;  .D D Dβ ξ β τ
µν ν µ ξ ν ν τρ −Γ = = ∂∂ ∂                 (17) 

Since 0 0
0 0D D=  and 0

0
j

jD D= −  we have: 

( ) ( )0 1 2 3
0 1 2 3 ln ln .Dµ
ν ν ν ν ν ν µρ ρΓ = Γ = Γ = Γ = = ∂      ∂         (18) 

https://doi.org/10.4236/jmp.2021.124033


C. Daviau, J. Bertrand 
 

 

DOI: 10.4236/jmp.2021.124033 486 Journal of Modern Physics 
 

The Christoffel symbols of this connection satisfy (see [41] 4.1): 

x x dx x dx ,α α α α β γ
βγ′ = + + Γ                    (19) 

For the complete calculation of these coefficients of the connection we need 
the following quantities: 

( ) ( ) ( ) ( ) ( ) ( )
† †

† †
: ; : .

det det
k k

k k k k
S AS

i i
φ φ

∇′ ′+ = + =               (20) 

With the improved wave equation of the electron, we obtained in D.4 of [41] 
the following symbols: 

( ) ( )
0 2
1 1 22 2 ,D q mµ µ µρδ Γ = ⋅ − +                  (21) 

( ) ( )
0 1
2 2 12 2 ,D q mµ µ µρδ Γ = ⋅ + −                  (22) 

( )
0
3 3 ,Dµ µΓ = ⋅                         (23) 

( ) ( )
2
3 1 22 ,D qµ µ

 ′ ′Γ = − ⋅ −                      (24) 

( ) ( )
3
1 2 12 ,D qµ µ

 ′ ′Γ = − ⋅ +                      (25) 

( )
1 0
2 3 2 2 ,D qA mµ µ µρδ ′Γ = − ⋅ + −                  (26) 

( )0 1 2 3
0 1 2 3 ln ,Dµ µ µ µ µ ρΓ = Γ = Γ = Γ = ⋅∇               (27) 

0
0 ,  1, 2,3,j

j jν νΓ = Γ =                      (28) 

 ,  1, 2,3,  1, 2,3,  .j k
k j j k k jν νΓ = −Γ = = ≠               (29) 

with 0
0 1δ = , 1, 1, 2,3j

j jδ = − =  and 0,ν
µδ µ ν= ≠ . Since these tensorial densi-

ties are defined through partial derivatives of the φ  wave of the electron, these 
definitions need the wave equation that we present now. 

3. Improved Dirac Wave Equation 

The improvement of the Dirac equation was first presented in the frame of the 
Clifford algebra of space-time used by Hestenes, who considered the µγ  ma-
trices of the Dirac theory as a basis of space-time [44] [45]. Read now in 3Cl  
the Lagrangian density of the Dirac equation is: 

( )21
ˆ ˆ: cos ,qA mφ φσ φ φ ρ β= ∇ + +                (30) 

where 21 2 1 3: iσ σ σ σ= = − , A is the electromagnetic potential space-time vector 
and X  is the real part of X. The improved wave equation is obtained by sim-
plifying the Lagrangian density as: 

21
ˆ ˆ: .qA mφ φσ φ φ ρ= ∇ + +                   (31) 

The improved equation which comes from this simplified Lagrangian density 
reads: 

21
ˆ ˆ0 e .iqA m βφσ φ φ−= ∇ + +                    (32) 
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This non-linear wave equation has the Dirac equation as linear approximation 
when the Yvon-Takabayasi β  angle is null or negligible: 

21
ˆ ˆ0 .qA mφσ φ φ= ∇ + +                      (33) 

The mass term of the improved Equation (32) comes from Lochak’s theory of 
the magnetic monopole [46]-[53] in the particular case where the Dirac Lagran-
gian is the linear approximation of the simplified Lagrangian density. The first 
improvement of this simplification is the resolution of the problem of the nega-
tive energies, because the positron is no longer associated with non-physical 
negative energy (see for instance [41] 1.5.3 and 1.5.6). Another improvement is 
the partial decoupling of the left and right spinors, the wave equation also reads: 

( ) 0
21

ˆ ˆ0 v ; v : .
D

qA mφσ φ
ρ

= ∇ + + =                 (34) 

The momentum-energy of the electron vqA m+  is the sum of an electro-
magnetic part qA  and an inertial part vm . Hence the improved equation may 
be generalized to all fermions, it is compatible with the entire gauge group of the 
Standard Model, ( ) ( ) ( )1 2 3U SU SU× × , and it is also compatible with the rela-
tivistic invariance of general relativity. This is the reason for the appearance of 
the Christoffel symbols that we will calculate from the solutions of the improved 
equation in the case of the hydrogen atom. 

4. Resolution in the Case of the Hydrogen Atom 

The Dirac equation was solved as early as 1928 by the mathematician C. G. Dar-
win using the previous resolution of the non-relativistic equation for an electron 
with spin found by Pauli. This method used kinetic momentum operators, which 
is ill-suited to the resolution of a non-linear equation like (32). Fortunately 
another method exists, found more recently by H. Krüger [54], who discovered a 
very astute method of separation of variables in spherical coordinates. This uses: 

1 2 3sin cos ;  sin sin ;  cos .x r x r x rθ ϕ θ ϕ θ= = =           (35) 

We use the following notations: 

1 23 1 2 31 2 3 12 3: ;  : ;  : ,i i i i i iσ σ σ σ σ σ= = = = = =            (36) 

( )3 2
1

12 2 2ˆ: e e ;  : sin ,
i i

S r S
ϕ θ

θ
− − −−= Ω = Ω =               (37) 

3 1 2
1 1: .

sinr r rθ ϕσ σ σ
θ

′∂ = ∂ + ∂ + ∂
�

                (38) 

H. Krüger obtained the remarkable identity: 
1,−′∂ = Ω∂ Ω

� �
                         (39) 

which with: 

0 0 3 1 2
1 1: ,

sinr r rθ ϕσ σ σ
θ

 ′ ′∇ = ∂ − ∂ = ∂ − ∂ + ∂ + ∂ 
 

�
          (40) 

gives also: 
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1 1.− −′Ω ∇ = ∇ Ω                         (41) 

For either the Dirac equation or the improved equation, to obtain the separa-
tion of the temporal variable 0x ct=  and the angular variable ϕ  from the 
radial variable r and the other angular variable θ , we let: 

3 0e ; ,iX Exζφ ζ λϕ δ= Ω = − +                   (42) 

where X is a function, with value in the Pauli algebra, of only r and θ , cE�  is 
the energy of the electron, and δ  is an arbitrary phase that plays no role here 
because the wave equations are electric gauge invariant. We get: 

3 31 1 ˆ ˆe ; e .i iX Xζ ζφ φ− −Ω = Ω =                    (43) 

For the ρ  density that satisfies (7) we also have: 

( ) ( ) ( ) ( )3e det det det det e ,ii X ζβρ φ= = Ω              (44) 

( ) ( ) ( ) ( )
312

2

det
det sin ; det e 1; e .

sin
i i X

r
r

ζ βθ ρ
θ

−−Ω = = =          (45) 

Then if we let: 

( )e : det ,Xi
X Xβρ =                       (46) 

we get: 

2  ;  .
sin

X
Xr

ρ
ρ β β

θ
= =                      (47) 

Then the Yvon-Takabayasi angle depends neither on the time nor on the ϕ  
angle. It depends only on r and θ . Therefore the separation of variables can be-
gin similarly for both the Dirac equation and the improved equation. We have: 

31
0 3 1 2

1 1ˆ ˆe ,
sin

i
r X

r r
ζ

θ ϕφ σ σ σ
θ

−    ′∇ Ω = ∂ − ∂ − ∂ − ∂    
        (48) 

( ) ( ) ( )3 3 3 3
0 3

ˆ ˆ ˆ ˆe e ; e ei i i i
r rX EXi X Xζ ζ ζ ζ∂ = − ∂ = ∂            (49) 

( ) ( ) ( )3 3 3 3
3

ˆ ˆ ˆ ˆe e ; e e .i i i iX X X Xiζ ζ ζ ζ
θ θ ϕ λ∂ = ∂ ∂ =            (50) 

We then get: 

3
3 3 1 2 3

1ˆ ˆ ˆ ˆ ˆ e .
sin

i
rEXi X X Xi

r r
ζ

θ
λφ σ σ σ
θ

 ∇ = Ω − − ∂ − ∂ − 
 

       (51) 

For the hydrogen atom we have: 
2

0  ;  ,eqA qA
r c
α α= = − =

�
                   (52) 

where α  is the fine structure constant. We have: 

3 3
12 3 3 3

ˆ ˆ ˆ ˆe e .i iqA i Xi Xi
r r r

ζ ζα α αφσ φ  = − = − Ω = Ω − 
 

         (53) 

Also the improved Equation (32) becomes: 

3 3 1 2 3 3 3
1ˆ ˆ ˆ ˆ ˆ e 0.

sin
i

rEXi X X Xi Xi m Xi
r r r

β
θ

λ ασ σ σ
θ

−− − ∂ − ∂ − − + =     (54) 
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This means: 

3 3 1 2 3 3
1ˆ ˆ ˆ ˆ e ,

sin
i

rE Xi X X Xi m Xi
r r r

β
θ

α λσ σ σ
θ

− + + ∂ + ∂ + = 
 

      (55) 

while the Dirac equation gives: 

3 3 1 2 3 3
1ˆ ˆ ˆ ˆ .

sinrE Xi X X Xi mXi
r r rθ
α λσ σ σ

θ
 + + ∂ + ∂ + = 
 

        (56) 

Now we let: 

( )1 2
1 1 2 2

2 1

: ; det ,
R L

X X R L R L
R L

 −
= = + 
 

              (57) 

where 1 2 1 2, , ,R R L L  are functions with complex values of the real variables r 
and θ . We get: 

† †1 2 1 2 1 2

2 1 2 1 2 1

ˆ ˆ; ; .
L R R R L L

X X X X
L R L L R R

     −
= = = =     

− −     
      (58) 

Therefore the improved equation reads: 

2 11 2 1 2

1 22 1 2 1

2 1 1 2

1 2 2 1

1

e .
sin

r r

r r

i

L RL R L R
i E

r r L RL R L R

L R mR mL
i

r L R mR mL

θ θ

θ θ

β

α

λ
θ

−

     ∂ ∂∂ −∂ + + +       ∂ −∂− −∂ −∂      
   −

+ =   
− − −   

      (59) 

Conjugating the equations containing the conjugates we obtain the system: 

1 1 2 1

2 2 1 2

2 2 1 2

1 1 2 1

1 e ,
sin

1 e ,
sin

1 e ,
sin

1 e .
sin

i
r

i
r

i
r

i
r

i E L L L im R
r r

i E R R R im L
r r

i E L L L im R
r r

i E R R R im L
r r

β
θ

β
θ

β
θ

β
θ

α λ
θ

α λ
θ

α λ
θ

α λ
θ

−

−

   + + ∂ + ∂ + =   
   
   − + − ∂ + ∂ − = −   
   

   + − ∂ + ∂ − =   
   
   − + + ∂ + ∂ + = −   
   

        (60) 

Next we let: 

1 2 2 1: ;  : ;  : ;  : ,R AU L BV R CV L DU= = = =              (61) 

where A, B, C and D are functions of r while U and V are functions of θ . The 
(60) system becomes: 

1 e ,
sin

1 e ,
sin

1 e ,
sin

1 e .
sin

i

i

i

i

i E DU D U V V B im AU
r r

i E CV C V U U A im BV
r r

i E BV B V U U D im CV
r r

i E AU A U V V C im DU
r r

β

β

β

β

α λ
θ

α λ
θ

α λ
θ

α λ
θ

−

−

   ′ ′+ + + + =   
   
   ′ ′− + − + − = −   
   

   ′ ′+ − + − =   
   
   ′ ′− + + + + = −   
   

       (62) 
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Then using a κ  constant satisfying: 

;  ,
sin sin

U U V V V Uλ λκ κ
θ θ

′ ′− = − + =               (63) 

the (62) system becomes: 

e

e

e

e

i

i

i

i

i E D D B im A
r r

i E C C A im B
r r

i E B B D im C
r r

i E A A C im D
r r

β

β

β

β

α κ

α κ

α κ

α κ

−

−

  ′+ + + = 
 
  ′− + − − = − 
 

  ′+ − − = 
 
  ′− + + + = − 
 

                (64) 

5. Christoffel Symbols 

We need to calculate ( )ln ρ∇  and the † , 1, 2,3kS k∇ =  terms. We use: 

( )
( ) ( )

( ) ( )
( )†

† † †
3

3 3† † †

ˆ ˆ ˆ1ln ; ,ˆ ˆ ˆ2
i

φφ φφ φσ φ
ρ

φφ φφ φφ

  ∇ ∇ ∇   ′∇ = + + =  
   

       (65) 

( )
( ) ( ) †

† †
3 3

3 † †

ˆ ˆ1
ˆ ˆ2

φσ φ φσ φ

φφ φφ

  ∇ ∇  = +  
   

                (66) 

( ) ( ) ( ) ( )† † † † † †
3 3

ˆ ˆ ˆ; ,XX S X Xφφ σ′ ′∇ = Ω∇ Ω ∇ = Ω∇ Ω          (67) 

( ) ( )32† † † †
1 2 1 2

ˆe .iS iS X i Xζ σ σ ′∇ ± = Ω∇ ± Ω              (68) 

These terms have the form: 

( ) ( )† † † ,M M M′ ′ ′Ω∇ Ω = Ω ∇ Ω +Ω∇ Ω               (69) 

where the underlined refers to: 

† † † † †
0 3 1 2

1 1 .
sinrM M M M M

r rθ ϕσ σ σ
θ

′∇ Ω = ∂ Ω − ∂ Ω − ∂ Ω − ∂ Ω     (70) 

We let 
u v

M
w s
 

=  
 

, we then get: 

† † † †
3 1 2

1 10
sinrM M M M

r rθ ϕσ σ σ
θ

′∇ Ω = − ∂ Ω − ∂ Ω − ∂ Ω       (71) 

( )

( )

1
2 2

1
2 2

sin

cos 1
2sin 2sin

1 cos
2 2sin

u v
r S

w s

w s
r S

u v

θ

θ
θθ

θ
θ

−−

−−

 
=  − − 

 − − − 
 +  − −    − − 
 

†

†
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( )

( )
( )

3
2 2

1
2 2

0cos sin 2sin
sin cos 0

2
cos
sinsin .                       (72)

cos
sin

i
iw is

r S
iu iv i

u s v s
r S

w u s u

θ θ
θ

θ θ

θ
θθ

θ
θ

−−

−−

 
   

+    − − −     − 
 

 + + 
 =
 − + − + 
 

†

†  

If † †
0

ˆ ˆM XX X Xσ= =  and since: 

( )† †ˆ det e ; 0,i
XXX X u s v wβρ −= = = = = =             (73) 

we get: 

( )
2 2† †

†0
3 1 2 2†

ˆ 2 cos ; .
sin sin sindet

X
DAU BCVX X

r r r rX
σ ρθσ σ ρ

θ θ θ

+′∇ Ω  = + Ω = =  
  (74) 

5.1. Terms with Index 0 and 3 

For the 0σ  case we have: 

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

† † † † † †

† † † ††

†
† †

3 1†

e e e
ln

e e
ˆ ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ 2 cos .ˆ sin

i i i

i i

i
i

XX XX XX

XX XX

XX
S S S S

r rXX

β β β

β β

ρ ρ β ρ
ρ β

ρ ρ

φφ

φφ

θσ σ
θ

− − −

− −

∇ ∇ − ∇
= = ∇ − ∇

′ ′ ′∇ Ω∇ Ω Ω∇ Ω +Ω∇ Ω
= = =

Ω Ω ΩΩ

′∇  = + +  

   (75) 

Next we have: 

( ) ( )
( )
( )

† 2 2
3 1

2 2 2 2
3

1

1ˆ

2

rXX DAU BCV
r

D AU DA U B CV BC V

DAUU BCVV
r

θσ σ

σ

σ

 ′∇ = − ∂ + ∂ + 
 

′ ′ ′ ′= − + + +

′ ′− +

        (76) 

Using (63) and (64) we obtain: 

e ,iA i E A C im D
r r

βα κ − ′ = − + − + 
   

e ,iB i E B D im C
r r

βα κ − ′ = + − − 
   

e iC i E C A im B
r r

βα κ − ′ = + − − 
 

                (77) 

e ,iD i E D B im A
r r

βα κ − ′ = − + − + 
   

; .
sin sin

U U V V V Uλ λκ κ
θ θ

′ ′= − = − +               (78) 
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We let: 

( ) ( )
( )

( )
( )

2 2

1 1 2 ††
: ; :

detdet

BB CC V AA DD U DA BC UV
r p ip

XX

+ − + −
= + =     (79) 

( )( )
( ) ( )

2 2 2 2

1 2 1 2† †
: ; : .

det det

DC BA U V DAU BCVq iq s is
X X

+ + −
+ = + =

 
These functions 1 1 2 1 2 1 2, , , , , ,r p p q q s s  depend on r and θ , with values in  . 

We get: 

( )
( ) ( )

( ) ( )

†

1 2 1 2 1 3†

1 2 1 2 1

ˆ
2ˆ

2 2 .
sin

XX
i E s is q iq imr

r rXX

s is p ip
r r

α κ σ

λ κ σ
θ

′∇   = − + + + + +    
 + − + + +  

       (80) 

We then get: 

( ) ( ) ( )

( ) ( )

†
1 2 1 2 1

1 2 1 2 1 3

2 2 cosln
sin sin

22 .

S i S s is p ip
r r r

i E s is q iq imr
r r r

λ κ θρ β σ
θ θ

α κ σ

 ∇ − ∇ = − + + + +     
  + + + + + + +    

 (81) 

This gives: 

( ) †
1 1 1 1 3

2 2 cos 2ln
sin sin

S s p q S
r r r r r

λ κ θ κρ σ σ
θ θ

    ∇ = − + + + +        
    (82) 

( ) † 0
0 0 0 0ln ; : ; 0,S S µ

µρ σ∇ = = =  
�
K K K K              (83) 

2 1 31
0 0 1 0 1 2

cos 2 2 20; ; 2 .
sin

s p q E s
r r r r r
θ λ κ κ α

θ
−  = = + = + − + 

 
K K K

 

We let: 

( ) ( )
( )

( )
( )

2 2

2 3† †
: ; : ,

det det

AA DD U BB CC V DB AC UV
r r

X X

+ + + ℜ −
= =

 

( )
( )

( )( )
( )

2 2

4 1 2 ††
: ; : ,

detdet

DC BA U VBD CA UV
r v iv

XX

− −ℑ −
= + =         (84) 

( )
( )

( )
( )1 2 1 2† †

: ; :
det det

DC BA UV DC BA UV
t it u iu

X X

− +
+ = + =

 
where 2 3 4 1 2 1 2 1 2, , , , , , , ,r r r v v t t u u  depend on r and θ , with values in  . The 

3σ  case gives: 

† 1 1 2 2 1 2
3

2 1 1 1 2 2

2ˆ: ,
2

L R L R L R
M X X

L R L R L R
σ

 −
= =  

− + 
           (85) 

1 1 2 2 1 2 2 1; 2 ; 2 ; ,u L R L R v L R w L R s u= − = = = −            (86) 

Using (72) we get: 
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( )
1

2 2

cos0
sinsin

cos 0
sin

v u
M r S

w u

θ
θθ

θ
θ

−−

 − 
′  ∇ Ω =

 − + 
 

† †  

( )

( ) ( ) ( )

1 2 2 1
1†

1 1 2 2 †
†

1 2 2 1 2 2 1 1
2 2

1 1 2 2 1 1 2 2

†
1 2 1 1 2 2 1 2 2

1
cosdet
sin

1 cos .
sin

L R L R
L R L RM S S

r L R L R L R L Ri i
L R L R L R L R

S t it u iu i s is i S
r

σ

θφ σ σ
θ

θσ σ σ
θ

 −
+ +′Ω∇ Ω  =

 + −
+ + 

+ +  
 = + + + − +  

  (87) 

Next we have the following, with the radial and angular functions previously 
defined in (61): 

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( )

2 2
†

3 2 2

2 2 3

2 2 3

1 2

1

1
2ˆ

1 2

12
2

12
2

r

r

DAU BCV DCUVrX X
BAUV BCV DAU

r

DA U BC V BA UV
r

DA U BC V DC UV
r

DA BCUU VV BA UV i
r r

DA BCUU VV DC UV
r r

θ

θ

σ

σ

σ

σ σ

σ

 −∂ − ∂  − ′∇ =     −  − ∂ ∂ 
 

+ ′ ′ ′= − + −  
− ′ ′ ′+ − + −  

 ′′ ′+ − + + − 
 
 ′′ ′+ + − − 
 

( )2 .iσ+

  (88) 

( ) ( ) ( ) ( )

( )( ) ( )

( ) ( )

† 2 2
3

3 1

2

ˆ

1

2 .

BA DCX X DA U BC V UV
r

DC BA UV BA DC UV
r

DAUU BCVV BA DC UV i
r

σ

σ σ

σ

+′ ′ ′′∇ = − + −

′′+ − + −

 ′′ ′+ − − +  

     (89) 

And we get, using (77) and (78): 

( )
( )

†
3

2 1 2 3 3 2†

4 2

ˆ
2 2ˆ

2 2 .
sin

X X
i E imr v iv mr

r rXX

mr i
r

σ α κ σ σ

λ σ
θ

′∇  = + − + + + 
 
 + + 
 

      (90) 

We then get: 

( )
( )

( )

( )

†
3† 1 2

2 1 3 2†

2 11 2
4 2

1 2 3

ˆ
2 2

det

cos22
sin sin

,

t itS S i E imr mr
r r

s isiu uiimr
r r r

v iv
r

φσ φ α σ σ
φ

θλ σ
θ θ

κ σ

∇ + = + − + + 
 

− −
+ + + + 
 

+ +

    (91) 
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( )
( )
( )

( )
( )

†
† †

3 3 †
33 † †

†1 2 2
1 2 1 3

ˆ ˆ1
2 det det

cos
sin

S S

t u sS v S
r r r r

φσ φ φσ φ

φ φ

θ κσ σ σ
θ

  ∇ ∇  = + =  
   
  = + − + +  

  

 K
          (92) 

0 1 2 31 2 2
3 3 3 3 3 1

cos0; ; 2 ; .
sin

t u smr v
r r r r

θ κ
θ

= = = − + =K K K K         (93) 

5.2. Calculation of the Currents 

We have: 

3 3
3 3

†
† † † †

2

e e
e e .

sin

i i
i i X X

D X X S S
r

ζ ζ
µζ ζ

µ µ µ

σ
φσ φ σ

θ

−
−= = Ω Ω =       (94) 

We then let, for any space-time vector  : 

3 3† †: ; d : e e .i iS S X Xζ ζ
µ µσ

−= =V                 (95) 

We then have: 

( ) ( )

† † † †

† † †

ˆˆ ˆ ˆ2 d d

ˆˆd d 2d 2d 2d .

D D D S S S S S S S S

S S S S SS

µ µ µ µ µ

µ µ µ µ µ

⋅ = + = +

= + = ⋅ = ⋅ = ⋅

   V V

V V V V V
  (96) 

This allows us a simplification of the scalar product. We get: 

† 1 1 2 2 1 2 1 2
0

2 1 2 1 1 1 2 2

d ,
R R L L R R L L

XX
R R L L L L R R

 + −
= =  

− + 
             (97) 

0 3 1 2
0 0 1 1 2 2 0 0 1 2 1 2d d ; d d ,R R L L i R R L L+ = + − = −             (98) 
0 3 1 2
0 0 1 1 2 2 0 0 2 1 2 1d d ; d d .L L R R i R R L L− = + + = −             (99) 

Similarly we have: 

† 1 1 2 2 1 2 1 2
3 3

2 1 2 1 1 1 2 2

d ,
R R L L R R L L

X X
R R L L L L R R

σ
 − +

= =  
+ − + 

          (100) 

0 3 1 2
3 3 1 1 2 2 3 3 1 2 1 2d d ; d d ,R R L L i R R L L+ = − − = +            (101) 

0 3 1 2
3 3 1 1 2 2 3 3 2 1 2 1d d ; d d .L L R R i R R L L− = − + + = +            (102) 

Sum and difference of 0d  and 3d  are simple, which will be useful. We get: 

( ) † 1 1 1 2
0 3 3

2 1 2 2

d d 1 2 ,
R R R R

X X
R R R R

σ
 

+ = + =  
 

           (103) 

( ) † 2 2 1 2
0 3 3

2 1 1 1

d d 1 2 .
L L L L

X X
L L L L

σ
 −

− = − =  
− 

           (104) 

Next we have: 

( )3 1 2 1 12 † 2
1 2 1 2

2 2 2 1

d d e 2e ,i i R L R L
i X i X

R L R L
ζ ζσ σ

− 
+ = + =  − 

       (105) 
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( )32 † 2 2 1 2 2
1 2 1 2

1 1 1 2

d d e 2e .i i L R L R
i X i X

L R L R
ζ ζσ σ −  −

− = − =  
 

      (106) 

5.3. Calculation of 12 Christoffel Symbols 

We have: 

( ) ( )
0 0
0 0 3 33ln d ; d .D Dµ µ µ µ µ µρΓ = ⋅∇ = ⋅ Γ = ⋅ = ⋅K K        (107) 

We also get the symbols: 

( ) ( ) ( )
( ) ( ) ( )

0 0 1 1 1 2 2 2 3 3 3
30 33 0 3 3 0 3 3 0 3 3

1 2 3
1 2 2 1 3 1 2 3 1 1 2 2 3

d d d d d d

2 ,R R R R R R R R R R

Γ +Γ = − + − + − +

= − + − ℑ − −

K K K

K K K
   (108) 

( ) ( ) ( )
( ) ( ) ( )

0 0 1 1 1 2 2 2 3 3 3
30 33 0 3 3 0 3 3 0 3 3

1 2 3
1 2 2 1 3 2 1 3 1 1 2 2 3

d d d d d d

2L L L L L L L L L L

Γ −Γ = − − − − − −

= + + ℑ + −

K K K

K K K
    (109) 

( ) ( ) ( )
( ) ( )
( )

0 0 1 1 1 2 2 2 3 3 3
31 32 1 2 3 1 2 3 1 2 3

2 1 2 2
1 1 2 2 3 1 1 2 2 3

2 3
1 2 2 1 3

d d d d d d

e e

e .

i i

i

i i i i

R L R L i R L R L

R L R L

ζ ζ

ζ

Γ + Γ = − + − + − +

= − − + +

+ −

K K K

K K

K

      (110) 

We obtain also: 

( )( ) ( )
( )

( )
( )

†
† †† 3 3†

3 3 † †

2 1 1
2 3 1 4 2 2 3

ˆ ˆ
2 2

2 det det

2 cos
2 2 2

sin

SS qA S i S
i r

t s uE mr mr mr v
r r r r

φσ φ φσ φ α
φ φ

λ θ κσ σ σ
θ

  ∇ ∇  ′ ′= + = − −  
   

−   = − + + + + + +   
   

K
  (111) 

0 1 2
3 2 3 32 ; 2

tE mr mr
r

′ ′= − = +K K                 (112) 

2 31 1
3 4 3 2

2 cos2 ; .
sin sin

u smr v
r r r r

λ θ κ
θ θ

′ ′= + + − =K K
 

We then get from (15): 
1 0
2 32 d ,mµ µ µρδ ′Γ = − − ⋅K                    (113) 

( )
( ) ( )
( )

1
20 0 3

0
1 1 2 2 1 1 2 2 3

1 2
1 2 1 2 3 1 2 1 2 3

3
1 1 2 2 1 1 2 2 3

2 d
12
2

1 ,
2

m

m R R R R L L L L

R R L L R R L L

R R R R L L L L

ρ

ρ

′Γ = − − ⋅

′= − − + + +

′ ′+ℜ − + ℑ +

′+ − − +

K

K

K K

K

         (114) 

( )
( ) ( )
( )

1 0
23 3 3 1 1 2 2 1 1 2 2 3

1 2
1 2 1 2 3 1 2 1 2 3

0
1 1 2 2 1 1 2 2 3

1d
2

1 ,
2

R R R R L L L L

R R L L R R L L

R R R R L L L L

′ ′Γ = − ⋅ = − − − +

′ ′+ℜ + + ℑ +

′+ − − +

K K

K K

K
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( )
( ) ( )
( ) ( )

1 1
21 22 1 3 2 3

2 0 2 1
1 2 2 1 3 1 1 2 2 3

2 2 2 3
1 1 2 2 3 1 2 2 1 3

d d

e e

  e e .

i i

i i

i i

R L R L R L R L

i R L R L R L R L

ζ ζ

ζ ζ

′ ′Γ + Γ = − ⋅ + ⋅

′ ′= − + + −

′ ′− + + − −

K K

K K

K K

    (115) 

5.4. Terms with Index 1 and 2 

Now we consider: 

( ) ( )3 32 2† †
1 2 1 2

ˆ ˆ: e ; : e ,i iM X i X M X i Xζ ζσ σ σ σ+ −= + = −        (116) 

This gives: 

( )
2

† 2 2 2 2
1 2 1 1 2 1 2 22

e cos2
sinsin

i

M L L i L L L L S
r

ζ θσ σ
θθ

+   ′∇ Ω = + + − +    
†   (117) 

( )
2

† 2 2 2 2
1 2 1 1 2 1 2 22

e cos2 .
sinsin

i

M R R i R R R R S
r

ζ θσ σ
θθ

−
−   ′∇ Ω = − + + − +    

†  (118) 

Then we have: 

� ( )
�

( )

( ) ( )

( )

( )

3 3

3 3

3

† † †
1 2 1 2

† ††

†2 † † 2 †
1 2 1 2

† † † †

2 †
1 2

†

2 2 2 2 2
1 2 1 1 2 1 2 2

ˆe e
= ˆ

ˆ ˆe e
ˆ ˆ

ˆe
ˆ

1 cos2e 2
sin

   

i i

i i

i

i

i X i X

XX

X i X X i X

XX XX

X i X
S

XX

L L L L L L i
r

ζ ζ

ζ ζ

ζ

ζ

φ σ σ φ σ σ

φφ

σ σ σ σ

σ σ

θσ σ
θ

−   ′∇ + Ω∇ + Ω   
Ω Ω

 ′ ′Ω∇ + Ω Ω∇ + Ω = +
Ω Ω Ω Ω


  ′∇ + =




  + + − +   + †
†

.ˆ S
XX



 




    (119) 

So we get: 

( ) ( )
( )

( ) ( )

( )

† †† † † †
1 2 1 21 2 1 2

††

2 2 2 2 2
1 2 1 1 2 1 2 2

†
† †

ˆ ˆ22
ˆdet

1 cos2e 22 sin
.ˆ ˆ

i

i iqA iS iS iqA S iS

L L L L L L iM i M rrS S
XX XX

ζ

φ σ σ φ φ σ σ φ

φφφ

θα σ σ
θ

+ +

 ∇ + + +∇ + + +  =

   + + − +′  ∇ −     = +
 
 
 

 (120) 

We calculate now: 

( )32 †
0 3 1 2 1 2

2 2
2

2 2

2
1 1 ˆe 2

sin

4 e

i
r

i

M iqAM

X i X i M
r r r

BDUV D U
i

r B V BDUV

ζ
θ ϕ

ζ

ασ σ σ σ σ
θ

α

+ +

+

′∇ +

   = ∂ − ∂ − ∂ − ∂ + −    
 − 

= −    −   

 
 

 (121) 
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( )( ) ( )2 2 2 2
0

12e 2e ,
sin

i i
r

iDBUV B V
r r

ζ ζ
θ ϕθ

 = ∂ − ∂ − + − ∂ + ∂ − 
 

   (122) 

( )( ) ( )2 2 2 2
0

12e 2e ,
sin

i i
r

iB V DBUV
r r

ζ ζ
θ ϕθ

 = ∂ + ∂ − + − ∂ + ∂ − 
 

   (123) 

( )( ) ( )2 2 2 2
0

12e 2e ,
sin

i i
r

iD U DBUV
r r

ζ ζ
θ ϕθ

 = ∂ − ∂ + − ∂ + ∂ 
 

    (124) 

( )( ) ( )2 2 2 2
0

12e 2e .
sin

i i
r

iDBUV D U
r r

ζ ζ
θ ϕθ

 = ∂ + ∂ + − ∂ − ∂ 
 

    (125) 

This gives: 

( )
( )

( )
( )

† †
1 2 1 2 †

† †

ˆ ˆ
2

det det

i i
iqA S S

φ σ σ φ φ σ σ φ

φ φ

 ∇ + ′ ′+    + =  ′ ′ 

 
 

     (126) 

( )
( )

( )

2

†
2 2

2 e
2e ,
det

i
i i E DB im AB CD

UV r
X B D

r

β
ζ

α

κ

−  + + −    ′ =
 

+ −  

         (127) 

( )
( )

( )

2

†
2 2

2 e
2e ,
det

i
i i E DB im AB CD

UV r
X B D

r

β
ζ

α

κ

−  − + + −    ′ =
 

− −  

        (128) 

( )
( )

2 2
2 2 2

2

†

2 e2e ,
2 cosdet

sin

i
i

B V im BCV BD U V
r r

X BDUV
r

β
ζ

κ

λ θ
θ

− 
+ + + 

′  =
+ −  

       (129) 

( )
( )

2 2
2 2 2

2

†

2 e2 .
2 cosdet

sin

i
i

D U im ADU BD U Ve r r
X BDUV

r

β
ζ

κ

λ θ
θ

− 
− + + 

′  =
− −  

       (130) 

Similarly we have: 

( ) ( )

( )

3† 2 †
1 2 1 2

††

2 2 2 2 2
1 2 1 1 2 1 2 2

†
†

ˆ ˆe
ˆ ˆ

cose 2
sin

.ˆ

i

i

i X i X
S

XX

R R i R R R R
S

XX

ζ

ζ

φ σ σ φ σ σ

φφ

θσ σ
θ

−


   ′∇ − ∇ −   =




  − + + − +      +




     (131) 

We calculate now: 
2 2

2
2 22 4 e i ACUV C U

M iqAM i
r A V ACUV

ζα− −− − −

− −

   − −′∇ − = +   
   

 
 

    (132) 
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( )( ) ( )2 2 2 2
0

12e 2e ,
sin

i i
r

iACUV A U
r r

ζ ζ
θ ϕθ

− −
−

 = ∂ − ∂ − − ∂ − ∂ 
 

   (133) 

( )( ) ( )2 2 2 2
0

12e 2e ,
sin

i i
r

iA U ACUV
r r

ζ ζ
θ ϕθ

− −
−

 = ∂ + ∂ + ∂ + ∂ 
 

    (134) 

( )( ) ( )2 2 2 2
0

12e 2e ,
sin

i i
r

iC V ACUV
r r

ζ ζ
θ ϕθ

− −
−

 = ∂ − ∂ − + − ∂ + ∂ 
 

   (135) 

( )( ) ( )2 2 2 2
0

12e 2e .
sin

i i
r

iACUV C V
r r

ζ ζ
θ ϕθ

− −
−

 = ∂ + ∂ + ∂ + ∂ 
 

    (136) 

This gives: 

( )
( )

( )
( )

† †
1 2 1 2 †

† †

ˆ ˆ
2

det det

i i
iqA S S

φ σ σ φ φ σ σ φ

φ φ
− −

− −

 ∇ − ′ ′−    − =  ′ ′ 

 
 

     (137) 

( )
( )

( )

2

†
2 2

2 e
2e ,
det

i
i i E AC im DC AB

UV r
X A C

r

β
ζ

α

κ

−
−

−

  − + + −    ′ =
 

−  

        (138) 

( )
( )

( )

2 22

†

22e ,
det e

i

i

i E AC A CUV r r
X im DC AB

ζ

β

α κ

−
−

  + − −   ′ =  
 + − 

           (139) 

( )
( )2 2 2

2

2 2†

2 e
2e ,

2 cosdet
sin

i
i AC U V im DAU

r
A UX ACUV

r r

β
ζ

κ

λ θ
θ

−
−

−

 − + + 
′  =

− − +  

         (140) 

( )
( )2 2 2

2

2 2†

2 e
2e .

2 cosdet
sin

i
i AC U V im BCV

r
C VX ACUV

r r

β
ζ

κ

λ θ
θ

−
−

−

 − + + 
′  =

+ − +  

         (141) 

5.5. Calculation of 16 Christoffel Symbols 

We finally have all the pieces to finish the calculation of the Christoffel symbols. 
We encountered in (21) to (26) left and right terms: 

( )
( )

( )
( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )

† †
1 2 1 2

† †

1 1 2 2 1 1 2 2

(1)1 2 2 1 2 2 1

ˆ ˆ
: 2

det det

2

2 2 2 2 .

i i
iqA

i i i iq i i i

q q i q q

φ σ σ φ φ σ σ φ

φ φ

 ∇ + + = +

 ′ ′ ′ ′= + + + + + + + 
 ′ ′ ′ ′= − − + + − + + 



       

       

   (142) 

This allows us to calculate the four ( )0 3 0 2
1 1 2 3iµ µ µ µΓ + Γ + Γ −Γ . Similarly: 

( )
( )

( )
( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

† †
1 2 1 2

† †

1 1 2 2 1 1 2 2

ˆ ˆ
: 2

det det

2

i i
iqA

i i i iq i i i

φ σ σ φ φ σ σ φ

φ φ

 ∇ − − = −

 ′ ′ ′ ′= + − + − + − + 



       
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( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 2 2 1 1 2 2 12 2 2 2q q i q q ′ ′ ′ ′= − + + + − − +            (143) 

This allows to calculate the four ( )0 3 0 2
1 1 2 3iµ µ µ µΓ −Γ − Γ + Γ . We let: 

( ) † † †
1 2 1 1 2 2: ; ; ,S i S= + = = L L L L L L              (144) 

( ) † † †
1 2 1 1 2 2: ; ; ,S i S= + = = R R R R R R             (145) 

We obtain: 

( )
( )

( )
( )

( ) ( )( ) ( ) ( ) ( ) ( )( )

† †
1 2 1 2

† †

(1) (2) 1 2 2 1 2 1

ˆ ˆ
2

det det

2 2 2 2

i i
iqA

q i q i q i q

φ σ σ φ φ σ σ φ

φ φ

 ∇ + +  +

 ′ ′ ′ ′= − + − + + + +        

   (146) 

( ) ( )0 2 0 3 2 1
1 3 2 1 1 2d d 2 .i i i i m iµ µ µ µ µ µ µ µρ δ δΓ − Γ + Γ − Γ = ⋅ + ⋅ + −L L     (147) 

The separation between real and imaginary parts of this equality gives: 
0 3 2 0 0 1 1 2 2 3 3 2
1 1 1 1 1 1 1d 2 d d d d 2 ,m mµ µ µ µ µ µ µ µ µρδ ρδΓ + Γ = ⋅ + = − − − +L L L L L   (148) 

2 0 1 0 0 1 1 2 2 3 3 1
3 2 2 2 2 2 2d 2 d d d d 2 ,m mµ µ µ µ µ µ µ µ µρδ ρδ−Γ + Γ = ⋅ − = − − − −L L L L L  (149) 

Now we need: 

( )
( )

0 0 2
1 2 †

1 2 e
2 det

i AB CDi imUV
X

ζ −′ ′+ = + =  L L           (150) 

( )
( )

( )

2 2

3 3 2
1 2 †

2
1 2 e ,
2 det

i
i E DB B D

r ri UV
X

ζ

α κ + + − 
 ′ ′− = + =  L L    (151) 

( )

( )
( )

( )

1 1
1 2

2 2
2

†

2 2 2 2 2 2

2
†

1
2

2 e
det

42
sine ,

det

i

i

i

BCV ADUim
X

B V D U U V BD BDUV

r X

ζ

ζ

λκ
θ

′ ′+ = +

−
=

+ + + −
+

  L L

 (152) 

( )

( )
( )

( ) ( )

2 2
2 1

2 2
2

†

2
2 2 2 2

†

1
2

2e
det

e 1 cos2 .
sindet

i

i

i

im ADU BCV

X

D U B V BDUV
r rX

ζ

ζ θ
θ

′ ′− − = − +

+
= −

 + − +  

  L L

   (153) 

We let: 

( ) ( )0 30 0 2 3 3 2
0 1 2 3 1 2e : e ; e : e ,i ii ii iδ δζ ζρ ρ− −= + = +L L L L          (154) 

( ) ( )1 21 1 2 2 2 2
1 1 2 2 1 2e : e ; e : e .i ii ii iδ δζ ζρ ρ− −= + = +L L L L          (155) 
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This gives: 

( ) ( )0 0
1 0 0 2 0 0cos 2 ; sin 2ρ ζ δ ρ ζ δ= + = +L L            (156) 

( ) ( )1 1
1 1 1 2 1 1cos 2 ; sin 2ρ ζ δ ρ ζ δ= + = +L L             (157) 

( ) ( )2 2
1 2 2 2 2 2cos 2 ; sin 2ρ ζ δ ρ ζ δ= − + = +L L           (158) 

( ) ( )3 3
1 3 3 2 3 3cos 2 ; sin 2 .ρ ζ δ ρ ζ δ= + = +L L            (159) 

Then (148) and (149) read: 

( ) ( )
( ) ( )

0 3 0 1
1 1 0 0 1 1

2 3 2
2 2 3 3

d cos 2 d cos 2

d cos 2 d cos 2 2 ,m
µ µ µ µ

µ µ µ

ρ ζ δ ρ ζ δ

ρ ζ δ ρ ζ δ ρδ

Γ + Γ = + − +

+ + − + +
    (160) 

( ) ( )
( ) ( )

0 2 0 1
2 3 0 0 1 1

2 3 1
2 2 3 3

d sin 2 d sin 2

d sin 2 d sin 2 2 ,m
µ µ µ µ

µ µ µ

ρ ζ δ ρ ζ δ

ρ ζ δ ρ ζ δ ρδ

Γ −Γ = + − +

− + − + −
    (161) 

These equations give for instance: 

( ) ( )
( ) ( )

0 3 0 1
10 10 0 0 0 0 1 1

2 3
0 2 2 0 3 3

d cos 2 d cos 2

d cos 2 d cos 2 ,

ρ ζ δ ρ ζ δ

ρ ζ δ ρ ζ δ

Γ + Γ = + − +

+ + − +
        (162) 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( )

0 0 3 3
11 12 11 12

0 0 1 1
1 2 0 0 1 2 1 1

2 2 3 3
1 2 2 2 1 2 3 3

2 2
1 2 2 1 0 0 1 1 2 2 1 1

2
1 1 2 2 2 2

2
1 1 2 2 3

d d cos 2 d d cos 2

d d cos 2 d d cos 2 2

e cos 2 e cos 2

e cos 2

e cos 2

i i

i

i

i i

i i

i i im

R L R L R L R L

iR L iR L

R L R L

ζ ζ

ζ

ζ

ρ ζ δ ρ ζ δ

ρ ζ δ ρ ζ δ ρ

ρ ζ δ ρ ζ δ

ρ ζ δ

ρ ζ

Γ + Γ + Γ + Γ

= + + − + +

+ + + − + + +

= − + + − − +

+ + +

− − − +( )3 2 .imδ ρ+

 (163) 

The same calculation must be made for the right terms: 

( )
( )

( )
( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

† †
1 2 1 2

† †

1 2 1 2 2 1 2 1

ˆ ˆ
2

det det

2 2 2 2

i i
iqA

q i q i q i q

φ σ σ φ φ σ σ φ

φ φ

 ∇ − −  −

 ′ ′ ′ ′= − + − − + + +        

   (164) 

( ) ( )0 2 0 3 2 1
1 3 2 1 1 2d d 2 .i i i i m iµ µ µ µ µ µ µ µρ δ δΓ − Γ − Γ − Γ = ⋅ + ⋅ + +R R     (165) 

The separation between real and imaginary parts of this equality gives: 
0 3 2 0 0 1 1 2 2 3 3 2
1 1 1 1 1 1 1d 2 d d d d 2 ,m mµ µ µ µ µ µ µ µ µρδ ρδΓ −Γ = ⋅ + = − − − +R R R R R   (166) 

2 0 1 0 0 1 1 2 2 3 3 1
3 2 2 2 2 2 2d 2 d d d d 2 ,m mµ µ µ µ µ µ µ µ µρδ ρδ−Γ −Γ = ⋅ + = − − − +R R R R R  (167) 

Now we need (with ( )†detX Xρ = ): 

( ) 0 0 2
1 2

1 2 e
2

i

X

DC ABi imUV ζ

ρ
−

− −
−′ ′+ = + =  R R          (168) 

( )
( )

( )

2 2

3 3 2
1 2 †

2
1 2 e ,
2 det

i
i E AC A C

r ri UV
X

ζ

α κ
−

− −

 − + + − 
 ′ ′− = + =  R R  (169) 
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( )

( ) ( )
( )

1 1
1 2

2 2
2

2 2 2 2 2 2

2
†

1
2

2 e

42
sine ,

det

i

X

i

i

DAU BCVim

C V A U U V AC ACUV

r X

ζ

ζ

ρ
λκ
θ

− −

−

−

′ ′+ = +

+
=

− + + + +
+

  R R

 (170) 

( )

( ) ( )

2 2
2 1

2
2 2 2 2

†

2 2
2

1
2

e 1 cos2
sindet

2e .

i

i

X

i

A U C V ACUV
r rX

BCV ADUim

ζ

ζ

θ
θ

ρ

− −

−

−

′ ′− − = − +

 = − +  

−
+

  R R

    (171) 

We let: 

( ) ( )0 32 0 0 2 3 3
0 1 2 3 1 2e : e ; e : e ,i ii ii iδ δζ ζρ ρ′ ′′ ′= + = +R R R R          (172) 

( ) ( )1 22 1 1 2 1 1
1 1 2 2 1 2e : e ; e : e .i ii ii iδ δζ ζρ ρ′ ′′ ′= + = +R R R R          (173) 

This gives: 

( ) ( )0 0
1 0 0 2 0 0cos 2 ; sin 2ρ ζ δ ρ ζ δ′ ′ ′ ′= − + = − +R R           (174) 

( ) ( )1 1
1 1 1 2 1 1cos 2 ; sin 2ρ ζ δ ρ ζ δ′ ′ ′ ′= − + = − +R R           (175) 

( ) ( )2 2
1 2 2 2 2 2cos 2 ; sin 2ρ ζ δ ρ ζ δ′ ′ ′ ′= − − + = − +R R          (176) 

( ) ( )3 3
1 3 3 2 3 3cos 2 ; sin 2ρ ζ δ ρ ζ δ′ ′ ′ ′= − + = − +R R           (177) 

Then (166) and (167) read: 

( ) ( )
( ) ( )

0 3 0 1
1 1 0 0 1 1

2 3 2
2 2 3 3

d cos 2 d cos 2

d cos 2 d cos 2 2 ,m
µ µ µ µ

µ µ µ

ρ ζ δ ρ ζ δ

ρ ζ δ ρ ζ δ ρδ

′ ′ ′ ′Γ −Γ = − + − − +

′ ′ ′ ′+ − + − − + +
   (178) 

( ) ( )
( ) ( )

0 2 0 1
2 3 0 0 1 1

2 3 1
2 2 3 3

d sin 2 d sin 2

d sin 2 d sin 2 2 ,m
µ µ µ µ

µ µ µ

ρ ζ δ ρ ζ δ

ρ ζ δ ρ ζ δ ρδ

′ ′ ′ ′−Γ −Γ = − + − − +

′ ′ ′ ′− − + − − + −
   (179) 

6. Torsion and Symmetric Part of the Connection 

The 64 Christoffel symbols may be calculated from the 4 7 28× =  independent 
terms, using the 36 relations described in (16), (17) and (18): 

0 0 1 0
0 0 3 3 2 3d ; d ; d 2mµ µ µ µ µ µ µρδ′Γ = ⋅ Γ = ⋅ Γ = − ⋅ −K K K         (180) 

0 2 31 1 1 1
1 1d 2 ; d

2 2
mµ µ µ µ µρδ

+ −
Γ = ⋅ + Γ = ⋅

L R L R           (181) 

0 1 22 2 2 2
2 3d 2 ; d .

2 2
mµ µ µ µ µρδ

− − −
Γ = ⋅ − Γ = ⋅

L R L R          (182) 

The torsion tensor is usually defined as: 

( )1: ; 01,02,03,12,23,31, 0,1,2,3.
2jk jk kj jkµ µ µ µ= Γ −Γ = =T      (183) 
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This tensor is then antisymmetric: ( :kj jk
µ µ= −T T ). Here, for instance, eight 

terms contain the K  space-time vectors, without other terms: 

[ ]0 0
30 03 3 0 0 3

1 d d ,
2

= − = − ⋅ + ⋅T T K K                (184) 

[ ]1 1
12 21 1 3 2 0

1 d d ,
2

′= − = ⋅ + ⋅T T K K                (185) 

[ ]2 2
12 21 2 3 1 0

1 d d ,
2

′= − = ⋅ − ⋅T T K K                (186) 

[ ]3 3
30 03 0 0 3 3

1 d d ,
2

= − = ⋅ − ⋅T T K K                (187) 

Rodichev [55] studied the torsion in the frame of a Euclidean geometry with 
torsion. The present study acts in the frame of a space-time manifold, not Eucli-
dean, so we get very different properties. In space-time the torsion tensor has 24 
independent components while the connection contains 28 independent Chris-
toffel symbols. We obtain these 28 symbols from the 4 8 32× =  functions naµ  
defining a dilator M (see ([41] 4.1.2), satisfying: 

( )0 3 71 dx ,j j
j jM a a a i a iµ

µ µ µ µσ σ+= + + + +              (188) 

where we have: 
0 1 2 3 0
0 1 2 3 2 ,aµ µ µ µ µ= = = =Γ Γ Γ Γ                 (189) 

1 0 1 2 0 2 3 0 3
0 1 0 2 0 32 ;  2 ;  2 ,a a aµ µ µ µ µ µ µ µ µ= = = = = =Γ Γ Γ Γ Γ Γ       (190) 

2 3 4 3 1 5 1 2 6
3 2 1 3 2 12 ;  2 ;  2 .a a aµ µ µ µ µ µ µ µ µ= − = = − = = − =Γ Γ Γ Γ Γ Γ      (191) 

7. Concluding Remarks 

The principle of equivalence between inertia and gravitation being simply the 
equality between the ρ

µνΓ  and the ρ
µνΓ , the solutions studied here show that all 

28 functions come simply from scalar products of the four contravariant Dµ  by 
the seven covariant vectors: 

† † †
0 0 3 3 6 3: ; : ; : ,S S S S S S′= = =V K V K V K             (192) 

† † † †
1 1 1 1 2 2 2 22 : ; 2 : ; 2 : ; 2 : .S S S S S S S S= = = =   L R L R  

These vectors allow us to obtain all Christoffel symbols as scalar products: 
0 1 2 3 0
0 1 2 3 02 ,a Dµ µ µ µ µ µΓ = Γ = Γ = Γ = = ⋅V              (193) 

3 0 3
0 3 32 ,a Dµ µ µ µΓ = Γ = = ⋅V                   (194) 

1 2 6 0
2 1 62 2 ,a D mµ µ µ µ µρδΓ = −Γ = = ⋅ −V               (195) 

while the 32 other symbols use the right and left vectors: 

( )1 0 1 2
0 1 1 12 2 ,a D mµ µ µ µ µρδΓ = Γ = = ⋅ + +              (196) 

( )2 0 2 1
0 2 2 22 2 ,a D mµ µ µ µ µρδΓ = Γ = = ⋅ − −              (197) 
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( )2 3 4
3 2 2 22 ,a Dµ µ µ µΓ = −Γ = = ⋅ − −                (198) 

( )3 1 5
1 3 1 12 .a Dµ µ µ µΓ = −Γ = = ⋅ −                 (199) 

The chiral structure of the connection appears here, from the fact that three 
definitions only act with indexes 0 and 3 while four definitions act with the left 
and right vectors. Moreover only the symbols containing the three indexes 1, 2, 
0, contain the mass term 2mρ . This chirality is also linked to the electric gauge 
transformation, which acts everywhere in quantum mechanics, even in the 
non-relativistic case. It induces a rotation in the 1-2 plane, in the direction from 
1 to 2: the rotation transforming 1 into 2 transforms 2 into −1. This partially re-
mains in non-relativistic quantum mechanics, where the conservation of the 
probability density still acts. 

The previous calculation must be completed by the examination of the differ-
ent cases corresponding to the different quantum numbers characterizing the 
electron states. This will be carried out in the second part of this work. These states 
are different first from the sign of the κ  number. This number is present in the  
previous calculation, not only by the value of E which contains 2κ , but also 

directly in the 
r
κ  terms, and also in the λ  terms: the values of λ  are 

, 1, , 1,j j j j− − + −�  with 1
2

j κ= − . The linking of the states with 0κ >  to  

the states with 0κ <  is not a one-to-one link: the other quantum numbers are 
the integer degree 1n  of angular polynomial functions and the integer degree 

2n  of radial polynomial functions, and there is no state with 0κ <  and 

2 0n = . Consequently ( )1+n n  states exist with 0κ >  and only ( )1−n n  
states with 0κ < , for each principal quantum number n . The symmetry be-
tween these two kinds of states is then a false symmetry. This mainly comes from 
the property demonstrated in the next appendix: even if Gegenbauer’s polyno-
mials are different in the cases 0κ >  and 0κ < , the angular functions U and 
V encountered in the previous calculation are exactly proportional. The result of 
this similarity is the very popular Pauli’s tale of the spin-up, spin-down states 
which doubles the 2n  number issued from the spectroscopy and also from the 
Schrödinger wave equation. 

It is only a tale, even if ( ) ( ) 21 1 2+ + − =n n n n n , as may be seen in our pre-
vious calculation: the spin effect is much more complicated. The λ  factor (with 
half-integer value) present in the 0xEζ λϕ δ= − +  electric phase of the elec-
tron wave is doubled in all the 2ζ  terms, but is even quadrupled in the 

( )2e cos 2i
n

ζ ζ δ+  terms in (163). It then happens that space-time turns more 
rapidly than the wave (or the wave turns less rapidly than the space time). 
Space-time geometry defined by the Christoffel symbols is animated not only by 
waves with a 2ζ  phase, but also by waves with a 4ζ  phase. This kind of 
phase was first encountered in general relativity as waves with spin 2. Our calcu-
lation shows that it is linked to the quantum wave of the electron, as suspected 
by Feynman [56]. 
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Appendix: Angular Functions 

The angular functions are calculated from the auxiliary ( )C θ  function using 
the differential equation of Gegenbauer’s polynomials (see [41] C.2): 

( ) 2

0

1 1
2 2 sin ,
1 2!
2

nn n

n

n

C
n

λ κ λ κ
θθ

λ

∞

=

   − − + +        =     + 
 

∑          (200) 

where κ  is any integer not equal to zero. This condition on κ  results from 
the necessity of the normalization of the φ  wave. We first consider the case 

0κ >  and 0λ >  for which we must have 1 3 1, , ,
2 2 2

λ κ= −�  (for other val-

ues of λ  and if 0κ =  the φ  function is ill-defined): 

( ) 2

0

1 1
2 2 sin ,
1 2!
2

nn n

n

n

C
n

λ κ λ κ
θθ

λ

∞

=

   − − + +        =     + 
 

∑          (201) 

with: 

( ) ( ) ( ) ( ) ( )0 1 1: 1; : ; : 1 .na a a a a a a n
+

= = = + +�           (202) 

We then have: 

( )( )
1 1
2

1 1 2 1 0 0.
2 2λ κ

λ κ λ κ
− + + +

   − − = − − − − =   
   

�         (203) 

And any other term with upper n is also null. Then the infinite sum is reduced 
to: 

( )
1
2

2

0

1 1
2 2 sin ,
1 2!
2

n
nn n

n

n

C
n

κ λ λ κ λ κ
θθ

λ

= − +

=

   − − + +        =     + 
 

∑         (204) 

whose derivative is: 

( )
1
2

2 1

1

1 1
2 2cos sin .
12 2!
2

n
nn n

n

n

C n
n

κ λ λ κ λ κ
θ θθ

λ

= − +

−

=

   − − + +         ′ =        + 
 

∑    (205) 

All angular functions satisfy: 

( )
1sin cos ,

2 2 2sin
U C Cλ

θ θκ λ
θ

      ′= − − +            
         (206) 

( )
1cos sin .

2 2 2sin
V C Cλ

θ θκ λ
θ

      ′= + − +            
         (207) 

Since the term of C′  with rank 0 is null from the n factor: 
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( )
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∑  (208) 

The last term of this sum is null, as it is a difference of two equal terms. Then 
the sum contains one term less and we obtain: 
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1
2

2
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1 1
2 21cos sin .
12 2 2sin !
2

n
nn n

n

n

U n
n

κ λ
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λ κ λ κ
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 

∑  (209) 

And we have: 

( ) ( ) ( ) ( ) ( )
( ) ( )( ) ( )

1 1

1 1 1 .
n

n

a a n a a a n a n

a a a n a n a a

+ = + + − +  
= + + − + = +  

�

�
      (210) 

which implies: 
1 1 1 1 .
2 2 2 2n n

n κ λ λ κ λ κ λ κ       − − + − − = − − − +              
     (211) 

We then finally obtain: 

( )

1
2

2

0

1 1
2 21 cos sin .
12 2 2sin !
2

n
nn n

n

n

U

n

κ λ

λ

λ κ λ κ
θ θλ κ

θ λ

= − −

=

   − + + +           = − −           + 
 

∑  (212) 

Next for V we have: 

( )

1
2

2 2 1

0

1
2

2 1

0

1 1
2 21 sin sin
12 2sin !
2

1 1
2 21 sin
12 2!
2

n
nn n

n

n

n
nn n

n

n

V n
n

n

κ λ

λ

κ λ

λ κ λ κ
θ θ

θ λ

λ κ λ κ
θκ λ

λ

= − +

−

=

= − +

+

=

   − − + +          = −            + 
 

   − − + +         + + −       + 
 

∑

∑

 (213) 

Therefore we have: 

( )

1
2

2 1

1

1
2

2 1

0

1 1
2 2 sin
1 2sin !
2

1 1
2 21 sin
12 2!
2

n
nn n

n

n

n
nn n

n

n

V n
n

n
n

κ λ

λ

κ λ

λ κ λ κ
θ

θ λ

λ κ λ κ
θκ λ

λ

= − +

−

=

= − +

+

=

   − − + +        =     + 
 

   − − + +         + − + + −       + 
 

∑

∑

 (214) 
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In the first sum we let 1n n′= +  while in the second sum we use the cancella-
tion of the last term, so we have one term less: 

( )

1
2

2 11 1

0

1

1
2

2 1

0

1 1
2 2 sin
1 2sin !
2
1 1
2 2 1 sin .
1 2 2!
2

n
nn n

n

n

n
nn n

n

n

V

n

n
n

κ λ

λ

κ λ

λ κ λ κ
θ

θ λ

λ κ λ κ
θκ λ

λ

′= − −
′+′ ′+ +

′=

′+

= − −

+

=

   − − + +        =     ′+ 
 

   − − + +          + − + + −        + 
 

∑

∑

 (215) 

In the first sum the n′  variable is replaced by n. In the second sum the 
1
2

n κ λ − + + − 
 

 factor gives also one term less and we obtain: 

( )

1
2

2 11 1

0

1

1
2

2 1

0

1 1
2 2 sin
1 2sin !
2
1 1
2 2 1 sin .
1 2 2!
2

n
nn n

n

n

n
nn n

n

n

V

n

n
n

κ λ

λ

κ λ

λ κ λ κ
θ

θ λ

λ κ λ κ
θκ λ

λ

= − −

++ +

=

+

= − −

+

=

   − − + +        =     + 
 

   − − + +          + − + + −        + 
 

∑

∑

 (216) 

And we have: 

1

1 1 1 ,
2 2 2n n

λ κ λ κ λ κ
+

    − − = − − − +    
    

           (217) 

1

1 1 1 ,
2 2 2n n

nλ κ λ κ λ κ
+

     + + = + + + + +     
     

          (218) 

1 1 1 1 .
2 2 2 2n n

nλ κ κ λ λ κ λ κ      − − − + + − = − − − − +      
      

     (219) 

Then we obtain: 

( )

1
2

0

2 1

1
2

2 1

0

1

1 1
2 21
12sin !
2

1
2 1 sin

1 2
2

1 1
2 21 sin .

12 2!
2

n
n n

n

n

n

n
nn n

n

n

V

n

n

n

n

κ λ

λ

κ λ

λ κ λ κ
λ κ

θ λ

λ κ θ

λ

λ κ λ κ
θκ λ κ

λ

= − −

=

+

= − −

+

=

+

   − + + +        = − −     + 
 

 + + +   × −   
  + +

 
   − + + +         = − −       + 

 

∑

∑

  (220) 

Consider now the case 0κ <  that means κ κ= − . Still for 0λ >  we have 
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now 1 3 1, , ,
2 2 2

λ κ= −� , and: 

( ) 2

0

1 1
2 2 sin
1 2!
2

nn n

n

n

C
n

λ κ λ κ
θθ

λ

∞

=

   + − − +        =     + 
 

∑          (221) 

Now it is the second factor which contains a negative integer and then this 
product cancels from some rank. Since this rank is (for a negative -a integer) the 
a rank, we have: 

( )
1
2

2

0

1 1
2 2 sin ,
1 2!
2

n
nn n

n

n

C
n

κ λ λ κ λ κ
θθ

λ

= − −

=

   + − − +        =     + 
 

∑        (222) 

We see that this sum has one term less than in the case 0κ > . We could ex-
pect that U and V should be very different from the functions previously calcu-
lated. Yet we will see that this is untrue. We have: 

( )
1
2

2 1

0

1 1
2 2cos sin
12 2!
2

n
nn n

n

n

C n
n

κ λ λ κ λ κ
θ θθ

λ

= − −

−

=

   + − − +         ′ =        + 
 

∑    (223) 

(206) gives for U: 

( )

1
2

2 1

0

1
2

2

0

1 1
2 2sin cos sin
12 2 2sin !
2

1 1
2 21 cos sin .
12 2 2!
2

n
nn n

n

n

n
nn n

n

n

U n
n

n

κ λ

λ

κ λ

λ κ λ κ
θ θ θ

θ λ

λ κ λ κ
θ θλ κ

λ

= − −

−

=

= − −

=

   + − − +           =            + 
 

   + − − +           + + −           + 
 

∑

∑

 

(224) 

Then distributing the product in the second sum, we have: 

( )

1
2

0

2

1cos
2 2sin

1 1
2 2 sin .
1 2!
2

n

n

nn n

n

U n

n

κ λ

λ

θ λ κ
θ

λ κ λ κ
θ

λ

= − −

=

   = + + −   
   

   + − − +        ×     + 
 

∑

        (225) 

And we have with (211): 

1 1 1 1 .
2 2 2 2n n

n λ κ λ κ λ κ λ κ     + + − + − = + − + +     
     

    (226) 

We then obtain: 
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( )

1
2

2

0

1 1
2 21 cos sin .
12 2 2sin !
2

n
nn n

n

n

U

n

κ λ

λ

λ κ λ κ
θ θλ κ

θ λ

= − −

=

   + + − +           = + −           + 
 

∑  

(227) 

Comparison with (212) indicates, for 0λ > : 

( ) ( )

1
2 .
1
2

U Uκ κ κ κ

λ κ

λ κ
= =−

+ −
=

− −
                 (228) 

Next for V we start from (207) which gives: 

( )

1
2

2 2 1

0

1
2

2 1

0

1 1
2 2cos sin
12 2sin !
2

1 1
2 21 sin .
12 2!
2

n
nn n

n

n

n
nn n

n

n

V n
n

n

κ λ

λ

κ λ

λ κ λ κ
θ θ

θ λ

λ κ λ κ
θλ κ

λ

= − −

−

=

= − −

+

=

   + − − +         =        + 
 

   + − − +         − + −       + 
 

∑

∑

 (229) 

The first sum splits into two sums by using ( ) ( )2 2cos 1 sina a= − : 

( )

1
2

2 1

0

1
2

2 1

0

1
2

0

1 1
2 2 sin
1 2sin !
2

1 1
2 2 sin
1 2!
2

1 1
2 21
12
2

n
nn n

n

n

n
nn n

n

n

n
n n

n

V n
n

n
n

κ λ

λ

κ λ

κ λ

λ κ λ κ
θ

θ λ

λ κ λ κ
θ

λ

λ κ λ κ
λ κ

λ

= − −

−

=

= − −

+

=

= − −

=

   + − − +        =     + 
 

   + − − +        −     + 
 

   + − − +        − + −    +


∑

∑

∑ 2 1sin .
2!

n

n

n

θ+  
   




 (230) 

The first sum begins truly with 1n =  and we let 1n n′= + . We group to-
gether the last two sums: 

( )

11
2

2 11 1

1 1

1

1
2

2 1

0

1 1
2 2 sin
1 2sin !
2

1 1
2 21 sin .
12 2!
2

n
nn n

n

n

nn n

n

n

V

n

n
n

κ λ

λ

κ λ

λ κ λ κ
θ

θ λ

λ κ λ κ
θλ κ

λ

′+ = − −
′+′ ′+ +

′+ =

′+

− −

+

=

   + − − +        =     ′+ 
 

   + − − +         − + + −       + 
 

∑

∑

 (231) 

In the first sum we replace n′  by n and we add a null term that changes 
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nothing. In the second sum we again use (211), this gives: 

( )

1
2

2 11 1

0

1

1
2

2 1

0

1 1
2 2 sin
1 2sin !
2

1 1
2 21 sin .
12 2!
2

n
nn n

n

n

nn n

n

n

V

n

n

κ λ

λ

κ λ

λ κ λ κ
θ

θ λ

λ κ λ κ
θλ κ

λ

= − −

++ +

=

+

− −

+

=

   + − − +        =     + 
 

   + + − +         − + −       + 
 

∑

∑

  (232) 

This implies: 

( )

1
2

0

2 1

1
2

2 1

0

1

1 1
2 21
12sin !
2

1
2 1 sin

1 2
2

1 1
2 21 sin .

12 2!
2

n
n n

n

n

n

n
nn n

n

n

V

n

n

n

n

κ λ

λ

κ λ

λ κ λ κ
λ κ

θ λ

λ κ θ

λ

λ κ λ κ
θκ λ κ

λ

= − −

=

+

= − −

+

=

+

   − + + +        = + −     + 
 

 − + +   × −   
  + +

 
   − + + +         = − + −       + 

 

∑

∑

 (233) 

Comparison with (220) proves: 

| 0 | 0 | 0 | 0

1
2 ;  
1
2

V V UV UVκ κ κ κ

λ κ

λ κ
> < > <

− −
= − = −

+ −
            (234) 
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